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The generalized hydrodynamics of two-dimensional lattice-gas automata is solved analytically
in the linearized Boltzmann approximation. The dependence of the transport coefficients (kine-
matic viscosity, bulk viscosity, and sound speed) upon wave number k is obtained analytically.
Anisotropy of these coefficients due to the lattice symmetry is studied for the entire range of wave
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number, k. Boundary effects due to a finite mean free path (Knudsen layer) are analyzed, and

accurate comparisons are made with lattice-gas simulations.

Since it was shown theoretically that lattice-gas auto-
mata (LGA) can simulate the Navier-Stokes equa-
tions,! ~3 lattice-gas automata have been extensively used
to study many physical problems in the field of hydro-
dynamics. Major advantages of the lattice-gas method
include its parallel nature and the capability of han-
dling complicated -boundary geometries.. One significant
achievement of the LGA method is the accurate simula-
tion of flow through porous media.* Here, we calculate
analytically the generalized hydrodynamic LGA transport
coefficients using the linearized lattice Boltzmann equa-
tion, 233 :

The usual hydrodynamics requires significant modifi-
cation when the characteristic length scale is the same or-
der as the mean free path. A generalization is required in
order to include the wave-number dependence of the
transport coefficients in such a way that the constitutive
relation is preserved.® This generalization produces a
nonlocal hydrodynamic response to fluctuations. General-
ized hydrodynamics has been studied previously in the
context of a hard-sphere fluid.®’ The significance of
studying generalized hydrodynamics in the context of
LGA models is justified by the fact that the LGA method
has been used to solve difficult physical problems such as
flow through porous media,* a situation where generalized
hydrodynamics can be important. The purpose of this pa-
per is to present analytic results for the wave-number
dependence of transport coefficients in LGA models for
the entire range of wave number k and to examine bound-
ary effects due to a finite mean free path. Previously re-
ported transport coefficients results are valid only in the
hydrodynamic limit, k =0. 28 Here, the linearized lattice
Boltzmann equation, which is written as an eigenvalue

4

tefo,1,2,...}.

~ equation valid for all k, is derived and solved analytically.

Before presenting our results, we now briefly describe
the lattice-gas model. This many-body lattice-gas system
resides on a two-dimensional (2D) hexagonal lattice space
{x} with unit lattice constant and with discrete time
Each particle has-unit mass and unit
speed. The six possible velocity directions of particles
along the links of the hexagonal lattice are:

é.=cosl(a—1)x/31k+sinl(a —1)x/31¥,
eefl,2,...,6.

(Greek indices a, B, ... always run from 1 to 6 unless
specified otherwise.) There can be either 1 or O particles
with the velocity €, at the same lattice site, x, and time ¢
(exclusion principle). The evolution of the system consists
of two steps: collision and streaming. At each time step
(At =1), particle interactions occur through local col-
lisions, i.e., each collision only involves particles at the
same site. The collision rules are designed to conserve the
exact particle number, momentum, and kinetic energy.

~ After collision, particles move in the direction of their ve-

locities to adjacent sites.

The évolution of the Frisch-Hasslacher-Pomeau (FHP)
lattice-gas system is completely determined by the micro-
scopic equation

No(x+E,,t+1) =No(x,)+Co(N) , ey
where N denotes all N,(x,¢) and the Boolean function
CaN) =X (s = s )& TINP (x, )11 — Njp(x, )1 77

s,s' ) B
(2)
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represents creation or annihilation of N,(x,¢) due to col-
lisions for all possible incoming configuration s and outgo-
ing configuration s’ at a given site x. The quantity & is a
random Boolean number in time and space, satisfying the
normalization condition

Z, =1 Vs
s
and the conservation conditions
2 (sa = s5a)Esha=0,
a

where A, is any linear combination of 1, (&,).=cosl(a
—1)x/3] and (é,),=sinl(a—1)x/3]. The average value
of &, Ass={(&ss), defines a transition probability from
state s to s, for any arbitrary s and s'. Moreover, &5 has
rotational symmetry, i.e., for any s and s', & is invariant
if states s and s’ are both subjected to simultaneous proper
or improper rotations. Also, different values for Ay pro-
duce different values for the transport coefficients, but
their qualitative behavior will not change.

The ensemble average of Eq. (1) using the random-
phasg approximation yields the lattice Boltzmann equa-
tion:

Sox+Eént+1)=f,(x,t)+ ,(f), 3)

where f,(x,2) is the single-particle distribution function,
and f denotes all of f,(x,2). The operator Q, is equal to
Cq if Ng and &g are replaced by f5 and Ay, respectively,
in Eq. (2). The particle-number density n(x,z) and
momentum density p(x,z) are related to f,(x,#) by
n(x,t)=2%,f.(x,t), and p(x,t)=X.8.f.(x,1), respec-
tively. With the random-phase approximation, which ne-
glects the instantaneous correlations between particles in-
volved in a collision process, one can show that the single-

particle distribution function f,(x,¢) obeys the Fermi-

Dirac distribution. >3 v

Assume that f,(x,1) =d[1+¢.(x,£)] with |¢.| <1,
where d is the equilibrium density for zero mean velocity.
We can linearize Eq. (3) to obtain

Pa(x+E0t+1)=0,(x,0)+ 2 0 Pos(x,1) 4)
B

where the linearized collision operator Q,ﬁ},’ is the 6%6
real circulant matrix:®

\ch}i) = — _;' Z, (Sa' "'Sa)(Sé —Sp)Ass,dO';—l(l _d)S—?-: ,
8,8 : . P
. (5)

where o, =2,,5, is the number of particles in configur-
ation s. Note that o only depends on the equilibrium
density d for a given set of collision rules. The Fourier
transform of Eq. (4) is

palk,t+1) =e "'"“““);, (Gapt+ PN 0p(k,1) . (6)

This can be written in vector form
lo(k,t +1))=H&)|¢(k,2)), @]

where the component of the fluctuation vector {a|¢(k,?))
is ¢.(k,z). The matrix H(k)=D()H(0), where H(0)
=/+0W, is the evolution operator. The diagonal
matrix  D(k) =diag(exp(—ik-é)),exp(—ik-é5),...,
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exp(—ik-&;)) is the displacement operator.

In general, the eigenvalue problem for H (k) cannot be
solved analytically except for special cases, whereas that
for H(0) can be trivially solved because H(0) is a circu-
lant matrix. The matrix H(0) has three unit eigenvalues
corresponding to the three hydrodynamic modes, i.e., the
corresponding eigenvectors are associated with the con-
served quantities of the system. H(0) also has three non-
unit eigenvalues corresponding to three kinetic modes. It
can be rigorously shown that these modes can be analyti-

- cally continued to the k=0 region [as indicated by Eq.

(14) later]. Although our procedure is general, we illus-
trate it using the six-bit collision-saturated nondeterminis-
tic FHP model? in what follows. In this case,

H(0) =circ(p,p2,p3,p4,p302) ,

with pi=1=d(1+3d), p,=d(1+4d)2, pi=d/2,
pa==—d(1+d), and d=d(1—d). The_eigenvalues of
H(O) are M,z,sg I, K3,5 =1 3d(l +2d), and Aa=1
—6d>. The eigenvectors of H(0) with unit eigenvalue are

rl ’ 2 3 O N
1 1 1
1 1 _ 1 -1 1 1
|’l>‘="\/‘g' 1l lPx0>—Ej.; —2|» and |pyo>—-2- oI’
1 —1 —1
vy L1 ) (—1)
®)

which are the density, x-momentum, and y-momentum
modes, respectively. Denoting 6 as the angle between k
and €, (=%), |u,(k)), and |u + (k)) as the generalized hy-
drodynamic eigenvectors, the zeroth order (in k) hydro-
dynamic eigenvectors of H(k) are

|, (0)) =cos8|p,0) —sinb|pro) =|p,?, 9)

fu +(0)) =%[|n> + (cos| pxo) +sinb|p,o))]

1
=—(mx|p)), (10€)
V3 l'l |PI

where |p,) and |p;) denote the transverse and longitu-
dinal momentum with respect to k. If we let ¢,(k,z)
=(u,; (K)|¢(k,1)> and ¢+ (k1) =(u+&)|p(k,2)), then
the generalized hydrodynamic equations for the linearized
lattice Boltzmann equation are

0kt +1)=2,k)g, (1) =e Ty, (k,0),  (11)

o+ (k1 +1) =z (K)p+U,)=e """ 25, (k,0),
(12)

and the generalized hydrodynamic transport coefficients
are 6deﬁned in analogy to their definitions in hydrodynam-
ics:

In(z, (k)
BT
Ly (i) + k) =

vik) =

3

_ Relln(z + (k)1
k? ’

Imlin(z + (k)]

k :

(13)

es(k)=F
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where v, 7, and ¢, are the kinematic viscosity, the bulk
viscosity, and the sound speed, respectively. By expanding
D(k) ink, ie., D(k) =X, (—ik)"P"(6)/n! with

P(6) =diaglcos8,cos(8—r/3),...,cos(6+x/3)],

the coefficients of perturbation expansions for the eigen-
values can be calculated. The coefficients in perturbation
expansions for the transport coefficients are just the cumu-
lants'? of the corresponding eigenvalues. As an example,
the first few coefficients in perturbation expansions for
z,(k) and the kinematic viscosity v(k) are given as fol-
lows:

Zy (k) =1 _Z[(Z)k2+zl(4)k4+. .
where :
2P =(1+13)/8(1 —13),

2@ =[z2/48(1 =2 (1 —22) 1
- x[2(1 420 — 203+ 20403 — 53+ 2040 3)
—cos(60) (1 =A3) (1+ 503+ 504 +A3A4)] ,
v(k) =vo—vik?+.. .,

“where vo=2z* and v,=(z?)%2—z®. The zeroth or-
der (in k) results of the transport coefficients obtained by
this perturbative method are identical to the previous re-
sults. >3

In the case of 8==0 or #=r/6, the eigenvalues of H (k) 4

are obtained analytically for arbitrary k. For 6=0, H (k)
can be decomposed into the direct sum of a 2X2 and a
4x4 matrix. For 6=n/6, H(k) becomes a direct sum of
two 3x3 matrices. Therefore the eigenvalues are roots of
quadratic, quartic, or cubic algebraic polynomials. The
decomposition of H(k) along the special directions =0
and 0=x/6 is consequence of the fact that the collision
operator Q, is invariant under the complete lattice sym-
metry group.® This decomposition is also applicable to
other FHP 2D models.
For 8=0,

z (k)= L (1+nr3)cos(F k)
+ 1 /(1 +23)%cos® (T k) —4hs. (14)

The kinematic viscosity possesses an imaginary part be-
tween the two branch points which satisfy (1+13)?2
xcos2(k/2) —4r;=0. As k increases from 0 to the first
branch point, z, (k) and the eigenvalue of the kinetic mode
coupled by the quadratic equation collide with each other.
Then both of them become complex conjugates until they
collide again at the second branch point. After the second
collision they separate along the real axis of the z plane.
Numerical results indicate that a similar situation occurs
when 0<0<7x/6 for the transverse mode. However,
when 6=nr/6 the kinematic viscosity has no imaginary
part in the physical region (0 <d < 1) of the k-d plane.
The fact that z,(k) can be complex indicates that the re-
laxation of the transverse momentum can be oscillatory.
In the limit d— 0, z, (k) — ¢**/2. This suggests that oscil-
lations in relaxations of the transverse momentum are re-
lated to the free streaming of particles (a ballistic effect).

Plots of the wave-number dependence of the kinematic

0.6]

A 0.3k

0.0]
0.1 3 _ : (b)
& 0.0p

" wave number k

FIG. 1. Kinematic viscosity v(k), bulk viscosity n(k), and
sound speed ¢; (k) vs k for density equal to 0.2, and 6=0 (solid
line), 7/12 (dotted line), and #/6 (dashed line). (a) v(k) vs k;
(b) nk) vs k; (c) ¢; (k) vs k.

viscosity v, the bulk viscosity 7, and the sound speed ¢, for
density d =0.2 and =0, #/12, and #/6 are shown in Figs.
1(a)-1(c). For 8=nr/12, results are obtained by calculat-
ing the eigenvalues of H (k) directly. We also calculated
v(k) and ¢,(k) by perturbation expansion for 6=r/12.
The eighth order perturbative result of v(k) agrees with
the exact result for k < 0.5; for ¢;(k), results agree when
k =<0.2. One can clearly see that these transport coef-
ficients are highly anisotropic even for moderate values of
k. This fact indicates that in LGA simulations, a large
number of cells must be averaged over in order to over-
come the anisotropy. v

In Fig. 2, the analytic result and LGA simulations of ¢,
are compared for the direction 8§ =7/6. Simulation results
confirm the prediction of the analytic result that ¢ in-
creases as k increases along the direction 0 =7/6.

In Fig. 3, the momentum profile of forced flow between
parallel plates (Poiseuille flow)'' from our analysis and
LGA simulations are compared. The geometric arrange-
ment and forcing rules of the simulation are the same as

0.74
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FIG. 2. Sound speed c;(k) vs k for density d=0.2 and
9=n/6. The analytic result is represented by the solid line and
the LGA simulations by “+. The relative differences between
the LGA simulation and the analytic result are less than 1%.




7100

—
o

momentum p
=)
[}

o
(=]
o

1 6 11 16
channel width

FIG. 3. Momentum profile of Poiseuille flow for density
d=0.2 and a channel width of 16 lattice sites. To obtain a
steady state, 10® time iterations were run before the average.
The momentum p, is averaged over L, and over 2x10°¢ time
iterations. The analytic result [Eq. (16)] is represented by the
solid line and the LGA simulation by “0”. The graph is rescaled
so that pmax=1. Note the agreement for the nonzero momen-
tum at the walls due to the finite mean free path. The simula-
tion was run on a Cray-YMP computer, with Fo=1.0641
x1073,

in Ref. 11: plates are arranged parallel to a velocity direc-
tion, and periodic boundary conditions are applied. The
system size is LyXL,=512X32, where L, is twice the
channel width. The forcing is a square-wave function be-
tween plates: it is of uniform magnitude on sites 1 <y
=16 and of opposite uniform magnitude on sites 17
=y=<32

Assume Eq. (4) with a term of the square wave forcing
along the X direction, which is parallel to the boundaries.
Lct k be along the § direction and assume a steady state,

lo(k,z+1))=|¢(k,t)). Then the discrete Fourier

transform of the momentum profile is

6b
( )———
Py §l sin?[V3(2k — 1) /aN]

5 4sinlQk — 1)zy/N1]
2NQk—Dr

, 0=<y=<2N-—1,
15)
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-~ where F is the magnitude of forcing, NV =L}./2,

a=2—3d—154*)/13d*2~3d —6d*)]
and
b=3d(1+24)/42=3d—6d?).
In the thermodynamic limit (N— oo, d— 0, and
2Nd— do=const), the following parabollc profile for
px(p) is obtained:

ﬁr()?) =N—>ljo[,1¢li—> Opx(y)

Foldby(1 —p)+al, 0<y <1,
= (16)

Folab(—1)GF—2)—al, 1<5<2,

where @=1/(3d§), 5=3dy/8, and j=p/N. We can
rewrite @ =2I, where [ is the mean free path in the limit.
Therefore, the discontinuity of the momentum profiles,
which presents the slip velocity at the walls,'? is propor-
tional to the mean free path in the limit. Note that in Fig.
3 the discontinuity of the momentum profiles at the boun-
daries (the slip momentum) is accurately predicted by the
analysis. This phenomenon isa mamfestatlon of existence
of a Knudsen layer. '

In conclusion, we have obtained an analytical solution
of the linearized lattice Boltzmann equation. We have
quantitatively analyzed boundary effects due to a finite
mean free path (Knudsen layer) and anisotropy effects
due to the lattice symmetry, and find agreement with
LGA simulations.
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