VARIATIONAL PRINCIPLE AND FIXED POINTS

Peter Z. Daffer Information Systems Planning and Analysis 1718 Peachtree St., N.W. Suite 560, South Tower Atlanta, Georgia 30309 Hideaki Kaneko and Wu Li Department of Mathematics and Statistics Old Dominion University Norfolk, Virginia 23529-0077

Abstract

In this paper, we extend the study that was initiated by Hamel [7] on the relationship among theorems of Ekeland, Caristi and Takahashi. We shall give a new proof of Takahashi’s theorem and subsequently a new proof to show that the aforementioned theorems are equivalent which was done in [7]. A series of fixed point theorems for multivalued maps are presented that are equivalent to a well known theorem of Caristi.

Mathematics Subject Classification (1991): 47H10

1 Introduction

We begin by listing theorems of Takahashi, Caristi and Ekeland. We give an alternative proof to Takahashi’s theorem. The main theorem of [12] is the following (“proper” means not identically equal to ∞):

Theorem 1.1 (Takahashi [12]) Let (X, d) be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function, bounded from below. Suppose that, for each u ∈ X with φ(u) > inf_{x∈X} φ(x), there is a v ∈ X such that v ≠ u and φ(v) + d(u, v) ≤ φ(u). Then there exists an x_0 ∈ X such that φ(x_0) = inf_{x∈X} φ(x).

Proof: We let m = inf{φ(v)|v ∈ X}, and suppose that φ(u) > m for every u ∈ X. We define inductively a sequence {u_n} as follows; take u_0 ∈ X with φ(u_0) < ∞ and let

S_0 = {v ∈ X|d(v, u_0) ≤ φ(u_0) − φ(v)}.

S_0 ≠ ∅ since u_0 ∈ S_0, and S_0 is closed since φ is lower semi-continuous. Also, by hypothesis, S_0 is not a singleton set, since φ(u_0) > m there is u_1 ∈ S_0, u_1 ≠ u_0. Clearly φ(u_1) < φ(u_0) and we are free to choose u_1 such that φ(u_1) = inf{φ(v)|v ∈ S_0}. This minimum is attained because S_0 is a bounded set and φ is lower semi-continuous, bounded from below.

If u_0, u_1, . . . , u_n have been chosen, choose u_{n+1} ∈ S_n = {v ∈ X|d(u_n, v) ≤ φ(u_n)−φ(v)} with u_{n+1} ≠ u_n, φ(u_{n+1}) < φ(u_n) and φ(u_{n+1}) = inf{φ(v)|v ∈ S_n}. We claim that {u_n} is Cauchy. To see this, note that d(u_{n+k}, u_n) ≤

�_k

i=1 d(u_{n+i}, u_{n+i−1}) ≤

�_k i=1(φ(u_{n+i−1}) − φ(u_{n+i})) = φ(u_n) − φ(u_{n+k}), and since φ(u_n) is a decreasing sequence converging to c for some c, for any ϵ > 0, we have d(u_{n+k}, u_n) < ϵ for all k if n is sufficiently large.

Let {u_n} converge to u ∈ X. We make a point here that u_n are all different. We claim that u ∈ S_n for every n. We have d(u_{n−k}, u_n) ≤

�_{k−1} i=0 d(u_{n−k+i}, u_{n−k+i+1}) ≤ �_{k−1} i=0 [φ(u_{n−k+1}) − φ(u_{n−k+i+1})] = φ(u_{n−k}) − φ(u_n), which shows that u_n ∈ S_{n−k}, for k = 1, 2, . . . , n, so that u_n ∈ ∩^{n−1}_{i=0} S_i. We thus have, for k > n, u_k ∈ ∩^n_{i=0}S_i, and since ∩^n_{i=0}S_i is closed, u ∈ ∩^n_{i=0}S_i. Thus, in particular, u ∈ S_n, and since u ≠ u_n, we get φ(u) < φ(u_n). This contradicts the choice of u_n in S_n. This completes the proof. �. We note that the formulation that Hamel uses to describe Takahashi’s condition is the following:

Condition (T): There exists an α > 0 such that for each u ∈ X such that φ(u) > inf_{x∈X} φ(x), there is a v ∈ X such that v ≠ u and φ(v) + αd(u, v) ≤ φ(u).

Condition (T) is different from the condition that was originally given by Takahashi. The condition used in Theorem 1.1 is the original definition of Takahashi’s condition. It should be pointed out that condition (T) encompasses a wider class of lower semicontinuous functions than the condition in Theorem 1.1. For example, consider f: R → R defined by f(x) = 1 for x ∈ (0, 4) and f(x) = 0 elsewhere. The function f does not satisfy the condition in Theorem 1.1: for x = 2, there is no y such that |y − 2| ≤ 1 − f(y) holds. However, condition (T) is satisfied by f by the metric αd(x, y) =^1_2 |x − y|.

Takahashi [12] observed that Theorem 1.1 includes as corollaries three well known theorems. They are the fixed point theorem of Caristi [2], the ϵ-variational principle of Ekeland [6] and the fixed point theorem of Nadler [9]. Caristi’s theorem is the following:

Theorem 1.2 (Caristi [2]) Let X be a complete metric space and let φ: X → R be a lower semicontinuous function bounded from below. Let T : X → X be a mapping satisfying d(x, T x) ≤ φ(x) − φ(T x) (1.2) for every x ∈ X. Then there exists an x_0 ∈ X with T x_0 = x_0.

Much attention was drawn to Caristi’s theorem since its publication because it requires no continuity on the mapping T . It also contains as a special case the fixed point theorem for multivalued contractions of Nadler [9] that is a generalization of the classical Banach fixed point principle. Nadler proved that if T is a mapping of a complete metric space X to CB(X)(=the family of all closed bounded subsets of X) that satisfies H(T x, T y) ≤ kd(x, y) for all x, y ∈ X, 0 ≤ k < 1, then T has a fixed point in X. Recently, some work has been made toward generalizing this theorem by relaxing the condition on the contractive constant k. In [11] (p.40), Reich proved that a mapping T : X → K(X)(=the family of all compact subsets of X) has a fixed point in X if it satisfies H(T x, T y) ≤ k(d(x, y))d(x, y) for all x, y ∈ X, where k: (0, ∞) → [0, 1) satisfies lim sup_{r→t}+ k(r) < 1 for every t ∈ (0, ∞). This result generalizes the fixed point theorem for single-valued mappings that was proved by Boyd and Wong [1]. Some attempts [3, 5, 8] were made to replace K(X) by CB(X) thereby generalizing Reich’s theorem. Theorem 1.3 of Caristi, although it is of extremely general character, does not seem to have an immediate relationship with these theorems.

Now we return to the main scope of this paper and state the variational principle of Ekeland. Theorem 1.3 (Ekeland [6]) Let (X, d) be a complete metric space and φ: X → (−∞, ∞] a proper lower semicontinuous function bounded from below. Let ϵ > 0 be given and a point u ∈ X such that φ(u) ≤ inf_{x∈X} φ(x) + ϵ.

Then there exists some point v ∈ X such that φ(v) ≤ φ(u) d(u, v) ≤ 1 φ(w) > φ(v) − ϵd(v, w) for all w ≠ v.

A number of useful applications of Theorem 1.3 are described in [6]. It is well documented that Theorems 1.2 and 1.3 are equivalent, e.g. see [12],[7]. In [7], Hamel observed that Theorem 1.1 can be derived from Theorem 1.2, making Theorems 1.1, 1.2 and 1.3 equivalent. The main purpose of Section 2 is to provide the reader with additional equivalent formulations of these theorems. This provides us with an alternative perspective to the approach of Hamel in [7]. In addition, a series of fixed point theorems are given for lower semicontinuous multifunctions. In the final section, Section 3, the argument used to prove Theorem 1.1 is used to prove the existence of the weak sharp minima for a class of lower semicontinuous functions. This confirms and expands the result obtained in theorem 2 (ii) of [7].

2 Variational Principle and Fixed Point Theorems

First, in this section, we make an observation that the sequence {u_n} generated in the proof of theorem 1.1 [12] actually converges to a minimizer of φ. Theorem 2.1 below is Theorem 1.1 slightly modified to reflect the observed point above. The proof is essentially the one given in [12].

Theorem 2.1 Let (X, d) be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function, bounded from below. Suppose that, for each u ∈ X with φ(u) > inf_{x∈X} φ(x), there is a v ∈ X such that v ≠ u and φ(v) + d(u, v) ≤ φ(u). Then a sequence {u_n} can be constructed that converges to a minimizer x_0 of φ, i.e., x_0 ∈ X is such that φ(x_0) = inf_{x∈X} φ(x).

Proof: Let u_0 ∈ X. If φ(u_0) = inf_{x∈X} φ(x) ≡ c, then we are done. If φ(u_i) > c for i = 0, 1, . . . , n − 1 (n ≥ 1), then find u_n ∈ S_n where

S_n = {w ∈ X: φ(w) + d(u_{n−1}, w) ≤ φ(u_{n−1})}

such that φ(u_n) ≤ inf_{w∈Sn} φ(w) + 1 2 {φ(u_{n−1}) − inf_{w∈Sn} φ(w)}.

Arguing as in [12], we see that {u_n} is a Cauchy sequence and that, with u_n → x_0 ∈ X,

d(u_n, x_0) ≤ φ(u_n) − φ(x_0).

We claim that x_0 is a minimizer for φ. If not, by hypothesis, there exists z ∈ X, z ≠ x_0 such that φ(z) ≤ φ(x_0) − d(x_0, z) ≤ φ(x_0) − d(x_0, z) + φ(u_n) − φ(x_0) − d(u_n, x_0) ≤ φ(u_n) − d(u_n, z).

Hence z ∈ S_n. The definition of S_n implies that

2φ(u_n) − φ(u_{n−1}) ≤ inf_{w∈Sn} φ(w) ≤ φ(z).

Using the above inequalities, we obtain the following contradiction,

φ(z) < φ(x_0) ≤ φ(z).

Hence x_0 is a minimizer of φ. �

Takahashi demonstrated the generality of Theorem 1.1 by including as corollaries three well known theorems. They are the fixed point theorem of Caristi [2], the ϵ-variational principle of Ekeland [6] and the fixed point theorem of Nadler [9]. Our next task is to show that Theorem 1.1 and Theorem 1.3 of Caristi are indeed equivalent, providing an alternative proof to Theorem 1 of [7].

Proposition 2.2 Theorem 1.1 of Takahashi and Theorem 1.2 of Caristi are equivalent. Hence they are equivalent to Theorem 1.3 of Ekeland.

Proof: As was stated before this Proposition, Takahashi [12] showed that his Theorem 1.1 contains Theorem 1.2 as a corollary. For a converse, suppose that there is no x_0 ∈ X such that φ(x_0) = inf_{x∈X} φ(x). Now define S: X → 2^X \ ∅ by Sx = {y: φ(y) + d(x, y) ≤ φ(x)} and T : X → X by T x ∈ Sx \ {x}. This is possible by the hypothesis to Takahashi’s theorem. But T is fixed point free, and this is impossible by Caristi’s theorem. Hence there is x_0 ∈ X with φ(x_0) = inf_{x∈X} φ(x).

It is well known that Theorems 1.2 and 1.3 are equivalent [12]. � We conclude this section by describing four other formulations in terms of the fixed points of lower semicontinuous multifunctions that can be shown to be equivalent to Theorem 1.1 of Takahashi. A similar development was made by Park [10].

Theorem 2.3 Let X be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function bounded from below. Let T : X → 2^X \ {∅}. Suppose that, for all x /∈ T (x), there exists y ≠ x that satisfies

φ(y) + d(y, x) ≤ φ(x).

Then T has a fixed point in X.

Theorem 2.4 Let X be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function bounded from below. Let T : X → 2^X \ {∅} be such that for all x ∈ X with T (x) ≠ ∅ and for all y ∈ T (x),

φ(y) + d(y, x) ≤ φ(x).

Then there exists u ∈ X such that T (u) = {u}.

Theorem 2.5 Let X be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function bounded from below. Let T : X → 2^X \ {∅} be such that for all x ∈ X, there exists y ∈ T (x) such that d(y, x) ≤ φ(x) − φ(y).

Then T has a fixed point in X.

Theorem 2.6 Let X be a complete metric space and let φ: X → (−∞, ∞] be a proper lower semicontinuous function bounded from below. Let T : X → 2^X \ {∅} be closed. Suppose that

d(x, T (x)) ≤ φ(x) − sup_{y∈T (x)} φ(y) for x ∈ X.

Then T has a fixed point in X.

The main result of the section is the following:

Proposition 2.7 Theorems 2.3, 2.4, 2.5 2.6 and 1.1 are equivalent.

Proof: Theorem 1.1 ⇒ Theorem 2.3

Suppose that T has no fixed point. Then for all x ∈ X, x /∈ T (x) so that by assumption there exists y ≠ x such that φ(y) + d(y, x) ≤ φ(x). Then by Theorem 1.1, there exists x_0 ∈ X such that φ(x_0) = inf_{x∈X} φ(x). Let y_0 ∈ T (x_0) be such that y_0 ≠ x_0 and φ(y_0) + d(y_0, x_0) ≤ φ(x_0). Then 0 < d(x_0, y_0) ≤ φ(x_0) − φ(y_0) ≤ φ(y_0) − φ(y_0) = 0.

This contradiction proves the implication.

Theorem 2.3 ⇒ Theorem 2.4 Suppose that there is no element u ∈ X for which T (u) = {u}. For each x ∈ X, define f by f(x) ∈ T (x) \ {x} so that f is fixed point free. Then φ(f(x)) + d(f(x), x) ≤ φ(x). By Theorem

3.3, T must have a fixed point and it must be a fixed point of f also by Theorem 1.3 of Caristi. This contradiction proves the impication.

Theorem 2.4 ⇒ Theorem 1.1 Define T : X → 2^X by T (x) = {y: φ(y) + d(x, y) ≤ φ(x)}. Suppose that there is no x_0 ∈ X such that φ(x_0) = inf_{x∈X} φ(x). By the assumption in Theorem 1.1, T (x) ≠ ∅. Then for each x ∈ X and y ∈ T (x), φ(y) + d(y, x) ≤ φ(x). Hence by Theorem 3.4, there exists u ∈ X such that T (u) = {u}. This shows that there is no v ≠ u for which φ(v) + d(u, v) ≤ φ(u).

Theorem 2.4 ⇒ Theorem 2.5 This is obvious, since the condition in Theorem 2.4 implies the condition in Theorem 2.5. Theorem 2.5 ⇒ Theorem 2.6 Let ψ(x) ≡^1_2 φ(x). Let x ∈ X. If d(x, T (x)) = 0, then x ∈ T (x) since T (x) is closed in X.

Thus if T has no fixed point, then d(x, T (x)) > 0 for any x ∈ X. Let y ∈ T (x) be such that d(x, y) <^1_2 d(x, T (x)). Then d(x, y) ≤ 1 2 d(x, T (x)) ≤ 1 2 (φ(x) − sup_{y∈T (x)} φ(y)) ≤ ψ(x) − ψ(y).

Since ψ is a proper lower semicontinuous function bounded from below, by Theorem 2.5, T has a fixed point.

Theorem 2.6 ⇒ Theorem 2.4 Note that T (x) ≡ {y} is closed. Hence Theorem 2.4 is a special case of Theorem 2.6. This completes the proof of Proposition 2.7. � 3 Application to Weak Sharp Minima

In this section, we make use of the argument employed to demonstrate Theorem 1.1 to prove the existence of weak sharp minima for a class of lower semicontinuous functions. This expands theorem 2 (ii) of Hamel by giving an alternative approach. As before, let X be a complete metric space and φ: X → (−∞, ∞] be lower semicontinuous. We define m ≡ inf{φ(u)|u ∈ X} and M ≡ {v ∈ X|φ(v) = m}. (3.1) Then we say that φ has weak sharp minima if, for any u ∈ X, we have d(u, M) ≤ φ(u) − m.

Hamel begins section 2 of his paper [7] by stating that “we want to characterize functions which satisfy the condition of Takahashi” and that

Theorem 3.1 (Theorem 2 [7]) Let X be a complete metric space and φ: X → (−∞, ∞] be a lower semicontinuous function that is bounded from below.

(i) If there exists an α > 0 and a minimizer u ∈ X of the function φ such that

φ(v) − φ(u) ≥ αd(v, u), for all v ∈ X, (1)

then f satisfies the condition of Takahashi (as in condition (T) defined earlier) with same α > 0.

(ii) Suppose that φ satisfies condition (T) with α > 0. Then

φ(u) − φ(v) ≥ αdist(x, M), for all u ∈ X and v ∈ M. (2)

We note that condition (T) does indeed imply (2) above, but (2) does not in turn imply (1). The fact that (2) can hold without (1) holding may be seen by letting f: R → R be defined by f(x) = 0 for all x ∈ R. Hence theorem 2 of [7] does not provide a complete characterization of functions which satisfy condition (T). Our final goal of this paper is to provide a new proof of the existence of weak sharp minima for lower semicontinuous functions that satisfy the condition of Takahashi (the condition described in Theorem 1.1).

Theorem 3.2 (compare to Theorem 3.1 (ii)) Let X be a complete metric space and φ: X → (∞, ∞] be a lower semicontinuous function that is bounded from below. Suppose that, for any u ∈ X with inf_{x∈x} φ(x) < φ(u), there exists v ∈ X such that v ≠ u and

d(u, v) ≤ φ(u) − φ(v).

Then M defined in (3.1) is nonempty and φ has weak sharp minima.

Proof: For u ∈ X, define

A(u) ≡ {v ∈ X|d(u, v) ≤ φ(u) − φ(v)}.

Since φ is lower semicontinuous, A(u) is a closed set. By Theorem 1.1, M ≠ ∅, where M is defined in (3.1). Note that φ(v) ≤ φ(u) for every v ∈ A(u). Now, by way of contradiction, let us assume that there is u_0 ∈ X with

φ(u_0) − m < d(u_0, M). (3.2)

Clearly, u_0 /∈ M and this is true for every v ∈ A(u_0). For if there were v ∈ A(u_0) with φ(v) = m, then we get d(u_0, M) ≤ d(u_0, v) ≤ φ(u_0) − m, which contradicts (3.2). We also note that (3.2) holds for every v ∈ A(u_0). To see this, take v ∈ A(u_0), w ∈ M, so that d(u_0, w) ≤ d(u_0, v)+d(v, w) ≤ φ(u_0)−φ(v)+d(v, w) and this yields d(u_0, M) ≤ φ(u_0)−φ(v)+d(v, M). But d(u_0, M) > φ(u_0) − m, from (3.2), and together this gives φ(u_0) − m < φ(u_0) − φ(v) + d(v, M), which is φ(v) − m < d(v, M), giving (3.2) with v in place of u_0.

Since φ(u_0) > m, by hypothesis there is u_1 ∈ A(u_0) with u_1 ≠ u_0. Since φ(u_1) − m < d(u_1, M), again it is clear that u_1 /∈ M, that φ(u_1) < φ(u_0) and that we can again show as above that φ(v) − m < d(v, M) for every v ∈ A(u_1) and A(u_1) ∩ M = ∅. In addition, we select u_1 such that φ(u_1) = inf{φ(v)|v ∈ A(u_1)}. This is possible since X is complete, φ is lower semicontinuous, and A(u_1) is closed and nonempty. Continuing in this way, we generate a sequence {u_n} with the above properties. Namely, if u_0, u_1, . . . , u_n have been chosen so that at u_i ∈ A(u_{i−1}), φ(u_i) < φ(u_{i−1}), φ(u_i) = inf{φ(v)|v ∈ A(u_i)}, A(u_{i−1}) ∩ M = ∅, i = 1, 2, . . . , n and φ(v) − m < d(v, M) for every v ∈ ∪^n_{i=1}A(u_{i−1}), then, since u_n /∈ M, we can choose u_{n+1} ∈ A(u_n), u_{n+1} ≠ u_n, with φ(u_{n+1}) = inf{φ(v)|v ∈ A(u_n)}, and as above we will have φ(u_{n+1}) > m, φ(u_{n+1}) < φ(u_n) and φ(v) − m < d(v, M) for each v ∈ A(u_{n+1}). To see the latter, we write again, just as above, φ(u_n) − m < d(u_n, M) ≤ φ(u_n) − φ(u_{n+1}) + d(u_{n+1}, M), giving φ(u_{n+1}) − m < d(u_{n+1}, M). Hence, A(u_{n+1}) ∩ M = ∅.

We now have our sequence {u_n} consisting of all different elements and φ(u_{n+1}) < φ(u_n). Since d(u_{n+k}, u_n) ≤

�_k i=1 d(u_{n+i}, u_{n+i−1}) ≤

�_k i=1(φ(u_{n+i−1})−φ(u_{n+i})) = φ(u_n)−φ(u_{n+k}), and noting that φ(u_n) monotonically decreases to some c, {u_n} must be Cauchy. Let u_n converge to u ∈ X. We now show that u ∈ ∩^∞_{i=0}A(u_i). We first show that, for every n, u_n ∈ ∩^{n−1}_{i=0} A(u_i). This follows from the following;

d(u_{n−k}, u_n) ≤

�_{k−1}

j=0 d(u_{n−k+j} , u_{n−k+j+1}) ≤ �_{k−1}

j=0 [φ(u_{n−k+j} ) − φ(u_{n−k+j+1})] = φ(u_{n−k}) − φ(u_n),

which shows (recall that all the u_i are outside M) that u_n ∈ A(u_{n−k}), k = 1, · · · , n, hence u_n ∈ ∩^{n−1}_{i=0} A(u_i). It follows immediately from this that u_k ∈ ∩^{n−1}_{i=0} A(u_i) for all k ≥ n. Since ∩^{n−1}_{i=0} A(u_i) is a closed set, u ∈ ∩^∞_{i=0}A(u_i). Thus u ∈ A(u_n), and u ≠ u_n; hence φ(u) < φ(u_n), and this is a contradiction, since φ(v) ≥ φ(u_n) for every v ∈ A(u_n). �.

References

[1] D. W. Boyd and J. S. W. Wong, On Nonlinear Contractions, Proc. A.M.S. 89(1968), 458-464.

[2] J. Caristi, Fixed Point Theorems for Mappings Satisfying Inwardness Conditions, Trans.

Amer. Math. Soc. 215 (1976), 241-251.

[3] P. Z. Daffer and H. Kaneko, Fixed Points of Generalized Contractive Multi-Valued Mappings, Jl. Math. Anal. Appl. 192, (1995), 655-666.

[4] P. Z. Daffer and H. Kaneko, A variational principle of Ekeland, Functional Analysis - Selected Topics, P.K.Jain (editor), Narosa Publishing House, New Delhi, India (1998), 152-157.

[5] P. Z. Daffer, H. Kaneko and W. Li, On a Conjecture of S. Reich, Proc. Amer. Math. Soc.

Vol. 124, No. 10 (1996), 3159-3162.

[6] I. Ekeland, Nonconvex Minimization Problems, Bull. Amer. Math. Soc. (New Series) 1 (1979), 443-474.

[7] A. Hamel, Remarks to an equivalent formulation of Ekeland’s variational principle, Optimization, 31(1994), 233-238.

[8] N. Mizoguchi and W. Takahashi, Fixed Points Theorems for Multi-Valued Mappings on Complete Metric Spaces, Jl. Math. Anal. Appl. 141(1989), 177-188.

[9] S. B. Nadler Jr., Multivalued Contraction Mappings, Pacific Jl. Math. 30 (1969), 475-488.

[10] S. Park, Equivalent Formulations of Ekeland’s Variational Principle and Their Applications, Tech. Report No. 1, The Math. Sci. Res. Inst. of Korea, (1983).

[11] S. Reich, Fixed Points of Contractive Functions, Boll. Un. Mat. Ital., (4) 5 (1972), 26-42.

[12] W. Takahashi, Existence Theorems Generalizing Fixed Point Theorems for Multivalued Mappings, Fixed Point Theory and Applications, ed. M. A. Théra and J. B. Baillon, Longman Scientific and Technical, (1989) 397-406.