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Abstract | The pap er in vestigates application of in-
terference avoidance to async hronous CDMA systems
for whic h sym bol in terv als corresp onding to di�eren t
users ma y not be necessarily sync hronized at the re-
ceiv er. The async hronous system is mo deled as frame-
sync hronous with sym bols sent in parallel using a mul-
tico de CDMA approac h. Each sym bol in the frame is
transmitted using a distinct signature waveform of ex-
tended duration. This approac h relaxes sync hroniza-
tion requiremen ts at the common receiv er and allo ws
also the presence of users with di�eren t data rates.
A vector multiple access channel mo del is deriv ed for
whic h application of in terference avoidance to code-
word optimization becomes straigh tforw ard.

I. Intr oduction
In an asynchronous CDMA system users are received at the
common receiver with non-coincident symbol intervals. This
can be a consequenceof lack of synchronization for systems
with usershaving the samedata rate, or can be generated by
di�erences in data rates for systems where distinct users are
allowed to transmit at di�eren t data rates. The latter case
is especially interesting for future wirelesssystemswhich may
have to support userswith di�eren t data rates. Relaxing syn-
chronization constraints simpli�es system design by relaxing
timing control.

The capacity region of symbol-asynchronous Gaussianmul-
tiple accesschannels has been derived in [9] using an equiv-
alent multiple accesschannel model with memory and frame
synchronism [8]. Recently , for chip-based DS-CDMA systems
user capacity of the asynchronous system has been analyzed
and compared to that of the synchronous system [1] and a
class of optim um signature sequenceshas been identi�ed [7]
for which there is no loss in user capacity due to asynchrony.
However, the analysis is restricted to symbol-asynchronous
but chip-synchronous DS-CDMA systems.

In this paper, application of interferenceavoidancemethods
to codeword optimization in an asynchronous CDMA system
is presented. Similar to [9] users in the system are consid-
ered frame synchronous and a multico de CDMA transmission
scheme is used. Symbols of a frame are sent in parallel us-
ing distinct signature waveforms of extended duration. This
approach relaxessynchronization requirements for the system
sincethe frame duration will be larger than the duration of in-
dividual symbol intervals would have been if sequential trans-
mission of symbols in a frame had been used.

An equivalent discrete time vector channel model is ob-
tained for which application of interference avoidance to code-
word optimization is straightforw ard and results in codeword

(or equivalently waveform) ensembles that maximize sum ca-
pacity.

I I. Pr oblem St atement

We start by considering an asynchronous CDMA system with
userstransmitting at the samedata rate 1=T for which symbol
intervals corresponding to di�eren t usersare not synchronized
at the common receiver. Following the methodology described
in [10, p. 21] oneneedsto intro duceo�sets that model the lack
of alignment of symbol intervals at the receiver. As opposed
to a synchronous system for which the received signal can be
written by taking only one-shot of the model over the symbol
interval [0; T ] as

R(t) =
LX

` =1

b̀ S` (t ) + n(t) (1)

for the asynchronous caseone needsto include the o�sets � ` 2
[0; T ), ` = 1; : : : ; L , and consider the fact that users send
frames with many symbols b ` = [b( ` )

1 ; : : : ; b( ` )
M ] of duration T

as shown in �gure 1. This implies that frame-synchronism
rather than symbol-synchronism is assumed, and users start
and �nish their transmissions within T units of each other.
The received signal is then written as

R(t) =
LX

` =1

MX

m =1

b( ` )
m S` (t � mT � � ` ) + n(t) (2)

Similar to [9] we assume that the o�sets � ` , ` = 1; : : : ; L ,
are known to the receiver, but unknown to the transmitters
so that they cannot advanceor retard their transmissions. As
noted in [9] the assumption of frame synchronism can be made
at any rate with somesort of channel feedback which is an un-
derlying assumption for systems using interference avoidance
methods [5].

Sinceeach symbol transmitted by a given user overlaps also
with past/future symbols transmitted by the other users the
symbol asynchronous multiple accesschannel has memory and
can be modeled through an equivalent multiple accesschan-
nel with memory [8, 10]. Thus, one can think of transmitting
information in the asynchronous CDMA system using an ap-
proach similar to that used in a CDMA system where symbols
are subject to ISI (dispersive channels [2]): multico de CDMA
transmission of symbols using distinct signature waveforms of
extended duration to convey each symbol in the frame. While
in the caseof dispersive channels this approach makes ISI in-
consequential [2], for asynchronous systems this relaxes the
synchronization requirement, making it easier to be obtained
in practice. Furthermore, this approach can be easily gen-
eralized to users with di�eren t data rates by considering a
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Figure 1: Symbol-asynchronoususerswith the samedata rate 1=T modeledas frame synchronous. Within the frame
duration each user sendsM symbols.

l
l

  to
Serial

Parallel(frame)

l (  )l

symbols

l(  )

l

(  )

(  )

l(  )

l

(  )l

l

(  )

(  )
l

l

b i

b

M

s

1

(t)
i

s
1

b

(t)

x (t) =  S
i

s
M (t)

bi (t)isUser

Figure 2: Multico de CDMA for sending frames of infor-
mation. Each symbol in user` frame is assigneda distinct
signature waveform of extended duration and the trans-
mitted signal is a superposition of signature waveforms
scaledby their corresponding information symbols.

di�eren t number of symbols M ` in a frame for distict user `.
The transmitted signal corresponding to user ` is written as
(see�gure 2)

x ` (t ) =
M `X

m =1

b( ` )
m s( ` )

m (t ) (3)

with s( ` )
m (t ) being the signature waveform corresponding to

symbol m of user ` of duration T . We note here that the
multico de CDMA approach is a generalized form of CDMA
as if each symbol in the frame corresponded to a di�eren t
virtual user, and that a similar approach has beenused in [10,
Ch. 4] in the analysis of multiuser detectors for asynchronous
CDMA systems. The received signal at the basestation is the
sum of signals transmitted by all usersplus additiv e Gaussian
noise and is written as

R(t) =
LX

` =1

x ` (t � � ` )+ n(t) =
LX

` =1

M `X

m =1

b( ` )
m s( ` )

m (t � � ` )+ n(t) (4)

Our goal is then to �nd an optimal ensemble of waveforms
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Figure 3: 3-dimensionalreceiver signal spacewith 2 users
residing in 2-dimensional subspaces. Both users have 3
signature waveformsto transmit symbols.

s( ` )
m (t ), ` = 1; : : : ; L , m = 1; : : : ; M ` , for which the sum capac-

it y of the multiple accesschannel is maximized.

I I I. The Equiv alent Vector Mul tiple Access
Channel

The multico de CDMA scheme outlined in the previous sec-
tion implies a vector multiple accesschannel representation
for which application of interference avoidance is straight-
forward [3]. In order to derive the equivalent vector chan-
nel model, we assume that each user ` resides in a signal
space of �nite dimension N ` implied by the frame duration
T and �nite bandwidth W` , and spanned by the vector of
functions 	 ( ` ) (t ) = [	 ( ` )

1 (t ) : : : 	 ( ` )
N `

(t )]> . Furthermore, we as-
sume that the receiver signal spaceof dimension N is spanned
by 	 (t) = [	 1(t ) : : : 	 N (t )]> and is implied by bandwidth W
that includes all W` 's corresponding to all usersand observa-
tion interval T + � with � = max` f � ` g being the largest user
delay measured with respect to the begining of the observa-
tion interval at the receiver (see�gure 4). Figure 3 provides a
graphical illustration of such a signal spacecon�guration for 2
usersresiding in 2-dimensional subspaceswith a 3-dimensional
receiver signal space.
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Figure 4: Userssendingdata frames of duration T with guard intervals.

We note that, by adding the maximum delay � to the frame
duration we ensure that all waveforms corresponding to the
current frame are completely observed during the observation
interval at the receiver. We also note that, in order to avoid
overlap between succesive frames at the receiver, time guard
intervals are inserted at the begining and end of each trans-
mitted frame as it can be seenin �gure 4.

Each user ` transmits the signal x ` (t ) given by equation (3)
which is written in terms of user ` basis functions as

x ` (t ) = 	 ( ` ) (t )> x ` = 	 ( ` ) (t )> S` b ` (5)

with

S` =

2

4
j j j

s( ` )
1 s( ` )

2 : : : s( ` )
M `

j j j

3

5 ` = 1; : : : ; L

the codeword matrix of user `. The received signal at the com-
mon receiver contains signals of all users with corresponding
delays plus additiv e noise

r (t) =
LX

` =1

x ` (t � � ` ) + n(t) (6)

and is observed over the interval [0; T + � ]. By projecting the
received signal onto the basis functions of the receiver signal
spacean equivalent vector channel model is obtained:

r =
LX

` =1

H ` x ` + n =
LX

` =1

H ` S` b ` + n (7)

with the N � N ` matrix H ` relating the user ` signal space
and receiver signal spacede�ned by

H ` =
Z T + �

0
	 (t )	 ( ` ) (t � � ` )> dt (8)

Note that equation (7) allows now application of interfer-
enceavoidance to determine optimal codeword ensembles that
maximize sum capacity. Following [3] we rewrite the received
signal in equation (7) from the perspective of user k

r = H k Sk bk +
LX

` =1 ;` 6= k

H ` S` b ` + n (9)

and apply the singular value decomposition (SVD) [6] to the
channel matrix corresponding to user k.

H k = U k D k V >
k (10)

where matrix U k of dimension N � N has as columns the
eigenvectors of H k H >

k , matrix V k of dimension Nk � Nk has
as columns the eigenvectors of H >

k H k , and matrix D k of di-
mension N � Nk contains the singular values of H k on the
main diagonal and zero elsewhere. Without loss of general-
it y we assumethat H k has full rank1 Nk . Thus, the singular
value matrix D k can be partitioned as

D k =
� ~D k

0

�
(11)

with ~D k an Nk � Nk diagonal matrix containing the non-zero
singular values along the diagonal and zeros in rest. The left
inverseof D k is de�ned as

D y
k =

�
~D � 1

k 0
�

(12)

and it is obvious that

D y
k D k = I N k (13)

Returning to equation (9) in which the SVD for channel
matrix H k has been applied we obtain

r = U k D k V >
k Sk bk +

LX

` =1 ;` 6= k

H ` S` b ` + n (14)

We pre-multiply by U >
k

r k = U >
k r = D k V >

k Sk bk + U >
k

0

@
LX

` =1 ;` 6= k

H ` S` b ` + n

1

A (15)

and de�ne
~Sk = V >

k Sk

1We note that this is not a restriction since if H k is not full
rank then some dimensions of the user k signal space will have
zero pro jection on the output space. Therefore we can rede�ne
a reduced codeword matrix Sk which uses only dimensions with
nonzero pro jections on the output space.



and

zk = U >
k

0

@
LX

` =1 ;` 6= k

H ` S` b ` + n

1

A

We have then
r k = D k ~Sk bk + zk (16)

and furthermore we pre-multiply by the left inverse of D k

obtaining
~r k = D y

k r k = ~Sk bk + ~zk (17)

We note that equation (17) allows straightforw ard application
of the eigen-algorithm for interference avoidance. The \noise"
term ~zk in equation (17) represents the interference-plus-noise
from the rest of the system that is present in user k signal
spaceand has covariance matrix

Z k = E [zk z>
k ]

= D y
k U >

k

0

@
LX

` =1 ;` 6= k

H ` S` S>
` H >

` + W

1

A U k D y>
k

(18)
Also, the transformed codeword matrix ~Sk is completely
equivalent with the original codeword matrix Sk since they
are related through an orthogonal transformation V >

k .
The eigen-algorithm for interference avoidance for the vec-

tor multiaccess channel obtained for asynchronous systems is
formally stated below [3]:

1. Start with a randomly chosencodeword ensemble spec-
i�ed by the codeword matrices f Sk gL

k =1

2. For each user k = 1 : : : L

(a) project the problem onto the signal spaceof user
k applying SVD to the user k channel matrix H k

and obtain the signal ~r k in equation (17)

(b) adjust user k codewords sequentially: the code-
word corresponding to bm of user k is re-
placed by the minim um eigenvalue eigenvector of
the autocorrelation matrix of the corresponding
interference-plus-noiseprocessin clear space

R ( k )
m = ~Sk ~S>

k � ~s( k )
m ~s( k ) >

m + Z k (19)

(c) After all Nk codewords havebeenchangedthe new
codeword matrix corresponding to user k is Sk =
V k

~Sk

3. Repeat step 2 iterativ ely for each user until a �xed point
is reached for which further modi�cation of codewords
will bring no additional improvement.

4. If a suboptimal point is reached in step 2b use escape
methods [4] and contin ue iterations.

It has been shown [3] that this algorithm performs itera-
tiv e water �lling [13] of each user's signal spaceand converges
to a �xed point [13] where the sum capacity of the vector
multiaccess channel is maximized.

So, in summary, by using parallel transmission of symbols
in a frame with signature waveforms of extended duration the
asynchronous CDMA system can be modeled as a multiaccess
vector channel for which application of the eigen-algorithm for
interference avoidance to codeword optimization is straight-
forward. Using the resulting optimal codeword ensembles im-
plies also a very simple structure at the receiver consisting of
matched �lters which are optimal linear receivers [11, 12].

IV. Conclusions

Application of interference avoidance for asynchronous sys-
tems was presented. The asynchronous system is modeled as
a frame-synchronous one and parallel transmission of symbols
in a frame through signature waveforms of extended duration
is assumed. Using a vector multiple accesschannel model in-
terference avoidance methods apply in a straightforw ard way
and yield optimal codeword ensembles that maximize the sum
capacity of the multiple accesschannel.
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