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On the construction of PML absorbing boundary condition for the

non-linear Euler equations
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A Perfectly Matched Layer (PML) absorbing boundary condition for the nonlinear Euler
equations in two space dimensions is presented. The derivation of PML equation follows
athree-step method recently developed for the PML of linearized Euler equations. Two
versions of time-domain PML equations are given. One uses unsplit physical variables and
the other uses the split equation in the derivation but requires fewer auxiliary variables.
Both versions are given for the nonlinear Euler equation written in the conservation form,
so they can be implemented easily in most existing codes. To increase the efficiency of
the PML, a pseudo mean-flow is introduced in the derivation of the PML equations. The
proposed PML absorbs exponentially the difference between the nonlinear total variable
and a prescribed pseudo mean flow. Moreover, the non-linear PML reduces to the linearized
PML upon linearization about the pseudo mean-flow. The validity and efficiency of PML
as an absorbing boundary condition for non-linear Euler equations are demonstrated by
numerical examples, including the absorption of an isentropic vortex, a nonlinear pressure
pulse and roll-up vortices of shear flows. Satisfactory computational results are reported.

I. Introduction

Non-reflecting boundary condition is a critical component in the development of Computational Aeroacous-
tics (CAA) algorithms. It remains a significant challenge particularly for problems involving non-linear
or non-constant coefficient governing equations. Perfectly Matched Layer (PML) is a technique of devel-
oping non-reflecting boundary conditions by constructing modified governing equations that can absorb
out-going waves at open computational boundaries. It was originally designed for computational electro-
magnetics.? 351617 The significance of the PML technique lies in the fact that the absorbing zone is the-
oretically reflectionless for multi-dimensional linear waves of any angle and frequency. Substantial progress
has been made in the past few years on the development of the PML technique for the Euler equations,
starting with the studies for constant mean-flows, followed by their extensions to cases with non-uniform
mean-flows. 1 678:10-12,14 Nost recently, applications of PML to linearized Navier-Stokes equations and even
nonlinear Navier-Stokes equations have been discussed in [8].

One emerging theory of formulating PML absorbing boundary conditions for the governing equations of fluid
dynamics involves essentially three steps.'? % First, a proper space-time transformation is determined and
applied to the governing equations to ensure consistency of phase and group velocities of the linear waves;
second, the transformed equation is modified with a PML complex change of variable in the frequency
domain; and finally, the time domain absorbing boundary condition is derived. This three-step process has
been applied recently for linearized Euler equations and produced highly accurate and numerically stable
absorbing boundary conditions.!? 4

*Professor, Senior member ATAA
Copyright (© 2006 by F. Q. Hu. Published by the American Institute of Aeronautics and Astronautics, Inc., with permission.

1 of 18

American Institute of Aeronautics and Astronautics Paper 2006-0798



In this paper, the PML for the fully non-linear Euler equations is constructed following the three steps
outlined above. In our derivation, the non-linear Euler equations are written in the conservation form, so
the PML equations can be readily and easily implemented in most existing codes. To absorb the non-
linear disturbances, the concept of “pseudo mean-flow” is introduced. This makes the PML possible without
knowing the exact mean-flow which is often not available before the computation. Linearization at the
boundary is not required. The boundary condition absorbs exponentially the difference between the pseudo
mean-flow and the non-linear disturbances including the vorticity, acoustic and entropy waves. After the
derivation, numerical examples that validate the effectiveness and stability of the PML for nonlinear Euler
equations will be presented. They include the absorption of non-linear shear layer roll-up vortices, and a
convective isentropic vortex in a compressible flow.

In the next section, time-domain PML for the non-linear Euler equation is derived. Further discussions
on the suitable pseudo mean-flow are given in section III. Numerical examples are presented in section IV.
Section V has the concluding remarks.

II. Formulation

We consider the two-dimensional nonlinear Euler equation written in the conservation form,

6_11 + aFl (U.) + BFg(u)

=0 1
ot Ox dy (1)
where
P pu pv
2
T S B TR I A T I (2)
pv puv pv° +p
pe phu phv
and
2 2
p u” + v
e e e ) .

In (2) and (3), v and v are the velocity components, p is the pressure, p is the density and e is the energy.
Specific heats ratio v = 1.4.

PML

Nonlinear Euler

PML
PML

PML

Figure 1. Schematic of Euler and PML domains with four open boundaries.
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Euler PML

Figure 2. Absorption of nonlinear disturbances with a pseudo mean-flow in the PML domain.

At non-reflecting boundaries, we introduce PML domains to absorb out-going disturbances, as shown in
Figure 1. We wish to formulate equations to be applied in the PML domain so that the disturbances can be
exponentially reduced once they enter the added zones. At the same time, the use of PML equations should
cause little or no reflection at the interface of the Euler and PML domains. By reducing the disturbances to a
negligible level, the use of PML makes a non-reflecting boundary condition unnecessary at outer boundaries
of the whole computational domain.

Since the total variable u could be quite large in a non-linear simulation, it may not be most efficient to
absorb u and to reduce it to nearly zero inside the PML domain. Although it is common to decompose the
total variable u into a time-independent mean-flow and a time-dependent fluctuation, the exact mean state
is usually unknown at the start of the computation. The PML formulation presented here will not require
the exact mean-flow. Instead, we shall partition the solution inside the PML domain into two parts as

u=u,+u (4)

where 4, is a time-independent “pseudo mean-flow!!”. It is important to note that it is not necessary for

this pseudo mean-flow to be the exact mean-flow at the non-reflecting boundary. The only requirement for
11, is that it satisfies the steady Euler equation:

8F1(ﬁp) + 8F2(ﬁp)
Or dy
The use of u,, is strictly to make the PML domain more efficient since we now need only to absorb u’, the

difference between u and a prescribed pseudo mean-flow 1, as shown in Figure 2. Obviously, the choice for
i, is not unique. Further considerations on the construction of the pseudo mean-flow will be given later.

=0 (5)

In what follows, we will develop PML equation that absorbs u’, the difference between u and @, inside the
PML domain. By equation (5), it is easy to see that the equation for u’ can be written as

ou’  O[F1(u) —Fi(uy)] 9[Fs(u)—Fy(u,)]
ot + Or + oy

=0 (6)

To derive a stable PML absorbing boundary condition for (6), it is necessary to introduce a proper space-time
transformation before applying the PML complex change of variable to (6), as stated in the introduction.
The purpose of the transformation is to correct the dispersion relations of the linear waves supported by
(6) such that all the linear waves have consistent phase and group velocities. To this end, we will apply a
space-time transformation of the form
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f=t+ Bz (7)

to equation (6) where [ is a parameter based on the pseudo mean-flow employed, as suggested in [14]. More
details on parameter 3 will be given in the next section. The transformation gives the following changes in
partial differential derivatives, with respect to ¢ and x, as

0 0 0 0 0
o o0 or oz Par (8)

and (6) now becomes

ou' | LOFi(u) ~Fi(8,)] | O[Fi(w) = Fu(G,)] | 0[Fa(u) = F(a,)] _
o T * 5z + 5 =0 ©)

In the frequency domain, the above is

OIF ) (w) ~Fa(uy)] | 9[F>(u) — Fy(u,)]
or oy

where a tilde denotes the time Fourier transformed quantity. Now we introduce the PML complex change
of variables,

(—iw) (W + B[F1 (u) — Fy(1,)]) + =0 (10)

L .y
x—mv—i—i/ o.dx, y—>y—|—i/ oydy (11)
w /, w

0 Yo

which results in changes in partial derivatives as

0 1 0 0 1 0

g, 2 < i 12
8:c_>1+i‘z)—’”8:c’ 8y_>1+i%8y (12)

Further details on the absorption coefficients o, and o, are referred to [12, 14]. Under (11), equation (10)
is modified to be

(i) + Fs(w) ~ Fa(a, )] + e S o L O Tl

=0 (13)
Equation (13) is the PML equation for (6) in the frequency domain. To write (13) in the time domain, we

will present two approaches. The first uses unsplit physical variables while the second uses split equations
but introduces fewer auxiliary variables.

A. Unsplit version

In the unsplit approach, following [12, 14], we multiply (1 +i%=)(1 +iZ%) to equation (13) and get

» 0aTy ) o 0y OF1(w) ~Fa(w,)] 0w OFa(u) —Fa(u,)] _
(o4, 41T (B () = (1) (142 S Ry 1% S22l
(14)
By defining auxiliary variables q, q; and q2 as
0q o
oq1 _
o Fi(u) - Fi(uy), (16)
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L Fafw) - Fa(u,) an)

the time domain equation for (14) can now be written as

ou’ n ﬁa[Fl(u) iFl(ﬁp)]

+ (02 + Uy)u/ + (02 + Uy)ﬁ[Fl(u) -F (ﬁ-p)] + 0:0yq + 020,81

ot ot
OF1(u) —Fy(up)] | I[F2(u) — Fy(u,)] Oqu dq2
-1 — = 1
+ or + dy toy or to dy 0 (18)
Finally, in the original space and time variables x and ¢, we get
811/ 8[F1(u) — Fl(ﬁp)] 8[F2 (u) — F2 (ﬁp)] 8(]1 8(]2
ot " oz * dy e Ty

+(ox + Uy)ul + 0. 0[F1(u) — Fl(ﬁ-p)] +0:0yq + 0,048q1 =0

Since the pseudo mean-flow is time-independent and satisfies the steady Euler equation, we have the following
PML equation written in the original total variable u,

5_Ul+ IF1(u) n
ot Ox dy

T v, Gl 0
T Y

+(0z +oy)(u—1p) + o 6[F1(u) — Fi(ay)] + 0x0yq + 0z0y8a1 =0 (19)
Equations (19) and (15)-(17) are to be solved in the PML domain.
Before presenting a different way of deriving the time-domain equation, we note that, first, upon linearization
about 1,, the above can be shown to be equivalent to the PML for the linearized Euler equations with a
non-uniform mean-flow given in [14]. Second, there are three auxiliary variables introduced in the PML

domain, which could increase computational storage and cost. For this reason, we next consider a split
approach in forming the PML equation in which only one set of auxiliary variable is necessary.

B. Split version

In the split approach, we rewrite the frequency domain PML (13) in two equations as follows, similar to
what was done in the original PML formulation by Berenger,?

— 1 OFi(u) —Fi(a,)]

(i) (& + AL (w) = B (1)) + 1 o =1 (20)
. 1 9[Fs(u) — Fo(a
(—zw)u2+ 1+i% [ 2(“)8y 2(“17)] -0 (21)
where we have
u =uj +uj (22)

As we can see, by adding the two equations (20) and (21), we will recover (13). To write the above in the
time domain, we multiply (14 4%) and (14 i%%) to (20) and (21) , respectively, and get

O[F1(u) — Fi(1,)]

ox =0

(—iw + o) (&, + B[F1 (u) — Fy(1,)]) +
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O[Fs(u) — Fa(u,)]
oy

+

=1}
o~

(—iw + ay)

which yields immediately

— I[F1(u) — Fi(uy)]

(i) (8 + BIF (w) — Fi (1)) + 00 (8 + G[F1(w) —F1(1,)]) + o =0
(i) + o, + A2 _Fal)]
dy
The above can be written easily in the time domain as
ow, L O[Fi(w) - Fi(,) , AR ()~ Fa(n,)]
L p R o () + B () — i (ny)]) + S g
Ouy ;. O[F2(u) —Fo(uy)]
o tovmt dy =0
Finally, in the original space and time variables x and ¢, we get
, B _
ouy + ozu) + 0. 0[F1(u) — Fi(a,)] + OfF () — Fu ()] =0 (23)
ot ox
Ouy ,, O[F2(u) —Fo(uy)]

These two equations form the PML for absorbing u’ in the PML domain.

We can also rewrite these two equations slightly differently for implementational convenience, as was done
in some previous PML works.” !5 By adding (24) to (23) and replacing u} with u’ —uj, (23) may be written
alternatively as

ou’ O[Fi(u) —Fy(up)] n I[F2(u) — Fa(uy)]

— Fou(u —u) + oyub + 0y B[Fi(u) ~ Fi(a,)] + Dz By -

ot

Finally, by renaming u) the auxiliary variable q and noting the fact that @, is independent of time and
satisfies the steady Euler equation, we have the following equations to be used in PML domains,

ou  OFi(u) OFs(u)

5Tt B +o.(u—1u, —q) +oyq+ 0. f[F1(u) - Fi(u,)] =0 (25)
) O[Fy(u) — Fo(u
3_? +o,q+ [ 2(U)3y 2(1y)] -0 (26)

In this way, only one auxiliary variable, q, is necessary.
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III. Pseudo mean-flow and value for (

In our derivations above, the only requirement on the pseudo mean-flow 1, is that it satisfy the steady state
Euler equation (5). It is not necessary and, most of the time, not possible, for @, to be the exact mean-flow.
Thus, the choice of pseudo mean-flow is not unique. Any known solution to the steady Euler equation (5)
that resembles the actual flow can be a good candidate for the pseudo mean-flow in the formulation of the
PML equation. In many practical problems, such a pseudo mean-flow is relatively easy to find.!! In fact,
any parallel flow will satisfy the steady state Euler equation and thus can be used as a pseudo mean-flow
for the appropriate non-linear flows. For instance, in primitive variables,

P Pp (y)
uo tp(y)
v 0
p Dp

will satisfy (5) where p,(y) and %,(y) can be arbitrarily adjusted to resemble the flow at the boundary.

Once the pseudo mean-flow is chosen, the parameter § in the PML equation is determined as described in
[14]. The purpose of the space-time transformation given in (7) is to ensure linear stability of the PML
equation. More details are referred to [14]. Since the PML equations derived in this paper reduce to that for
the linearized Euler equation given in [14], the value for § can be found in the same way as that presented
in [14], based on the pseudo mean-flow employed. In general, a study on the dispersion relation D(w, k) for
the linear waves supported by the pseudo mean-flow is necessary to determine the value of 3. For a special
case where the density of the pseudo mean-flow is constant, i.e., p,(y) = 1, we may use a simple empirical
formula given in [14],

U, _ 1 b
8- U / i (y)dy

S i

where the computational domain for y is [a, b].

IV. Numerical examples

In this section, we present numerical examples that verifies the effectiveness of the PML derived in this paper
for the non-linear Euler equation. Both the unsplit and split versions of PML given in section II have been
tested computationally with no discernible differences in the results obtained. All the computations reported
here use the split version (25)-(26) in the PML domain.

A. Isentropic vortex

The non-linear Euler equation supports advective solution of the form

p(xt) 0 pr(r)
o I I R @
p(x,1) 0 pr(r)
where r = /(z — Ugt)? + (y — Vot)? and, for any given u,(r) and p,(r), the pressure p,(r) is found by
L ) = oy 220 (28)

Equation (27) gives a solution that advects with constant velocity (Ug, Vo).
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For our numerical tests, we consider a velocity distribution of the form

2

U/

ur(r) = —"l:‘” rez(1-32) (29)
where U/ is the maximum velocity at » = b. For isentropic flow, we assume

1
Dr = ;p;y (30)

and, by integrating (28), we get the following density and pressure distributions,

1 P 17& 1/(v=1)
pr(’l") =|1- 5(7 - I)Umawe b (31)
1 1 .2 v/(v=1)
pe) =2 (1= 36~ DUz ) (32)

A numerical solution is shown in Figure 3. The initial condition is that given in (27) with (Uo, V) = (0.5,0)
and U/, .. = 0.25 and b = 0.3. The non-linear Euler equation (1) is solved by a finite difference scheme.
The computational domain is [—1.2,1.2] x [-1.2,1.2] with Az = Ay = 0.02, including the surrounding PML
domain of width 10 grid points. Further details on the numerics can be found in [14]. In particular, the

PML absorption coefficient

«a
Tr — X9

D

Oxr = Omax

with omae = 20, o = 4 and similar model for oy is used. A grid stretching in the PML domain is also used
to increase the efficiency of the absorbing zone.'” The stretch factor is

2
Tr — X

D

alz)=1+2

as noted in [14].

Figures 3(a)-(d) show the v-velocity contours at time ¢t = 0, 1.5, 2.5 and 3.5 respectively, at levels from +0.02
to +0.4. Absorption of vortex by PML at the outflow boundary is clearly demonstrated. Figure 4 shows
the v-velocity as a function of x along y = 0, as the vortex exits the computational domain. Also plotted in
dashed lines are the exact solution. As we can see, the numerical solution matches the exact solution in the
Euler domain while decays exponentially in the PML domain.

To further assess the reflection error, Figure 5 plots the maximum difference between the numerical solution
and a reference solution obtained using a larger computational domain, along a vertical line near the outflow
boundary, as a function of time. The reflection errors are indeed quite small and reduces with an increase
in the width of the PML domain employed.

Figure 6 shows the maximum reflection error relative to the maximum velocity of the vortex along z = 0.9
near the outflow boundary for various strengths of the vortex. Although reflection error generally increases
with an increase in the strength of the vortex, a relative error of less than 1% is achieved for all cases with
PML width of 20 grid points.

B. Pressure pulse

In the second example, we carry out a computation of the non-linear Euler equation with a strong pressure
wave. The computation is initialized by

p=1, u=05 v=0, p= l 4 AOe*11f1(2)(f'32+yz)/0-22
Y
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(a) t=0 (b) t=1.5

1.0 | 1 1.0

0.0 | E > 00F @
-0.5 1 -0.5 |
1.0 ¢ 1 -1.0 |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
(c) t=2.5 (d) t=3.0
1.0} E 1.0 |
0.5 F E 0.5 |
0.0 | o & > 0.0F @
-0.5 1 -0.5 |
-1.0f 1 -1.0 |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X

Figure 3. v-velocity contour levels from +0.02 to +0.24.
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Figure 4. v-velocity profile along y = 0 at progressive time frames. Solid line:

exact solution. Vertical dashed lines indicate the Euler/PML interface.
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Figure 5. Maximum reflection error (v-velocity component) along x = 0.9 near the outflow boundary. PML
width is as indicated.
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Figure 6. Maximum reflection error (v-velocity component) along x = 0.9 near the outflow boundary. PML
width D = 20Az.
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where Ag = 1. Figure 7 shows the pressure contours at time ¢ = 0,0.5,1.0 and 1.5. Absorption of the
non-linear pressure wave with little reflection is clearly demonstrated. Figure 8 shows the pressure profile as
a function of x along y = 0. The strong pressure wave is obviously in the nonlinear regime and its absorption
by the PML caused very little reflection.

In both examples shown above, the pseudo mean-flow 11, is the background uniform flow, i.e., v = Uy = 0.5,
v="Vy=0,p=1and p=1/y. The value of 3 is Uy/(1 — UZ).

(a) t=0 (b) t=0.5

1.0 | 1 1.0 | 1

> 00 1 > 0.0} i
-0.5 | E 0.5 F i
-1.0 | 1 -1.0 | 4

—1‘0 0‘5 0‘0 0‘5 1‘0 —1‘AU 0‘5 (J‘O 0‘5 1‘0
X X
1.0}
0.5

> 0.0
-05
-1.0 |

Figure 7. Pressure contours at indicated time.

C. Absorption of roll-up vortices

In this example, we will simulate the roll-up vortices of a shear flow induced by the Kelvin-Helmholtz
instability, and use PML as the absorbing boundary condition as the vortices convect out of the computational
domain. The entire computational domain is [—1.5,9.5]x[—1.1, 1.1] with Az = 0.05 and Ay = 0.01, including
the surrounding PML domain with a width of 10 grid points. A smaller grid size is used in the y direction
in order to better resolve the shear flow. The non-linear Euler equation (1) is solved in the interior physical
domain and the PML equations (25)-(26) are solved in the PML domain.
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Figure 8. Pressure profile along y = 0 at progressive time frames. Vertical dashed lines indicate the Euler /PML

interface.
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The initial condition in primitive variables is

p ()
P g
where
Uly) = % (U1 4+ Uz) + (Ur — Uz) tanh (%)} (34)
and
B 1
ply) = Tl (35)
with
toy -1 I, U =y gy gy (36)

Ui —U; Ui - U, 2

where the mean temperature T'(y) is determined by the Crocco relation for compressible flows. The param-
eters are

Uy =08, Uy =02, 6=04, T1 =1, To =08, v=1.4.

A source term is added to the energy equation in (1) to induce the instability wave. The source term is of
the form

s(x,y,t) = 5sin(wt)e” " 2)[(z==0)*+(y—y0)*]/

where w = /2, (z9,yo0) = (—0.5,0) and ro = 0.03.

The source term will excite the Kelvin-Helmholtz instability wave which will grow exponentially and then
develop into roll-up vortices. The vortices at the out-flow boundary, as well as the acoustic waves at the
other three artificial boundaries, are to be absorbed by the PML. The pseudo mean-flow 1, used in the
PML equation is the same parallel flow as that of the initial condition (33). The linear wave analysis for
this particular shear flow has been carried out in [14], where the value for 5 was found to be approximately
1/1.4. Figure 8 shows vorticity contours at progressive time frames as the roll-up vortices exit the outflow
boundary. As the vortices convect downstream, they are absorbed exponentially in the PML domain. No
numerical instability is observed.

In Figure 9, we compare time history of v velocity component at a point close to the outflow boundary
with that of a larger domain computation. The numerical solution is given by the solid line and the larger
domain calculation by circles. Very little differences were found. This confirms the effectiveness of PML in
truncating the outflow in a nonlinear simulation.

It is also possible to use a different pseudo mean-flow at the outflow boundary. In addition to using the
initial condition (33) as the pseudo mean-flow in the PML equations, parallel flows of U(y) in the form of
(34) with 6 = 0.6 and § = 0.8 have also been tested. Figure 10 shows the instantaneous u velocity contours
obtained using three different pseudo mean-flow profiles. The results are very similar which implies that all
three pseudo mean-flows are viable choices for the PML equations.
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Figure 9. Vorticity contours in progressive time frames.

15 of 18

American Institute of Aeronautics and Astronautics Paper 2006-0798



0.2

0.1

0.05

0.0

v velocity

-0.05

-0.1

-0.15

Figure 10. v-velocity as a function of time at a point close to the outflow boundary, (z,y) = (8.75,0.5). Solid
line: computational; circle: larger domain calculation.
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Figure 11.
equation at the outflow boundary. (a) 6 =0.4; (b) § =0.6; (c) 6 =0.8.
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V. Conclusions

A time-domain PML for non-linear Euler equation has been derived following recently developed method
for linearized Euler equations. By introducing the concept of pseudo mean-flow, the efficiency of PML is
increased as it becomes only necessary to absorb the difference between the nonlinear total variable and
a prescribed pseudo mean-flow. The pseudo mean-flow is not required to be the same as the exact mean-
flow. Considerations on the viable pseudo mean-flows were also presented. Numerical examples of isentropic
vortex, nonlinear pressure pulse and roll-up vortices demonstrated the validity and effectiveness of proposed
PML as absorbing boundary condition in truncating open boundaries in non-linear Euler simulations.

Since the proposed non-linear PML reduces to the linear PML upon a linearization about the pseudo mean-
flow used, the linear stability property of the PML proposed here is the same as that given in ['4]. Although
no numerical instability has been found in all our computations, theoretical property on the non-linear PML
stability remains to be defined.

The success of PML for the fully non-linear Euler equations reported in the present paper is a significant
step toward a wider applications of the PML technique for computational fluid dynamics and computational
aeroacoustics. The PML presented here can also be extended in a straight forward manner to three di-
mensional equations and possibly Navier-Stokes equations. Further developments will be reported in future
works.
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