Sample Final Exam - Solutions
Final Exam: Monday, Dec. 8, 2008, 3:35-6:45pm

1. Solve the following DE.

(i) cscydx + sec® xdy = 0 (separable)

[ ]
d 1
cscydr +sec’ xdy =0 = A 5 —dx
cscy sec? x
1 2
— sinydy = —cos’ v dr = —cosyz—/#dz

1 1 .
:>cosy:§x+181n2x+0

Sk kAR K
.. d _ .
(i) (z+1)52 + (z +2)y = 2ze™* (linear)

T+ 2 2x
= e
x+1y x+1

d
(x+1)£+(m+2)y:2xe_m =y +

The integrating factor is

—X

ef i—ﬁdm _ ef 1+x;+1dm _ ex—Hn\x—l—l\ — 690((13 + 1)
Multiplying the DE y + 22y = 22 ¢~ by LF.
[e®(x+ 1)y =20 = e"(x+ 1)y =2+ C, 2 € (—1,00)
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(iii) (e?¥ —ycosxy)dz + (2xe? — xcosxy + 2y) dy = 0 (exact)

[ ]
oM 9 . ON
— =2e*Y 4+ xysinzy — cosxy = —
oy or
so the DE is exact. Hence,
0
8_f = 2ze® — xcosay + 2y = f(x,y) = ze?¥ —sinzy + 3> + h(x)
Y

Taking the partial derivative of this f with respect to z, we get

of

3 e®¥ —ycosxy + h'(x) = M(x,y) = h'(s) =0 = h(z) =C



Hence,

2

22e? — xcoszy + 2y = f(x,y) = ze®¥ —sinxy +y*> +C =0
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(iv) —ydz + (z + /zy) dy = 0 (homogeneous)

[
—ydx+(a:+\/a:y)dy:O:>x(—%d:1:—|—(1—l—\/g)dy) =0

Let u = ¥ so dy = xdu + udz. Then

—%dm+(1+\/g)dy:():—uda:#—(l—k\/ﬂ)(xdu—kudx):()

dz 1+\/_
= ot

ln|x|—2( )12 m? —|—C'—O:>ln|x|—2( )V2 £y —Injz| +C =0

u=0=Inlz|— 20?2 +lnu+C =0

:>1n]y]+C’:2\/§:>4x:y(lny+C)2
Y
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d .
(v) & =y(zy® — 1) (Bernoulli)

dy 3 dy 4 dy 4
dz yl(zy ) de Y dr Ty=ay
Let u = y'~* = y~3 so that y = u~/3 and dy = —dy /3y
dy 11 du | 45y du
d—+y—xy:> 3 4/3d:L‘+u =au"~ :>%—3U——3:C

The last DE is linear and its integrating factor is e J3dz _ e=3%. Then

1 1

[e737u] = —3ze™3" = e 3y = —3(—5.1176_396 —

1 1 1
:>U:—3(—§33—§+C€3$):>y_3=x+§+0635”



2. A small metal bar, whose initial temperature was 20°C, is dropped into a large con-
tainer of boiling water. How long will it take the bar to reach 90°C if it is known that
its temperature increases 2° in 1 second?

(You should review all HW problems in Section 3.1)

e From the Newton’s law of cooling,

dr dT

e Y =
o = k(T —100) = oo = ki

— In(T — 100) = kt + C = T = Ce** + 100

Since T(0) = 20C°, T'(0) = C + 100 = 20 = C' = —80. Hence T'(t) = —80e** + 100. The
heat conductivity constant k can be found from the fact that temperature increases 2° in
1 second. Namely, solve for k the equation

22 = —80e* + 100.

22 = —80e" + 100 => —78 = —80e* => k = In £ ~ —0.0253178. Time it takes for the
bar to reach 90° can be found by solving 90 = —80e~0-0253178% 1 100. ¢ = 82.1 seconds.



3. Find the general solution of the following DE.

(1) ¥ = 5y" +3y" + 9y =0

em? —5m2+3m+9=0= (m+1)(m?>—-6m+9)=0= (m—1)(m—-3)2=0
Hence roots are m = —1, 3, 3.

y(r) = cre”* + c2€3% + c3re®®.
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(ii) v —y' +y = 2sin3x
2

em‘—m+1=0=—m= ==+ %2 so that

S

N[

V3

sin —x
2

Vi

1 1
Yo = c1e2” cos 73@ + coe

We try a particular solution in the form y, = A cos 3z + B sin 3z. Differentiating y,, twice,
we get y, = —3Asin3z + 3B cos 3w and y, = —9A cos 3z — 9B sin 3x. Thus,

Yy — Yy + yp = (—8A —3B) cos 3z + (3A — 8B) sin 3z
Setting the last expression equal 2sin 3x and comparing the coefficients,

~84-3B=0, 3A-8B=2

Solving A = % and B = —1—3, SO

16
Yp = =5 COS 3T — == sin 3w

73 73

The general solution is

V3

=y, + —ceéxcos—gac—l—ce%msin—x—i—icos?)x—gsin?)x
y=Yemlhp=a 2 2 2 "3 73
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(iii) y” + 3y = —48x%e3”
em?24+3=0=m==+V3i )

Yo = €1 €OS V3T + ¢o8in V3z

We try a particular solution in the form y, = (Az? + Bz + C)e3*. Taking the derivatives,
Yy, = (3A2?+(2A+3B)z+(B+3C))e* and y) = (9Az*+(12A4+9B)z+(2A+6B+9C))e*".
Hence,

Yy + 3yp = [1242% 4+ (124 + 12B)x + (2A 4 6B + 120)]e** = —48z7¢>”

This implies that 12A = —48, 12A+12B = 0 and 2A+6B+12C = 0, which gives A = —4,
B:4andC’:—% and

4
yp = (—42? + 4B — 3)33"«‘

The general solution is

4
Y =Ye+Yyp = 1 COS V3z + ¢y sin V3x + (—42% + 4B — 5)3336



4. Solve
(i) ¥’ 4+ y = sinx (variation of parameters)

e m? +1=0=m = +i so the fundamental solutions are y; = cosz and y, = sin x.

using the variation of parameters formula in Section 4.6,

0 sinx
, sinz cosw —sin® z . 9
up = - = = —sin“z,
cosx  sinx 1

—sinx cosx

COS T 0
, —sinx  sinzx sin x cos x .
Uy = - = =sinxcoszx
cosT sin x 1

—sinx cosx

Integrating u} and u,

1-— 2 1 1
u1=—/sin2xdx:—/%dm:—éa)—kzsirﬂx

Uy = /sinxcosxdaz =3 sin?

Finally,
: L. 1 L .o .
y:yc+yp:clcos:c+cQsmx—|—[Zsm2m—Eaf]cosx—kism xrsinx
. . 2 1 1 2 N\
:clcos.r—i—czsmx—i—ismxcos x——xcosx+§(1—cos x)sinx

. 1
=c1coSxT + cosinx — §.CECOS$
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(i) x2y” — 3zy’ + 3y = 22*e” (nonhomogeneous Cauchy-Euler equation)

e First solve the homogeneous equation x2y” — 3zy’ + 3y = 0 by substituting y = 2™
and finding the roots of auxiliary equation m(m — 1) —3m +3 =0 = m? —4m + 3 =
0= (m—1)(m —3) =0, we see that y; = z and y, = 3. Transforming the DE into the
standard form

3 3
y//__y/+_2y:2x26m
x X

As in the previous problem,

0 x3
, 22%e® 32 —2x°e” 9 2
R P T o T TP
1 322
x 0
, 1 2x%e” 2x3e” -
Uy = 5T = 98 ¢
xr oz x
1 32?2
For up, integrate by parts uj = —z2e® twice to get

up = — (2% — 22 4 2)e”
Clearly us = €®. Finally, the general solution is

Y =12 + cor® + uryr + uaye

=1+ cox® — (2% — 20 + 2)ze” + 23e”



5. A mass of 1-slug, when attached to a spring, stretches it 2 feet and then comes to rest in
the equilibrium position. Starting at ¢ = 0, an external force equal to f(t) = e~ ! sin 4t
is applied to the system. Find the equation of motion if the surrounding medium
offers a damping force that is numerically equal to 8 times the instantaneous velocity.
(You should review all HW problems in Section 5.1)

e m = lslug. Compute the spring constant from mg = kxr = 32 = k2 = k =
161bs/ft. Also 8 = 8. Hence the DE describing the motion is

2" + 8z + 16z = e~ 'sin 4t.

The solution to the corresponding homogeneous equation is found by solving m?+8m+16 =
0, which gives (m +4)? = 0 or m = —4. Hence,

zo(t) = cre™* + cote ™4,
Since the forcing function is e~ sin 4¢, we try
z,(t) = Ae " cos4t + Be 'sindt = e '[Acos 4t + Bsin 4]

Differentiating twice, we see that

), (t) = e '[(4A — B) cos 4t — (A + 4B) sin 4t]

and

z)(t) = e '[(—8A — 15B) cos 4t + (—15A + 8B) sin 4t

Substituting these derivatives into the DE,
)y + 81, + 16z, = e '[(24A — 7B) cos 4t + (—TA — 24B) sin 4t]

This implies that

24dA—-TB =0
—T7TA—-24B =1
whose solutions are A = —6775 and B = —%. Thus, the general solution is give by
—4t —4t —t 7 24 .
z(t) = wc(t) + 2p(t) = cre™ ™ + cate™ ™ + 7 [~ cosdt — —_ sin 4]

625 625



6. Find the Laplace transform of the following functions.

wro={, 12,
o Since f(t) = 4 — AU(t - 2), L{f(t)} = 4 — 4=

S
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(ii) f(t) =e 'sinht
e Since L{sinht} = -+, L{e !sinht} = m

217
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(i) f(t) = fg et~ Tdr

° L{fét Te!~Tdr} = L{t x '} = L{t}L{e'} = s%sil
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(iv) f(t) =t(e’ +e72)?
° L{t(et + 6_2t)2} = L{(€2t + 2€_t + 6_4t)t} = (5,12)2 + (s+21)2 + (5454)2
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(v) f(t) =cos2tU(t — m)
Using equation (16), P. 276,

S

L{cos2tU(t —m)} = e ™ L{cos2(t + m)} = e " L{cos2t} = e ™" — +4
s




7. Find the inverse Laplace transform of the following functions.

(i) F(5) = o733

e By partial fraction 55— = jié +

1/4
s—17

hence

3/4 3 4, 1,

I gy = 0y My = 2 e

32+28
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(il) F(s) = m
e Note that

S B s _ s+2 2
s24+4s5+5 (s+2)24+1 (s+2)2+1 (s+2)2+1

Hence,

s+ 2

m } = 6_2t cost — 26_2t sint

_1{32+4s+5}_ L7 F- _1{(3—{—2) 241
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(iff) F(s) = dte )

s+2
: (1+ 723)2 _ 142e7 %544 1 2e~ 28 e 4s
e Since ;_2 = 1t S+2+ = 52 + p—) + T2
1 —25\2
L—l{—( e ™) }=e 2 42720700 (4 — 2) + e 2DU (L — 4)

s+ 2
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(iv) F(s) = (Sz—il)z

e Note that L{sint} = hence

2+1 )

t
1{( )2}—811115*511175—/0 sin7sin(t — 7)dr

1
[~ sin(27 — t) — 7 cost]|}

DN | =
[\

t
1

= / —[cos(2T — t) — cost]dr =
)

1.1 1
2[2(smt —sin(—t)) — tcost] = i[sint—tcost]

In the third equality above, we used sin Asin B = 1[cos(A — B) — cos(A + B))].
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() F(s) = e

e Note that iz = —4 2(52+1) = L{itsint} hence

1
_1 .
{(52 n 1)2} —tsmt



8. Use the Laplace transform to solve the following initial-value problem.
y'+2y =6(t-1), y(0)=0,4(0)=1

e s2Y (s) — sy(0) —y'(0) +2[sY(s) —y(0)] =e™* = (s* + 25)Y(s) = e * + 1

e *® 1
Y =

() 82+28+82+2S

By partial fractions,
r 1/2 1/2

s24+2s s s+ 2

and hence 12 12 12 12
=LY (s)} =L H{+= - L= e 5 (= —
y(t) = LY () = LS - S e (- )

L o 1 1 —2(t-1)
- “U(#—1)— - t—1).
26 +2U( ) 26 U( )

N =



9. Find two power series solutions of the following DE about the ordinary point x = 0,
y' + 2%y +ay=0.

e We seek a solution in the form y(z) = Y 00 c,z™. Since y/(z) = Yoo | cpna™™?
and y"(z) =>.0° , cpn(n — 1)z 2,

> 0
Ty = E ™t 2Py = E cpna
n=0 n=1

0o 00 0o

'+ 2%y fay=0—= Z can(n — 1)z 2 4 Z cona™ T 4 Z Crz™ ™ =0
n=2 n=1 n=0

Note that the first series starts with the term 2%, the second with 22 and the third with

x'. Hence all terms starting with 2 onward are commonly shared in all three series, and

therefore they can be combined into a single series. Separate the the first two terms from

the first series and the the first term from the third series, we get

2¢o + (co + 6c3)x + Z can(n — 1)a™"2 + Z cona™t! 4 Z coa™ =

n=4 n=1 n=1

Let k=n—-2,k=n+1and k = n + 1 respectively in the 1st, 2nd and 3rd series, we get

2¢o + (co + 6¢3)x + Z crao(k+2)(k+1)a® + Z cu_1(k —1)zk + Z cr_12® =0
k=2 k=2 k=2

2y + (co + 6¢s)x + Y [eppa(k +2)(k+1) + cpor(k — 1) + cx_1]z* =0
k=2

or

2y + (co + 6¢3)x + Y [ensa(k +2)(k + 1) + cp_1k]z" =0
k=2

By setting all the coefficients equal 0, we get the following recurrence relations;

02:0

1 1
c3 =——=C) = ——C
3 60 3170

kcr—1
—_ C k>2
AT T )kt 1) =




Using the recurrence relation, we see that

Thus,

201 22
k=29 a2
“=Trs T e
302
k: = - =
3 =gy~
4es 4 1 42
k:4 = —— = — — _ —
=55 ("5.5 (5% =g
5ey 5 ., —22 5292
k:5 = —— = (— —
or=—g5= gy = —ra
6
k=6 08:—8705:0
k_’? C __LC —_Lﬁc __72426
- 7 T9.8°% T9.86 " g
y(x) =co+ iz + Cg$2 + ng3 + 043;4 4+ C5x5 + 665136 S
_ 1 5 22 47 o 5722 7242
—CO+Clx—5CO$ —chx +acox + 7 car’ — ol cor” —
1 42 7242 92 5292
:Co[l—gxg-l-al‘ﬁ—T+~~]—|—cl[x—zx4+—7! a7 — ]



