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We present a discrete analysis of non-reflecting boundary conditions for the discon-
tinuous Galerkin method. The boundary conditions considered in this paper include the
recently proposed Perfectly Matched Layer absorbing boundary condition for the linearized
Euler equation and two non-reflecting boundary conditions based on the characteristic de-
composition of the flux on the boundary. The analyses for the three boundary conditions
are carried out in a unified way. In each case, eigensolutions of the discrete system are ob-
tained and applied to compute the numerical reflection coefficients of a specified out-going
wave. The dependencies of the reflections at the boundary on the out-going wave angle
and frequency as well as the mesh sizes are studied. Comparisons with direct numerical

simulation results are also presented.

Introduction

The discontinuous Galerkin method (DGM) provides an
attractive platform for computational aeroacoustics in
dealing with complex geometries while using high order
approximations [3]. Our recent works have shown that
the discontinuous Galerkin scheme is super-accurate for
the numerical simulation of wave propagation [6,7]. A
framework of discrete analysis has been proposed in [6,7]
to study systematically and analytically the numerical
errors occurring due to a sudden discontinuity in the
mesh topology or the order of the basis functions, in
one and two spatial dimensions. In this paper, this
framework is extended to study numerical errors due
to non-reflecting boundary conditions in DGM schemes.
The effects of various numerical non-reflecting bound-
ary conditions on the DGM schemes will be studied in a
unified way as either a variation in the flux formula or a
variation in the underlying governing equations across
a mesh interface.

The non-reflecting boundary condition is an essential
part of any numerical code in computational aeroa-
coustics. In this paper, we will analyze three types of
non-reflecting boundary conditions for DGM, namely,
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the characteristic non-reflecting boundary condition,
finite-wave model boundary condition and the Perfectly
Matched Layer (PML) absorbing boundary condition.
An earlier version of PML for the linearized Euler equa-
tion was given in the split physical variables. Its imple-
mentation in the discontinuous Galerkin schemes has
been demonstrated in [1]. An unsplit version has been
proposed recently in [5] that eliminates numerical in-
stabilities that can occur in the earlier version. The
implementation and the discrete analysis of the unsplit
version for DGM will be studied in the present paper.
We will recognize the advantage of DGM in that, un-
like finite difference schemes, the absorption coefficient
in the PML domain needs not to be continuously vary-
ing but can be increased discontinuously. Although
the PML is reflectionless in its formulation in the non-
discrete partial differential equations, the discretization
of the equations can nonetheless cause reflections. We
will first present an eigensolution analysis of the dis-
cretized PML equations in DGM. Then, the results of
the eigensolution analysis will be utilized to study wave
reflections caused by the discretization process at the
interface of the Euler and PML domains.

We will also present a discrete analysis of the character-
istic non-reflecting boundary condition [8,9] as well as
the finite-wave model boundary condition proposed in
[2]. The characteristic non-reflecting boundary condi-
tion is widely used in DGM schemes because it is easy
to implement due to the intrinsic upwinding features
of the schemes. The finite-wave model non-reflecting
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boundary condition proposed in [2] improves the char-
acteristics boundary condition in that the reflection of
out-going waves can be annihilated under certain con-
ditions. The results of our discrete analysis will be
compared with the theoretical reflection coefficients ob-
tained from the non-discrete partial differential equa-
tions as well as those obtained from direct numerical
simulations.

In the next section, we will first describe the discretiza-
tion of the PML equation in the DGM schemes and
present an eigensolution analysis of the semi-discrete
system. The results of this analysis are used in sub-
sequent sections to study reflections generated at an
Euler-PML interface, and reflections produced when
Euler domains are terminated with characteristic and
finite-wave model non-reflecting boundary conditions.

Discrete analysis of PML absorbing
boundary condition

It has been shown in [5] that the PML equation is per-
fectly matched to the Euler equation (1). That is, in
the non-discrete form, there is no reflection created at
an interface between the Euler and PML domains. The
effects of numerical discretization by the DGM scheme
on this reflectionless property will be studied in two
steps. First, we will compute the eigensolutions of the
semi-discrete PML equation and study the effects of the
absorbing coefficients on the wave propagation proper-
ties. Second, we will utilize the eigensolutions so formed
to compute the wave reflection and transmission coef-
ficients at an interface of discretized Euler and PML
domains.

We start with the linearized Euler equation in conser-
vation form,

ou
E-I—V-F(u)zo, (1)

where F(u) is the flux vector given by

where w and v are velocity components (non-
dimensionalized by the speed of sound) in the spatial
7 and o directions respectively; p is the pressure; M
is the Mach number of the mean flow. For conciseness,
the density equation is not included here.

At non-reflecting boundaries, absorbing layers are
added so that the waves exiting the physical domain
are damped. The equations to be used in the PML
absorbing domain can be written as follows [5],

Ou

5 + V- -Fpn(u,q) + (0, + 0y)u+o0,0.q
+0.6A1(u+0yq) =0, (4)
and
Mo, Q

where q is a vector of auxiliary variables and § in (4)
is a function of the mean flow Mach number as

M

=i

The flux vector Fppy in (4) is of the form

Fpml (11, q) = (Al (u + O'yQ)a A, (ll + Uzq))- (6)

Here the absorption coefficients o, and o, can be con-
stants or functions of & and y respectively [5].

We consider a discontinuous Galerkin scheme for (4)-(5)
in which the spatial domain is partitioned into ele-
ments denoted by ,,,, where n and m are element
indices in the directions of x; and x5 (spatial coordi-
nates) respectively, as in Figure 1. For simplicity, we
will only consider uniform rectangular elements in this
paper. Triangular elements can be studied in a similar
approach as we have done in [7] for the Euler equations.
For each element in the PML domain, the numerical
solution vectors, denoted by up™ and q3™, are approx-
imated by expansions in polynomials as

F(u) = (A1u, Azu), (2) L
in which up™(x,t) = Z ;™ () dr™ (%), (7)
=0
U M 0 1 L
u=|ov |, A=| 0 M 0 ], Qi (x, 1) = Y dFm ()™ (%), (8)
P 1 0 M £=0
where {¢7™(x),£=0,1,..,L} is the set of the basis
000 polynomials and c}™(t) and d}™(t) are the expansion
A,=| 0 0 1 (3) coefficients for u}™ and q@™ respectively. A weak for-
010 mulation of (4)-(5) is obtained by substituting (7)-(8)
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into (4)-(5) and requiring that the equations be orthog-
onal to the basis functions. After applying integration
by parts, the semi-discrete equations for (4) and (5) are

| oo [

Cnm

- / Fopmt - V™ (x)dx + /
Qnm

Qnm

(0 Fpmi)pr™ (x)ds

sp ¢ (x)dx =0, (9)

and

/ 99" g (x)ydx = / wpm g (x)dx,  (10)
Q Q

ot

nm nm

for £ = 0,1,..., L, where T',,,, denotes the boundary of
Qnm and n = (ny,ny) is its outward normal. Here sp™
in (9) represents the non-differential terms in (4):

sh" = (0z+0y)up™ +0,0yq,™ +0, BAL (U™ +oyqp™).

Equations (9) and (10) will result in a system of ordi-
nary differential equations for the expansion coefficients
c}™(t) and dP™(t).

For the PML flux vector given in (6), the normal flux
at the edge of an element is

n- Fpml = (n1A1 + ngAg)u + (aynlAl + (TmngAg)q.
(11)

For convenience of discussion, we denote the normal flux
in the original Euler equation by

n- F = (nlAl + n2A2)11 = Anu: (12)

which is the same as the first term in n - Fp,; above.
Further, it is easy to verify that the second term in (11)
can be simplified as

(oyn1A1+ozn2As)q = { oyAnq  vertical edges (n> = 0)

(13)
This leads to the following more compact flux expres-
sion on the edges

n- Fpml = An(u + Uq) (14)
where o is either o, or o, according to (13).

Since we do not require that the numerical solution be
continuous across the interface of any two elements, the
normal flux n-F,,,,; appearing in the edge integral in (9)
is not uniquely determined. To complete the formula-
tion, a numerical flux formula needs to be specified. As
in references [6] and [7], we will consider two commonly
used flux formulas, namely, the characteristics splitting

0:A,q horizontal edges (n1 = 0)

flux formula and the Lax-Friedrichs flux formula. For
convenience of discussion, let u}, g and u; , g, denote
the values of uy, q on the edge of an element evaluated
using the solutions inside and outside of that element re-
spectively. Then both flux formulas can be conveniently
written as follows

n-Fo=Ai(uf +0q))+A_(u, +oq;) (15)
where

1 1
Ap=5(An+ AL and A = (A, —|A,)) (16)

for the characteristics splitting flux formula and

1 1
A, = i(An + |amaz|I) and A_ = §(An = |amaz|T)
(17)

for the Lax-Friedrichs flux formula, where a,,,, is the
largest (in magnitude) eigenvalue of A,,.

In our analysis, we assume that the same flux formula
is used through out the computational domain.

p)

Figure 1. A schematic of the partitioning of computational
domain in quadrilateral elements. Here, n and m are the
indices of the element and the number inside the parentheses
indicates the ordering of the element edges.

We order and denote the four edges of 2, as I‘sf,)n, 7=
1,2, 3,4, as shown in Figure 1. Using (15) for the normal
flux, the weak formulation (9) can now be written in

detail as

Jup™
/Qnm de(x) 5t dx

+/ o GO + AL W ds
I""I.‘rn,
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