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Numerical Experiments using Hierarchical Finite Element Method

for Nonlinear Heat Conduction in Plates

H. Kaneko, K. S. Bey, Y. Lenbury and P. Toghaw

Abstract

In this paper, we consider a nonlinear hierarchical finite element method for heat
conduction problems over two or three dimensional plates. Problems considered are
nonlinear because the heat conductivity parameter depends upon the temperature
itself. This paper explores a new technique recently proposed by the first author
which transforms a nonlinear parabolic problem to a linear problem at the discrete
level. We present several numerical examples which demonstrate the efficiency of

the current technique.

Key words: Discontinuous Galerkin Method, Nonlinear Parabolic Equations.

1 Introduction

In this paper, we report on some recent numerical experiments to approximate the solution
of a class of nonlinear heat conduction problems proposed over two or three dimensional
plates. The problem is nonlinear because the heat conductivity parameter depends upon
the temperature itself. This, of course, describes the natural state of heat conduction
for most materials as their capacities to conduct heat varies with temperature. To deal
with nonlinearity, a new technique which was originally proposed in [4] is used in this
paper to transform the problem to a linear problem at the discrete level. The technique
is tested on several examples in the last section to demonstrate the efficiency of the tech-
nique. The general approach which was taken in this paper is the discontinuous Galerkin
finite element method (DGFEM). Discontinuity is applied to the time variable. Unlike
the continuous Galerkin finite element method where the entire time domain must be
treated simultaneously, DGFEM allows computation to march forward in time. This re-

duces the size of computation. As to the spatial discretization, a hierarchical modelling



is done through the thickness of plate. The use of appropriate basis functions associated
with a hierarchical modelling transforms the heat conduction problem to a hierarchy of
dimensionally reduced plate problems at each time step. Hierarchical modelling technique
is conceptually simple devoid of three dimensional elements and it has been used exten-
sively for various plates problems in engineering. Most of the research on the hierarchical
modelling are done for steady-state heat problems. In 1981, a rigorous mathematical
framework of the hierarchical medelling method was established by Babuska and Vogelius
in [18], [19]. Subsequently, their results were extended by Schwab to those problems with
boundary layers, [14],[15]. It was established in these papers that by increasing the or-
der of approximation in an appropriate region near the boundary, the optimal order of
convergence by the hierarchical modelling is restored in orthotropic approximation as the
thickness d — 0. We test our method on four numerical examples. First, we consider a
two-dimensional plate problem in which compatible data is assumed for boundary condi-
tions so that the solution is uniformly smooth throughout the region at any time ¢ > 0,
free of boundary layers. Second, we test our method on a similar problem in the three-
dimensional setting. Third, we test the current iterative method on a two-dimensional
heat conduction problem with incompatible initial and boundary data. Finally, as the
fourth example, we consider the hierarchical modelling technique for a plate with two
layers. This requires a construction of a special class of basis functions.

The dimension reduction technique of the hierarchical modelling for a steady-state
nonlinear heat conduction was investigated by Jensen and Babuska [9] and by Jensen
[10]. But, its application to nonlinear parabolic equations which is done in this paper
appears to be new. For discretization over surface of a plate, the standard h-finite element
approximation is employed. In Section 2, the discontinuous Galerkin method based on the
hierarchical modelling is described. New approach which was taken in this paper to deal
with the nonlinear conduction term is also described in this section. Some results from
the papers [5], [7] by Eriksson and Johnson and [8] by Eriksson, Johnson and Logg are
used to describe the convergence of the current method. The aforementioned numerical

examples are provided in Section 3.



2 DGFEM

The following model problem of nonlinear parabolic type is considered:

Find w such that

u — div(a(u) v u) = f, inQ,t € R,

u(z,t) =0, rel,te RT, 2.1)
%(x,t):fi, x € Ryt €RT, .
u(z,0) = up(x), x €,

where 0 = w X (—g, g) is a closed and bounded set in R? with I' = dw X (—g,g),
Ry =w x {£4} and R™ = (0, 00). The functions f and ug are given data. The problem
(2.1) describes a heat conduction problem with heat conductivity function a affecting the

temperature u. An interesting special case of the region €2 is the multilayered plate as

shown below: Here the thickness domain [—g, g] is layered and layers are partitioned by
Zo, 21y ..y Zn, . Also each layer [Z;, Zy11] is assumed to be associated with heat conduc-
tivity parameters (k;)e, £ =1,...,np.

In many instances, u exhibits a transient phase which is usually caused by some
incompatibilities between the boundary condition and the initial condition. It is shown in
[11] and [2] that, during the transient phase, ||u.(t)||2 = ||us(t)|| L, (o) behaves frequently like
7, (0 < a < 1)ast — 0. Subsequently, a class of non-uniform graded time discretization
scheme for a class of linear parabolic equations was established in [2] in order to capture

the solution accurately. The result in [2] was extended to nonlinear problems in [4].



We also note that a similar time discretization technique, using a different analysis, was
developed in [16]. In this paper, we do not make a specific reference to the issue of time
discretization, but simply assume that it is done in such a way that optimal convergence
rate is attained in time variable. Throughout the paper, it is assumed that the function

a: R — RT satisfies
c<alr)<C, l'(r)] < C, r e R,
for some positive constants ¢ and C. The weak formulation for (2.1) is given by:
Find u: R* — H}(Q) such that

(ug(t),v) + (a(u(t)) 7 u(t), o) = (f(t),v) for all v € H}(Q), t > 0,

(2.2)
u(0) = wuy,

where H} () is the standard Sobolev space, (-,-) denotes the Ly(f2) inner product, and
u; = 4. The DGFEM for approximating the solution of (2.2) using the hierarchical basis
function is now described. First, a time interval, [0, 7], is partitioned into 0 = tg < t; <
o<ty =T. Let I, = (t,_1,t,] and k,, = t, —t,,_1, n > 1. With ¢ a nonnegative integer,
define

W={v:Rt -V, @V, € P(L,),n=1,...N},

where

the space of splines of order r

defined over w = Uger, K N
Vi = _ " = span{p;(z,y)},24
where T}, is a triangulation of €2

and h = maxgerq, diam(K)
V = Span{z/;j};v:zo,
here v; C H'(—1,1) are linearly independent functions defining a hierarchical modelling.
q
Pq(In) = {’U(t) = nggg(t)ﬂ)g S VhT &® V}
=0
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span{d,(t)} = the space of all polynomial of degree < ¢ in t

and
ny N
W®V—{Z§MMWWNONM%MGW
i=0 j=0
for each ¢ and; € V' for each j}.
Also, define
v, = lim v(s), v = lim v(s).
s—ty, s—ty

The DGFEM for (2.2) is given as follows:

Find U™ € W such that

Jr, AU 0") + (a(U™) 7 U™, 70™) bt + (U )
:( 3:17Un71)+f1n(f7vn) 4 vt eW, n=12...,N-1 (2-3>

UO = Ug.

Furthermore, if we denote U™ = U"|g, K € T}, then the first equation in (2.3) can be

written as
d_KeT, fo {f[n{U P nK+a(UnK)VUnK V”nK}dt"' nK+ nK+}dZdW

—ZKeTthf { upli - ZKJr—i—fI fordt}dzdw
”KGW;n:LZHWN—l

(2.4)
As UK e W,
le Nz q
Zzzcmk 901953/%( ) () (25)
=0 j=0 k=0
for some {cfj,ﬁ(} Writing (2.5) as
Un,K — XTCn,K — (90 ® 1/} ® Q)Tcn,K (26)

and letting v™% = x in (2.4),

d
Yrer, Jx ff%{fln {X%CR’K + a(xc™)(wx")T v xT et + x T (x ) e Ydzdw
d
= Y ken, Jx ff%{Xf(XﬂTCnfl’K + J7, fxdt}dzdw

xeW, n=12 ..., N—-1
(2.7)



Note that ¢®¥ is determined by the initial condition ug(x,v,2). The element matrices

and load vectors in (2.7) are defined as

[Ck] Zfo,%g J; X2 dtdzdw
™)) = fi 2y 1, alTe ) (9x7)T 7 K didede
M| Zfo_%%x*(xﬂszdw (2.8)
[MKW = Jx f,gg X (xM)Tdzdw
{Hic} = Jic Sy Jy, fxdtdzde

where [Ck| represents the element capacitance matrix, [A(x)] represents the element
conductance matrix, {MI}H} and [M [?L} represent element mass matrices, and {Hg} is

the element load vector. Using these notations, (2.7) now becomes

> |+ [ATer )]+ [t ][ {en = 50 {[ Mt {e (it (29)

K ET}L K eTh

An interesting variation of (2.9) is

> [1Ox] + [AGTe )] 4 M| e ) = 3 (M {e )+ (i)

KeTy, KeT),
(2.10)

Here, of course, the unknown ¢™ that appears under nonlinear term A in (2.9) is replaced

by ¢" K. (2.10) is now linear in ¢™*. Denote respectively (2.9) and (2.10) more concisely
as

SR [ = [F(e ) (2.11)

[S(e" M) e} = [F(e" ). (2.12)

Equation (2.12) suggests the following iteration scheme that can be used to approximate
the solution ¢™¥ of the nonlinear equation (2.11). First, let ¢ = ¢" 1¥ for each n > 1

and define ¢, from
[S(co)l{er} = [F(c" )]
Inductively, find c; from

[S(er—1)l{ex} = [F(e" ),



or more specifically

> k) + [A0Tern)] + [MiH][ et = 3 {[MF] {5} + {Hi}}  (213)

KeTy KeTy,

To see the convergence of cj, to ¢ as k — oo under some appropriate conditions, first

note that
e ey = [S(e )P (e )]~ [S(ep)] [P (e )]

= [S(=F) 7 {[S(er-)] = [S(e ™)} [S(exn)] (e 5

(2.14)

Since [S(-)]: R? — RP*P /D = (N,, +1) x (N, + 1) x (¢ + 1), we see that with [S(-)] =

[Sz‘j(‘)]fj:p Sij RP — R, for each i and 7,

/s11(M1) - (cg—1 — €™~

[S(ex-1)]=[S(e" )] =

| Vspi(iip1) - (Cg—1 — ")

where 7;; is between cj_; and c" K. Hence, assuming

max Z | 7 s (M) |2 < Ch for some C > 0

1<1<D

1S (ee-1)] = [S(c" M )]lloe = max Z! V 51 (7) + [ew—1 — "7V

1<2<D
< max ZH V Sij ThJ)H Hck 1—¢C

1<'L<D

< Cl\/_HCk—l —c"

Furthermore, under the assumptions that

S ) e < Coy lIS(er)] oo < Cop IF(")]lloc < Cy
for each n and k and for some Cy > 0, (2.14)-(2.17) imply that
le™™ = eilloe < CLCVD[e™ — cpi o
If H= D;D,Vv/D in (2.18), then provided that 0 < H < 1,
le™® — exlloo < H*[le™ = colloc — 0

as k — 00. Hence, we have now proved the following:

7

...... vle(ﬁlD> . (Ck—l —C

...... VSDD(ﬁDD) . (ck—l —C

n— 1,KH2

n—l,K) 1

nfl,K)

(2.15)

(2.16)

(2.17)

(2.18)




Theorem 2.1 Let ¢c™® be a unique solution of (2.9), equivalently (2.11), and let c,
be defined by (2.13) with cg = ¢ V& for each n. If the constants Cy and Cy defined
respectively by (2.15) and (2.17) satisfy C1CoV/D < 1, then ¢, converges to ™% as

k — oo for each n.

If C,Cyv/D < 1 is not satisfied, then one should modify (2.12) by multiplying both

sides by a pre-conditioner M1, -i.e.,
MA[S(er (Y = MR ()

so that the bound C,Cov/D < 1 is satisfied relative to [S(c" )" M, [S(ck)] ' M,
and M[F(c" b)]. One may select, for instance, M to be the diagonal matrix which

contains ||[S(c")]|| along its diagonal.

The element matrices defined in (2.8) may be reduced to more convenient forms.

Capacitance matrix, for example, can be given as follows:

[CK] —fo2 f[ Xax dtdzdw
= Jx f__ [ (e @Y @0) (¢ @ L) dtdzdw
= Jx T dw ®f2d Wsz@f? 69" gt

More specifically, with respect to the following three matrices [®] € RWNeyT1)x(Nayt1),

W] € RNADX(NHD and (9997 € R@HD*(@HD) defined by

[@] = Jx oo’ dw
d
W] =, euds
ol aoT
(O] =, 09" dt
the capacitance matrix is obtained from

e’

o =[we[vo |62 | 219)



The operation of the outer tensor ® between matrices is defined in the standard way

which, for completeness, is illustrated below by a 2 x 2 matrix A and a 3 X 3 matrix B,

b1 bia b3
a11 Qa2
[A]: ) [B]: bar baa o |
Q21 Q22
bsi b3z bss
Ao = | el
_Clgl [B] 929 [B]

aiibin anbia bz abin anbia a12biz
ai1byr  apbae  ayibaz  aigbar  ajabas  ag2boz
a11bzr  aibsa ai1bsz  aiebszr  ajabss  aq2bsz
agbir  azbia agibiz  anbii  azbia  azbiz

a21ba1  ag1b2a  ag1bag  agebar  aebay  ag2bos

a21b31  ag1bza  a21bsz  agebsr  azobay  agzbss i

Similarly to (2.11), [M;ﬂ, [M;(*} and {Hg} in (2.8) are given by

| —l9)s
(Mt =[@]e Ve e (0F) (2.20)
} 2

In order to efficiently solve (2.13) for each k, it is important to preassemble as many of
the element matrices in (2.10) as possible. Therefore, besides (2.19) and (2.20), it remains

to consider the integral;

/K /_z /In a(xTcr_)) (X)) v xTdtdzdw. (2.21)
If a(-) = a is a constant function, then for each k,
(AT erm)] = a{[@.] ® [V © (0] + [2,] ® [¥] ® 0] + 2] @ [¥.] ® [6]}
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where
(@] = [ Patprdw
[@y] = [k pypydw
RS ERTRTAE
For a more general function a, the integral (2.21) must be computed at each step k
of iteration. To reduce the computational cost, we proceed as follows: As a(x?cj_;) is
known for each k in (2.12), one may approximate it by its L, projection x”by_;. For
instance, if we take the space spanned by {x} to be the projected space, then by is

computed from the fact that a(xTcg_1) — xTbk_1 is orthogonal to each Yy, -i.e.,

d d
/ /2 xx'dtdzdw {by_1} :/ /2 / a(x"c_1)xdtdzdw (2.22)

or in the matrix form

[®] @ [¥]@[O]] {bra} = {A}r (2.23)

da
where {A},1 = [ [% J;, a(x"ck—1)xdtdzdw. By replacing a(x”cx—1) by x"bx_1, (2.21)
2

now becomes
d
/}(/201/1 X b1 (wxH)T v xF dtdzdw (2.24)
~a J1,

Since xTby_; is the Ly projection of a(x’c;_;) onto the space spanned by {x}, using
the technique established in [3] to derive an error bound for a modified DGFEM in which
h-finite element approximation was used for the surface of a plate whereas p-finite element

approximation was used through the thickness, it can be seen that
la(x" cr-1) = X" brolla = O(RN! + ™ + I1H) (2.25)

The second term O((Niz)m) in (2.25) is the error term associated with the hierarchical
modelling used through the thickness of a plate and a more complete discussion of this
error term will be given in the next section. It should be pointed out that the modified
DGFEM of [3] deals with linear parabolic equations and also it is not based upon the
hierarchical modelling technique discussed in this paper.

Dropping for simplicity the index k£ —1 from the components of b;,_1, we write b,_; =

10



(be) - Also, let x = {xe}? = {pee,00 Y151 k- Then

00057 , 005"
|0z 0r Oy Oy |
+ppl ® [g—f 85”—;] ® GHT}
B [Dp 0" Op D" ] T T
- ;Q@gzbgl _ax O + ay ay ] ®Z¢£jbéﬂ/1¢ ®§eékbzk69

J

o oyt
+>_@ebepe’ @ by, [—wil ® Y 00, be, 00"
¢ J k

0z 0z
(2.26)

® P’ ® 00"

D
X bt (VXD 7 xt =D xebe l
=

Substituting the second expression of (2.26) into (2.24), one obtains

Jx f_gg I, b1 (7D 7 x T dtdzdw
= Sibe i on [ 585 + 5%, | AK @ ;b fi; Ve, dz © Yy by, [y, 00,007 dt
+ 5 be; [ et dK @ 35 by, f_%% Uy, |22 ] dz @ Sy by, Jy, 00,007 dt
= [B(x"bi-1)].

(2.27)
All the integrals in (2.27) should be preassembled along with (2.19) and (2.20). The

solution ¢ of (2.13) is now approximated by solving for ¢; of the following:

> Cx)+ [BOTbe-n)] + [ME[{&} = 30 {[ Mt {em V) + {Hk}}  (2298)

KETh KETh

Analogous to (2.12), we write(2.27) more concisely as
[S(br-1){ex} = [F(c" )], (2.29)

To see that ||c; — Cxllec — 0 as N, N,,q — o0,

lek — €klloe = ll[S(er-1)"" = S(b-1) T [F(c" )] llo
= [1S(cx-1) 7 [S(br-1) = S(ex-1)]S (br—1) " [F ()] [l (2.30)
< G318 (by-1) = S(cr-1)loo

11



where C3 > 0 is a bound for [|S(cr—1) " [loo|lS (br—1) " lso||[F(c” 5)]||o. Now,

I S(bi—y) = S(ert)lloe = | 3o [BOTbror) = Al i) Il

KeT),
= T _ T T\T T
- HK; / /;l/n {X b1 —a(x Ck—l)}(VX )" VX dtdzdw|| s
:1%%)1(32 [Z / / /1 Tbk 1_a(X Ck— 1)}(VX ) VXTdtdzdw]
KeT, y

A

1/2
T T 2
< 1121%2?%2 > {/ /__ IX" br_1 —al(x" cr_1)| dtdzdw} X

=1 KeTy,

d 2 1/2
{fK f_zg f]n [(VXT)TVXT ‘ dtdzdw}
1/2
Sf?i’%zwé{ RIS vx}j } X

“XTbk—l —a(x"ci-1)]|2
< Cyllx" i1 — alxTer—1)|l2

(2.31)
1/2
where Dy = @%%E:IKEG; {/ / / VX 7 x ]j } . Putting together
(2.25), (2.31) and (2.25), we obtam
llek = €rlloe < C5Callx" b1 — a(x ek-1)lla = 0, as N,N.,q — oo. (2.31)

Since ¢;, — b™® as k — oo by Theorem 2.1, using (2.31)
[B™5 — &lloe < D™ — cilloo + |lck — Eklloc — 0, as N, N,,q — oo. (2.32)
Thus we proved the following:

Theorem 2.2 Let ¢ be a unique solution of (2.9), equivalently (2.11), and let ¢ be
defined by (2.13) with cy = c" 55 for each n. Assume that the constants Cy and C,
defined respectively by (2.15) and (2.17) satisfy C1Co/D < 1. Also let &, be the solution

of (2.29), then ¢, converges to c™X as k — oo for each n.

Finally, in this section, we examine the accuracy of DGFEM solution U, -i.e., the
solution of U of (2.4), as an approximation of the solution u of (2.1). For this end, an

important theorem by Erikkson and Johnson is recalled. As was done in [5], the following

12



will be assumed. These assumptions allow u to have a transient phase. More importantly,

these assumptions form the basis for Theorem 2.3 below.

max [|u(t)]|o < G, (2.33)
tn
[ v ul < ¢, (2.34)
N
>kl v ulls, < Cr, (2.35)
n=1
log - 41 Mk: ! dt|)%, < C 2.36
max(log e + 1)+ 3 n||a(un)Vun—E/Ina(u)vu 12 < G, (2.36)
tN
| @l < Co, (2.37)
e (8)[|2 < Crot™ "7, (2.38)

where C — Cy and 3 are positive constants.
The following theorem is given in [5] for ¢ = 0. The case for ¢ = 1, the linear in time,

is treated in [7].

Theorem 2.3 (Eriksson and Johnson [5]) Let u be the solution of (2.1) and U € W that
of (2.4) and assume that (2.33)-(2.36) hold. Then there is a constant C' depending only
on the bounds for a, a’, Cs — Cs, and p with k,_1 < pk, for all 1 <n < N, such that
_ v qye _
meax [[u(t) — U(t)[|2 < C(log P 1)** inf max [lu() — v(t)]]2- (2.39)
Putting together (2.39) in Theorem 2.3 and (2.25), we obtain

Theorem 2.4 Let u be the solution of (2.1) and U € W that of (2.4) and assume that
(2.33)-(2.36) hold. Then there is a constant C' depending only on the bounds for a, o,
Cs — Cs, and p with k,_1 < pk, for all 1 <n < N, such that

t<tn

t
max |lu(t) — U(t)|| < C(log k—N + D)V2(RNT 4 @ o1, (2.40)
N

13



3 Hierarchical Modelling and Numerical Examples:

Hierarchical modelling is a method of approximating a solution of boundary value prob-
lems (particularly of elliptic type) on domains which has a thin structure in at least one
transverse direction, such as plates and shells. This method has been used extensively in
various engineering applications. The authors are not aware of a study which incorporates
the idea of hierarchical modelling in solving parabolic problems as was done in this paper.

A class of hierarchical functions which produce an optimal convergence result is always
problem dependent. For example, for a steady state heat equation below proposed on

Q=wx(—d,d) C R"™',n>2 —1<d<1with thesets Ry =wx{+d}, T =vx(—d,d),

Au =0 in ),
u =0 onT (3.1)
Gu = f* on Ry

Vogelius and Babuska ([18],[19]) showed that an optimal choice of hierarchical basis
functions for steady-state problem (3.1) can be found as follows: Define 5;(2) = 19,;(—2),

7 =0,1,... recursively

/11 a(z)y(2)v'(2)dz = 0, (3.2)

[ a2ty @ @)z [ bz sz = b0 (33)

[ a0z + [ b)) = () (34

-1

for all v € H'[-1,1], j = 1,2,..., where

v(l) —v(=1) if j =0,

0 else,

14



and
Y_1=0. (3.5)

For nonlinear parabolic problems, the optimal choice of hierarchical basis functions is
difficult to determine. We demonstrate below that a collection of basis functions {z*}1_,

works quite well for model examples considered in this paper.

Example 1: This example examines the effectiveness of the current method of lin-
earlization applied to (2.1) over two-dimensional plates. Here we assume that =

[—2,2] x [-2,2], [0,T] = [0, 5] and the solution
u(z,y,t) = (1 — 0.252%)(1 — 0.25y°)t

where

k(u) = 0.005u + 1.

We assume boundary as well as initial conditions to be exact derived from u. There are
a total of 256 finite elements taken over the region 2 and the tolerance § = 0.005 is used
for convergence. The program also set the maximum number of iterations to be 5, for
convenience, and computation moves forward to the next time level, when the maximum
number of iterations are performed. This device is put into effect to prevent unnecessary
iterations if approximations are no longer improving. The overall error is a combination
of modelling error and discretization error. Moreover, with the parabolic problems, dis-
cretization error accumulates linearly as time moves forward. Thus, if iterations terminate
before tolerance is achieved and one requires more accuracy in computation, then some
refinements of the finite elements are required. We used the linear splines to approximate

u in space and time variables.

15



Example 1

t | count | error
131 1 0.0016
to 1 0.0029
t3 1 0.0042

14 2 0.0049
ts 5 0.0058
6 5 0.0066
7 5 0.0074
123 5 0.0083
12 ) 0.0091
10 ) 0.0010

The temperature profiles at four different time levels, 1, t3,t7 and t; are given below.

Temperature Profiles at t; and t3

Fig.Discontinuous Galerkin Finite Element Method for Parabolic Nonlinear Problem - linear time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Nonlinear Problem - linear time:

t 3

~ o
IS o

w
w

'S

Approx. Temperature
o

Approx. Temperature

Temperature Profiles at t; and t1g
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Fig.Discontinuous Galerkin Finite Element Method for Parabolic Nonlinear Problem - linear time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Nonlinear Problem - linear time:

7

w

Approx. Temperature
o

=)

Example 2: Now we consider (2.1) over three-dimensional plate Q@ = [—2,2] x [-2,2] X
[—1,1]. Assume the same number 256 elements over the surface [—2,2] x [-2,2] and a set
of hierarchical functions {1, 22, 2%} through the thickness of plate [—1,1]. Linear splines

are used for approximating u in the z,y and ¢ variables. The solution is taken to be
u(z,y, 2, 1) = (1 — 0.2522)(1 — 0.25y%)(1 — 22)%t

with k(u) = 0.005u 4+ 1. Time interval of [0, 5] is taken and it is partitioned uniformly
into 10 intervals. Errors in temperature at the cross sections of z1 = 0, 22 = 1/3 and
23 = 2/3 are given below. Because of the symmetry of this problem, the temperatures at

z=—1/3 and z = 2/3 follow from these data.
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Example 2
t | count | error at z1 | error at z2 | error at z3
131 1 0.0016 0.0012 0.0004
12 1 0.0032 0.0024 0.0006
i3 1 0.0048 0.0036 0.0008
7 2 0.0056 0.0042 0.0011
ts 3 0.0069 0.0051 0.0012
173 3 0.0081 0.0060 0.0013
tr 3 0.0093 0.0069 0.0013
ls 3 0.0106 0.0078 0.0014
tg 3 0.0118 0.0087 0.0015
t10 3 0.0130 0.0095 0.0016

The temperature profiles over three cross sections zg =

four different time levels ¢y, t3,t7 and t1y are drawn below.
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Example 3: The nonlinear parabolic problems (2.1) having boundary layers can be
handled by the current method of ‘linearlization’. Suppose we consider (2.1) over two-

dimensional plate Q = [0, 7] x [0, 7] with boundary conditions
u=0 on OS2 (3.6)

and initial condition

u(z,y,0) = (7 —z)(7 —y) (3.7)
Then it is clear that we have a boundary region along x = 0 and y = 0 in which we
have a solution changing rapidly neat ¢ = 0, due to the incompatibility between the
boundary condition and the initial condition, -i.e., the transient phase of the solution.
The current method works well for this type of nonlinear parabolic problems over a two-
dimensional plate region. Here are the temperature profiles at eight different time levels
(nonuniform) of (2.1) with boundary condition (3.6) and initial condition (3.7) imposed.
Some mesh refinements within the region boundary layers are done to maintain accurate

approximation.
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Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - linear time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - linear time

Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - constant time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - constant time
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Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - linear time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - constant time

Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - constant time Fig.Discontinuous Galerkin Finite Element Method for Parabolic Problem - linear time
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Example 4: Now we consider the heat conduction problem over a three-dimensional
multi-layered plate where each layer has different heat conductivities. In the case of a plate
having constant conductivities over each layer, hierarchical basis functions are piecewise
polynomials. Hence, in order to construct basis functions for hierarchical modelling for
heat conduction problem through the thickness of a multilayered plate, it is ideal that
these basis functions satisfy the temperature and the flux conditions across each boundary
between two layers. Typically, for example, problem (2.1) over a multilayered plate is

endowed with the following additional conditions.
ui(y Zi) = wipa (v, Zi) 1=1,...,ng (3.6)
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Hence, one would like to have hierarchical basis functions to satisfy these conditions. To

(', ZZ) = kz,i+1 ('7 Zl) 1= 1, N 1 1 (37)

this end, let

wo(n) =3(1—n)
p1(n) = 5(1+n)

‘ (3.8)
piln) =25 2 Pia(n)dg
_ 1 () _ P L
L (P) — o)), i=2.3.
where P; is the Legendre polynomial of the first kind of order i given by
Py(n) =1
Pi(n) =n
Pi(n) =3l@i—=DnPa(n) -G —-1)Pa(m)] i=2,3,...
Yo(y) =1
Vily) —l<y<m
Viy)  m <y <m
w](y> = ,] _1727"'
i (Y) M <y <1
where
Vily) = wiY)
) =iy =)+, i=2,...ng
and
G2 = %%’(771)
(3.9)

Cit+1 =Cz‘+k%(90j(77z‘)—90j(77z‘—1))7 i=2,...,n,— 1L
1;’s are thus hierarchical and it is not difficult to see that they satisfy (3.6) and (3.7).

Now, we utilize the construction method just described in (3.9) to (2.1) with the following
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characteristics. First, we assume that Q = [—2,2] x [-2,2] x [~d,d], [0,T] = [0, 5] and
the solution is taken to be

2)2

(1 —0.252%)(1 — 0.25y2) L=

(1—0.2522)(1 — 0.25y%) (V=22 | dhyy <2 <,

t —d<z<0
u(z,y,z,t) =

where kz1 = kz1;; = 0.005u(z;, y;, 0, t,—1)+1 and k22 = k22;; = 0.05u(z;,y;,0,t,-1)+
10 at each node (z;,y;), and

0.006u+1 —d<z<0
0.05u+10 0<z<d

() =

The total of N = 256 elements are taken over [—2,2] x [—2,2] and a set of hierarchical
basis functions {t0;;(2), ¢1i;(2), ¥2;(2)} are defined according to (3.9). In particular, we
define

2

o, —d<z<0
Yoij(2) = 1, Y1ij(2) = .
5E’O<Z<d

4
z
ey 0<z<d

34},, —-d<z<0
w2ij<z> { kz1;;

We take d = 1 in the next computations. Errors in the temperature at the cross sections

of z1 = 0,2, = 1/3 and 23 = 2/3 are given below.

Errors in temperature through the thickness and at 21,2z, and z3
t | count rror through Error at z; | Error at z5 | Error at z3
the thickness

0.5 1 0.00163 0.00146 0.00142 0.00133
1.0 1 0.00395 0.00355 0.00345 0.00321
1.5 3 0.00626 0.00562 0.00545 0.00507
2.0 3 0.00995 0.00891 0.00864 0.00803
2.5 3 0.01441 0.01288 0.01250 0.01162
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The following is a volumetric slice plot of approximate temperature at time step t5

2.5 for this two-layered plate parabolic problem.
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