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Chapter 3- Answers to even problems.

Note that

= r.re.f.(A) =

—_ = =

1 0
0 1
0 0
0 0

=W N =

1

and this implies that the first and second columns are linearly independent. Hence
1 1

1 and g span the image of A.
1 4
Note that
1 x
r+2y+3z2= 12 Y
3 z
x
so that the plane x + 2y + 3z = 0 is characterized by all vectors | y | that are
z
1 1
orthogonal to | 2 |. Thus the orthogonal projection onto this plane will map | 2
3 3
1
to zero vector and thus Kernel=span { | 2 | }. Now, the image of this projection
3

consists of those vectors that satisfy = + 2y + 32 = 0. It is one equation in three
variables and y and z are free variables. Letting y = s and z = ¢, we see that

-3 -2
x = —2s — 3t. Thus, Image=span{| 0 |, | 1 [}
1 0
1 2
A= [5 10] '
1 1 -1
W is not a subspace. For example, let | 2| € W. Then (-1) |2 | = | -2 | ¢
3 3 -3

w.
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a. Yes b. No (See lecture notes for details.)

o o -]

Linearly Dependent.

{1 31 = r.re.f. = [(1) 8} so that the second column is redundant to the

first. Clearly [2] = B]

—_ =
N W
o O =
S = O

6 3
5(|=rref= 1| show that the third column is three times
4 0

6 1 3
the first column plus the second column. Namely, | 5| =3 | 1| 4+ | 2 |. Hence
4 1 1
1 3 6 0
3|1+ (2| -5 =10
1 1 4 0
3
This shows that | 1 | is in the kernel.
—1
2 1 0 2
Arguing similarly to #24, weget [3| =2 |0 | +3| 1| and | 3| is redundant.
0 0 0 0
2
1 is in the kernel.
0
Yes. Since {7, %s,...,Uy,} are linearly dependent, there exist ¢1,ca, ..., ¢y not

all zeroes such that

101 + coUs + + -+ + CUpy, = 0.

Then

0= T(0) = T(c1¥) + cotiy + - + )
= ClT(Ul) + CzT(ﬁz) + -+ CmT(Um).
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42.

24.

36.

Since ¢y, ca, ..., ¢y, are not all zeros, we see that T'(vh),T(vs), ..., T(t,;,) are lin-
early dependent.

Let {4, Vs, ..., U, } be perpendicular vectors. Consider
101 + coUs + + - - + ¢y, = 0.

Taking the dot product on both sides with v;, 1 < i < m,

=1

(1) Ui - (1?1 + oz + -+ + i) = 03 - 0 = 0.
As ¥; - v; =0if @ # 7, and 7; - U; = 1 as ¥;’s are unit vectors, we see that

— —

Ui (101 + el + -+ e ) = (i - 01) 4 -1 (Ui - 0) + -+ e (T U) = ¢

we obtain from (1) that ¢; = 0. Hence all the coefficients ¢;’s are zero, making
the vectors linearly independent.

Let
4 8 1 1 6
3 6 1 2 5
A= 2 4 1 9 10
1 2 3 2 0
1 2 0 0 0
0 01 00
rreflA)=1g 0 0 1 0
0 0 0 0 1
2
-1
This shows that the kernel is spanned by | 0 |. The r.r.e.f. indicates that the
0
0

first, third, fourth and the fifth columns are linear independent so the correspond-
ing columns of the original A serve as a basis for the image of A.

No, as 3 = dim(im(A)) + dim(ker(A)) by the rank theorem, dim(im(A)) #
dim(ker(A)), so im(A) can not equal ker(A).

38. a. Since T: R® — R3,

5 =dim(ker(A)) + dim(im(A))
= + 0
=4 + 1
= + 2
= + 3



b. Since T: R* — R”,



