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Abstract

This report is the lectures notes for the five lectures on the theory of the lattice
Boltzmann equation delivered by the author at the Workshop (IV) on Soft Matters
(Complex Fluids) — Low Dimensional Liquids and Approaches of Numerical Sim-
ulation to Liquid Dynamics, organized by China Center of Advanced Science and
Technology (CCAST), in Beijing, China, October 9 — 13, 2000. The five lectures
cover the basic theory of the lattice Boltzmann equation. Lecture One briefly re-
views the history of the lattice gas automata and the lattice Boltzmann equation
and their relationship. Lecture Two provides an a priori derivation of the lattice
Boltzmann equation, which connects the lattice Boltzmann equation to the contin-
uous Boltzmann equation and demonstrates that the lattice Boltzmann equation
is indeed a special finite difference form of the Boltzmann equation. Lecture Three
derives the lattice Boltzmann model for nonideal gases from the Enskog equation for
dense gases. Lecture Four gives a critical review on the existing lattice Boltzmann
models for nonideal gases. Lecture Five discusses the generalized lattice Boltzmann
equation with multiple relaxation times. A summary is provided at the end of each
Lecture. An Epilogue on the rationale of the lattice Boltzmann method is given.
Some key references in the literature is also provided.



Lecture 1

From Lattice Gas Automata to Lattice Boltzmann Equation — A
Historic Review

1.1 Lattice Gas Automata

1.1.1 evolution of lattice gas automata

The lattice gas automaton (LGA) model proposed by Frisch, Hasslacher, and Pomeau
[8], and Wolfram [33] evolves on a two-dimensional triangular lattice space. The par-
ticles have momenta that allow them to move from one site on the lattice to another
in discrete time steps. A particular lattice site is occupied by either no particle
or one particle with a particular momentum pointing to a nearest neighboring site.
Therefore, at the most a lattice site can be simultaneously occupied by six particles,
hence this model is called the six-velocity model or FHP-I model. The evolution of
the LGA model consists of two steps: collision and advection. The collision process
is partially described in Fig. 1.1. For example, two particles colliding with opposite
momenta will rotate their momenta 60° clockwise or counter-clockwise with equal
probability. In Fig. 1.1, we do not list those configurations which can be obtained
by rotational transformation, and which are invariant under the collision process.
The particle number, the momentum, and the energy are conserved in the collision
process locally and exactly. (Because the FHP-I model has only one speed, the
energy is no longer an independent variable, it is equivalent to the particle number.
However, for multi-speed models, the energy is an independent variable.)

The evolution of the lattice gas automata is very simple. The collision step
only involves local information, and the advection step is uniform. Both collision
and advection processes at each lattice site can be executed synchronously. The
evolution equation of the lattice gas automata can be written as

na(Ti + €q, t+ 1) = na(x, t)+Ca({nﬁ})v (1.1)

where nq(z;, t) is the (Boolean) particle number of particles with velocity eq, no €
{0, 1}; the subscript o and [ denote discrete velocities, o, § € {1, 2, ---, b} as
illustrated in Fig. 1.1, where b is the total number of the discrete velocities in the
set {eq|la =1, 2, ..., b}; and the discrete velocities in the FHP-I model are given
by

eq = (cos[(a — 1)m/3], sin[(x — 1)7/3]), a=1,2,...,6, (1.2)
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Figure 1.1: Collisions of FHP LGA model. Note that the figure does not included those
collisions that can be obtained by applying rotations of multiple 7/3 to input and output states
simultaneously.

and Cy(n) is the collision operator, and C, € {—1,0, 1} for any Boolean LGA
models. The local hydrodynamic quantities, such as density p and momentum pu
are related to {nq} by

p(xi, t) =m Zna(wia t), (1.3a)

pu(zi, t) =m Y eqna(xi, t). (1.3b)

Fig. 1.2 illustrates the evolution of the system in one time step from ¢ to t+d;. In
this figure, solid and hollow arrows represent particles with corresponding velocity
at time ¢ and ¢ + d;, respectively. The system evolves by iteration of the collision
and advection processes. Evolution from ¢ (solid arrows) to ¢ + 1 (hollow arrows):

1.1.2 collision operator

The collision operator is constructed such that the local conservation laws of mass,
momentum, and energy are ezxactly preserved, i.e.,

Y Ca=0, (1.4a)
Y eaCa =0, (1.4b)

> elCa=0. (1.4c)
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Figure 1.2: Evolution of FHP LGA model. Solid and hollow arrows represent particles with
velocities corresponding to times ¢ and ¢ + 1, respectively. That is, the hollow arrows are the
final configurations of the initial configurations of solid arrows after one cycle of collision and
advection.

For the FHP model, the collision operator can be written in general as the following

b
Ca({na(a:, t)}) = Z(S:l — Sa) €l H n(sf"(]_ — ng)(l_sa)

8,8’ o=1
b
= Z(S:x - Sa) fss’ H 577,(,5(, (15)
8,8’ o=1

where s = {s1, 52, ..., sp} and 8’ = {5, s5, ..., s;} are possible pre-collision and
post-collision Boolean state, respectively. The Boolean random number £z5 must
satisfy the following conditions (normalization, semi-detailed balance, and isotropy
under the discrete symmetry rotational group G):

Zfss’ = 17 VS, (1.6&)
S/

Zfss’ = 17 Vsla (16b)
s

gg(s)g(s’) =ss' VgegG, and Vs, &, (1.6¢)

and the conservation laws of mass, momentum, and energy:

Z(sa - 3&)(533’) =0, (1.7a)

Z(sa - S:X)ea@ss’) =0, (17b)
Z(sa - Sé)ei(fssﬁ =0. (1'76)
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010010
001001

100100
010101 101010
001011 100110

110110
011011

101101

Table 1.1: Collision table for the FHP-I six-velocity model.

For example, the two-body collision term in the six-velocity FHP model is given by

) _ ) o
CY = +E&5 nat1nataNalat2Mar3Nats

2 _ _ _
+£2) Na4+2Na+5NaNa+1Ma+3Ma+4 (1-8)

(2)

(2) _ _ _ _
_[ r T €L ]nana+3na+1na+2na+4na+5 )

where 71, = (1 — n,) is the Boolean complement of 7, 51(%) and £(L2) the Boolean ran-
dom numbers which determine a head-on two-body collision to rotate 60° clockwise
(L) or counter-clockwise (R), as illustrated in Fig. 1.1, and they must satisfy the
isotropic condition: (£5') = (£7), and

In practice, the collision can be implemented with various algorithms. One can
either use logical operations, or by table-lookup. The collision rules shown in Fig. 1.1
can also be represented by a collision table, as shown by Table 1.1. In Table 1.1,
each bit in a binary number represents a particle number n,, @ =1, 2, ..., 6, from
right to left. The limitation of table lookup is the size of the table, which is 2°, where
b is the number of discrete velocities in the model. Both logic operations and table
lookup can be extremely fast on digital computers, and especially so on dedicated
computers [31].

1.2 Chapman-Enskog Analysis

The Chapman-Enskog analysis is a procedure to solve the Boltzmann equation by
means of (asymptotic) perturbation technique [3]. Through the solution of the
Boltzmann equation, the hydrodynamic equations and transport coefficients can be
derived from macroscopic dynamics. Based on dimensional analysis, a dimensionless
parameter € can be introduced in the collision term in the Boltzmann equation:

(1.9)

l
Of+EVI =10, ), e=Ki=1,



where the perturbation parameter e is the Knudsen number, which is the ratio
between microscopic and macroscopic characteristic lengths, [ and L. The normal
solution of the Boltzmann equation satisfies the following ansatz:

flx, & t)=f(z, & p,u, T). (1.10)

That is, the time dependence of the normal solution is through its dependence on
the local hydrodynamic (conserved) moments p, w, and T'. The distribution function
f(z, &, t) can be expanded in terms of €

=3 e, (1.11)
n=0
with the constraints

[ 1 i 1

[aero| e |=p| u |, (1.12)
| (& —u)” Do
"~ ) _

[aero | e =0 wxi, (1.13)
| (€ —u)? |

i.e., the higher order, non-equilibrium parts of f do not contribute to the hydro-
dynamic (conserved) moments. However they do contribute to the gradients of the
hydrodynamic moments. The collision term can also be expanded in terms of €

c(f, f)zfje”d"’, cm = 3" c(f®, V). (1.14)
n=0

k+l=n

The normal solution can be obtained by solving the equations successively in the
order of e:

O("): C(fO, Oy =o, (1.15a)
O(°) : O f® + £ VO =20, §)y, (1.15b)

The O(s 1) equation yields the Maxwellian equilibrium distribution function:

—u)?
FO = WGXP [_%] _ (1.16)

In general it is laborious to obtain the first order solution f(1) [3]. However, for the
Boltzmann equation with Bhatnagar-Gross-Krook approximation [1],

0f + 6] =—If ), (1.17)

5



the first order solution is easy to obtain:
fO = -N0f O + €V, (1.18)

The hydrodynamic equations are obtained by evaluating the moments of the
Boltzmann equation with the normal solutions:

1
/dg(@tf—i—{-Vf) ¢ =0. (1.19)
5(€ —u)?
The above equation leads to the Euler equations for f = £(%, and to the Navier-

Stokes equations for f = f© + f(1).

1.3 Lattice Gas Automata Hydrodynamics

The ensemble average of the LGA evolution equation 1.1 with the assumption of
random phase leads to the following equation [9]:

fa(mi+eaat+1) :fa(wia t)+Qa(f)a (120)

where f,(x;, t) is the single particle distribution function with discrete velocity e,
fa = (nq) € [0, 1]. The lattice Boltzmann collision operator Q4 (f) = (Cy(n)) €
[—1, 1] is given by:

b

Qa(f) = (sh—sa) (€ss) [] £oo(1 = f) 75, (1.21)

8,8’ o=1

where C,(n) is the LGA collision operator, and the random phase (molecular chaos)
assumption is used to obtain Q,(f):

(fafs - fy) = {fa)(fo) -+ (fy) (1.22)

The local hydrodynamic moments are computed from {f,} as the following:

p(ai t) = falmi t), (1.23a)
pu(z;, t) = Zeafa(wia t). (1.23b)

Due to the Boolean nature of the lattice-gas automata, the equilibrium distribu-
tion, which is the solution of Q,(f) = 0, is a Fermi-Dirac distribution:

1
(0) _
Ja l+expla+b-e,)’ (124)

6



where a and b are functions of the conserved moments and cannot be obtained
analytically in general. Usually, ¢ and b are obtained perturbatively as Taylor series
of p and w in the limit of low Mach number (small u).

By applying the Chapman-Enskog analysis in the hydrodynamic limit (long
wave-length and low frequency) to the lattice Boltzmann equation (1.20), the follow-
ing macroscopic equation can be derived from the Frisch-Hasslacher-Pomeau (FHP)
lattice-gas automaton model [8, 33, 9] in the low March number limit:

di(pu) + V-[g(p)puu] = =V P + vV?(pu) + nVV-(pu). (1.25)
The FHP-I (six-velocity) lattice-gas model have some obvious shortcomings:

e The LGA simulations are intrinsically noisy due to large fluctuation of parti-
cle number n,. A spatial or temporal average is required to obtain smooth
measurements;

e The LGA models are lack of Galilean invariance because the velocity space
is discrete and finite. This is reflected by the fact that g(p) # 1 in the LGA
hydrodynamic equation;

e The viscosity v of the LGA models are determined by their collision mech-
anisms. It is difficult to increase the Reynolds number Re due to the lower
bound of v;

e The equation of state (for the FHP-I six-velocity model)

P=cp [1 —9(p) Z—j] (1.26)

is unphysical because its dependence on u?.
e There exist (unphysical) spurious conserved quantities due to the simplicity of
spatial-temporal dynamics of the LGA systems.

Much of research effort has been to overcome the artifacts of the lattice gas
automata. There are two approaches to remedy the shortcomings of the FHP-I
lattice-gas automata. One is to construct more complicate lattice gas model with
more discrete velocities. The other is to use the lattice Boltzmann equation.

1.4 Lattice Boltzmann Equation

Historically, the lattice Boltzmann equation is directly obtained from the lattice
gas automata by taking ensemble average of Eq. (1.1) [24]. However, such lattice
Boltzmann scheme is difficult to be generalized in three-dimensions, and it is com-
putationally inefficient due to the cumbersome collision operator.



To improve the computational efficiency, one can use linearized collision operator
[18]. The collision operator linearized about the equilibrium is given by

_ 08y

= — £(0)
8fa f:f(O) [fOé fa ] (127)

Lo

With the linearized collision operator, the LBE computation is greatly simplified.
The collision operator becomes a b x b matrix of constant matrix elements.

1.5 Lattice BGK Model

The linearized lattice Boltzmann equation can be further simplified by using the
Bhatnagar-Gross-Krook approximation of single relaxation time [1]. Thus the colli-
sion process in the lattice BGK model [4, 25] is characterized by a relaxation time
T:

Qalf) = —~[fa — £9]. (1.28)

T

The equilibrium distribution function is generally in the form of
LD = wep 1+ A(eq-u)+ Bleq u)® +Cu?l, (1.29)

where w,, A, B, and C are determined by conservation laws. The lattice BGK
model [25, 4] is described by the following equation

fa(®i +eq, t+1) = folzi, t) — % [fa(mia t) — (gzeq)(miv t)] . (1.30)

1.6 LBE Hydrodynamics

In the limits of K,,, d,, 0 — 0, the Navier-Stokes equation can be derived from the
lattice BGK equation:

pOu+ puV-u = —VP + prViu, (1.31)
with the isothermal equation of state and the viscosity given by
P==¢cp, (1.32a)
1
v=:c <T - 5) : (1.32b)
where ¢s ~ \/kpT/m = V0 is the sound speed, depending on the discrete velocity

set. For the FHP six-velocity model on a triangular lattice in two dimensions,
cs = 1/v/2, and for the nine-velocity model on a square lattice n two dimensions,

cszl/\/g.



Obviously, the lattice Boltzmann equation overcomes some the shortcomings of
the lattice gas automata. First, the severe fluctuation is eliminated. Secondly, the
viscosity is easy to adjust. Thirdly, Galilean invariance is restored up to a certain

order in wave number k. And the equation of state has no unphysical dependence

on u?. However, the lattice Boltzmann equation cannot completely eliminate the

spurious invariant quantities. In addition, the roundoff error causes instability in
the lattice Boltzmann equation.

1.7 Summary

The lattice-gas automata have the following features:
e Mimicking (simplified) molecular dynamics of structureless particles;
e Exactly preserving conservation laws;
e Processing basic symmetries to simulate hydrodynamics;

e Including spurious conserved quantities due to simplicity of spatial-temporal
dynamics;

e Large fluctuations is intrinsic to the system;

e LGA computation is Boolean in nature (integer or logic or table-lookup algo-
rithms).

In contrast, the lattice Boltzmann equation has the following features:

e Simulate hydrodynamics based on a drastically simplified Boltzmann equation
with a small set of discrete velocities;

e Overcoming some defects of the lattice-gas automata, such as large fluctua-
tions, inflexibility to adjust the viscosity, non-Galilean invariant, and unphys-
ical equation of state.

e Better numerical efficiency in compared with the lattice gas automata under
certain conditions.

In conclusion, the LGA and LBE methods can simulate hydrodynamics.



Lecture 2

A Priori Derivation of the Lattice Boltzmann Equation

2.1 Integral Solution of the Boltzmann Equation

For the sake of simplicity without losing generality, we study the continuous Boltz-
mann equation with Bhatnagar-Gross-Krook (BGK) approximation [1]:

o0f +EVF=—31— U, [=1( €0, (2.1)

where f(© is the Boltzmann-Maxwellian equilibrium distribution function:

20

where 0 = kgT/m, kp, T, and m are the Boltzmann constant, temperature, and par-
ticle mass, respectively. The macroscopic quantities are the hydrodynamic moments
of f or f@:

fO = p(27rt9)_D/2 exp [—7(5 _ U)Q] , (2.2)

p= [ rag= [ rode. (2.30)
pu= [ erae = [eroae, (2.3b)
gr0 =3 [(€—wrrie=3 [(€-wrrode. (2:3¢)
Rewrite the Boltzmann BGK Equation in the form of ODE:
th+%f:§f(°), Dy=0,+¢-V, (2.4)

and integrate Eq. (2.4) over a time step d; along characteristics, we have:
@+ €0, & t46) = e f(=, &, 1) (2.5)
1 o
+Xe—5t/*/ O g € L+ 1) dt
0
By Taylor expansion, and with 7 = A/d;, we obtain:

f(m + §5t7 ga t+ 5t) - f(wa ga t) = _%[f(wa 67 t) - f(O)(ma 57 t)] + 0(53) . (26)

Note that a finite-volume scheme or higher-order schemes can also be formulated
based upon the integral solution.

10



2.2 Passage to Lattice Boltzmann Equation

There are three necessary steps to obtain the lattice Boltzmann equation from
Eq. (eqn:bgk-integral):

1. Low Mach number expansion of the equilibrium distribution function;

2. Discretization of velocity space & to obtain necessary and minimum number
of discrete velocities {£,,};

3. Discretization of & space according to {£,} and &;.
2.2.1 low Mach number expansion of the equilibrium distribution func-
tion

Low Mach number (u ~ 0) expansion of the equilibrium distribution function f(®)
up to O(u?) is sufficient to derive the Navier-Stokes equations:

2 a2 2
fe0 = (270)D gp/ﬁ b [ 50] {1 * gTu * (6291;) Ze } +0). 27)

It should be noted that many defects of the lattice Boltzmann method are related
to the above low Mach number expansion of the equilibrium function. However, this
expansion is necessary to make the lattice Boltzmann method a simple and explicit
scheme.

2.2.2 discretization and conservation laws

The conservation laws are preserved ezactly, if the hydrodynamic moments (p, pu,
and pe) are evaluated ezactly:

= / £mfedg = / exp(—€2/20)(€)de, (2.8)

where 0 < m < 3, and 9(&) is a polynomial in €. The above integral can be evaluated
by quadrature:

I = / exp(—£2/20)(€)dé= Z W;exp(—&3/20)p(€;) (2.9)
where £; and W; are the abscissas and the weights. Then
P= D _FEV =N far  pu=) EfV =D Eufa (2.10)

where fo = fa(@, 1) = Waf(z, €. 1), and f50 = WofC9(x, &,, ). The key
message is that the quadrature must preserve the conservation laws ezactly.

11



2.2.3 nine-velocity LBE model on a square lattice in two dimensions

In two-dimensional Cartesian (velocity) space, set
(&) =&y,

the integral of the moments can be given by

+0o0
I=(V20)m 21, [m:/ e~ ¢mac, (2.11)

—00

where ( = £,/v20 or &,/v20. The second-order Hermite formula (k = 2) is the
optimal choice to evaluate I,,, for the purpose of deriving the nine-velocity model on
a two-dimensional square lattice, i.e.,

3
Im = wi(j"
j=1

Note that the above quadrature is ezact up to m = 5 = (2k+1). The three abscissas
in momentum space ({;) and the corresponding weights (w;) are:

G=—V32,  G=0, G =372, (2.1
wlzﬁ/G, WQ:2ﬁ/3, wgzﬁ/ﬁ. '

Then, the integral of moments becomes:

4 8
I=20 |39(0) + Y wiwppp(€a) + Y witv(€a)| (2.13)
a=1 a=>5
where
(07 0) a = 0,
€o = (ila 0)\/3_97 (07 :|:].)\/3_9, a=1-4, (214)
(+1, £1)v/36, a=5-8.

Identifying ¢ = 8, /6; = V30, or ¢2 = 6 = ¢?/3,
W, = (27 0) exp(£2/26) w, (2.15)
where J; is the lattice constant, then we have

c(zeQ)(ma t) = W, f(eQ)(ma gou t)

B 3eqa-u) 9(eq-u)® 3u?
- wap{1+ St g (216)

12
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Figure 2.1: Discrete velocity set on a square lattice in two dimensions.

where weight coefficient w,, and discrete velocity e, are:

4/97 (07 0)7 a=0,
we=1¢ 1/9, e,=€&,=1¢ (£1,0)c, (0, £1)c, a=1-4, (2.17)
1/36, (£1, £1) ¢, a=5-8.
With {eq|aa =0, 1, ..., 8}, a square lattice structure is constructed in the physical

space, as shown in Fig. 2.1. (This model is also denoted as D2Q9 model.) Similarly,
other LBE models in either two-dimensions (D2Q6 and D2Q7) or three-dimensions
(D3Q27) can be derived [13].

2.3 Some Recent Progress

Once it is realized that the lattice Boltzmann equation is related to a partial differ-
ential equation, the Boltzmann equation, many numerical techniques used to solve
PDEs can be immediately applied to solve the lattice Boltzmann equation.

First, one can abandon the regular lattice of the LBE method by decoupling
the discretizations between space, time and momentum space, and using inter-
polation/extrapolation techniques [15, 16]. With the freedom of using interpola-
tion/extrapolation techniques, both body-fitted mesh [11, 12] and grid refinement
[7] can be implemented in the LBE method.

Secondly, one can devise implicit method [32] or multi-grid technique to solve
the lattice Boltzmann equation for steady state calculations. These techniques can
accelerate the computational speed by two orders of magnitude.

2.4 Summary

The conclusions which we can draw are:
e The lattice Boltzmann equation can be directly derived from partial differential

equation without being referenced to its historic predecessor — the lattice gas
automata.

13



e The lattice Boltzmann equation is a special finite difference form of the Boltz-
mann equation. Phase space and time are discretized in a coherent manner
such that physical space becomes a lattice space.

e In the lattice Boltzmann equation, the conservation laws are preserved rigor-
ously with discrete momentum space.

e Many numerical techniques for solving PDEs can be used to improve the lattice
Boltzmann method.
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Lecture 3

Derivation of the Lattice Boltzmann Model for Nonideal-Gases

3.1 Boltzmann’s Theory for Rarefied Gases (1890’)

The Boltzmann equation

Of +€-Vf+a-Vf= [du [f'fi - ffi] (3.1)

is valid in the Boltzmann Gas Limit (BGL):

Particle Number N — o0, (3.2a)
Interaction Range ro =0, (3.2b)
Mean-Free-Path I ~ (Nr3)~! — Constant , (3.2c)
Interaction Volume Nrd 0. (3.2d)

Because of Nr3 — 0, the Boltzmann equation can only retain the thermodynamics
of ideal gases.

3.2 Enskog’s Theory for Dense Gases (1917)

For hard spheres of radius r,, the Boltzmann equation is modified for dense gases
as follows (by Enskog):
Wf+&Vf+taVf=1J, (3.3)

where a is the acceleration due to external field, and J is the Enskog collision term

Jzﬁmdﬂw+%ﬂfﬁ@+ﬁmﬂ—Mw—mﬂﬁﬁw—wﬁﬂ, (3-4)

g is the radial distribution function, # is the unit vector in the direction from the
center of the second particle of f(x, €;) to the center of the first particle of f(x, &)
at the instant of contact during a collision, and g, is the collisional space of the
second particle of f(x, £&;). The Enskog collision term J can be expanded as a
Taylor series in space:

J = JO + JO + J® +e (3.5&)
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IO = g [duirsi- 1), (3.5b)
IO = [dwi Vel s+ 151, (3.50

70 = g [dui 15+ 1V A, (3.5d)

It is only necessary to retain terms up to the first order gradient.

The essence of Enskog’s theory is to explicitly consider the volume exclusion
effect in real gases consisting particles of finite sizes. The collision is non-local
for particles of finite sizes. One ramification of the non-local collision is that the
conservation laws only hold globally, but not locally. It should be noted that, similar
to the Boltzmann equation, the Enskog equation has an H-Theorem and a consistent
thermodynamics.

3.3 Enskog Closure of Two-Particle Distribution Function f,

The essential assumption in Enskog’s theory is the factorization of the two particle
distribution function — the Enskog closure:

fQ(mla 513 T2, 525 t) = g(|$1 - w2|)f1(mla 517 t)fl(“’?a 527 t)a (36)

where ¢ is the radial distribution function (pairwise correlation). In contrast, the
Boltzmann closure is

fa(z1, &1, 2, &, t) = fi(m1, &, 1) fr(z2, &, 1) .

3.4 Non-Local Collision Terms in the Enskog Equation

With the approximation f ~ f(©), which is consistent with the Chapman-Enskog
analysis, we have

JB = —fOpp¢, Vg, (3.7a)
J® = —f“”bpg[%o-Vlanr(Di2)£°i£°éai“j
2
+<(Di2)%_ )V'“
+% (ﬁ%— )gO-Vlne] , (3.7b)

where f(© is the Maxwellian equilibrium distribution function given by

FO(p, u, 0) = p(210) =P/ exp [—%} :

16



and £, = (£ —wu) is the peculiar velocity, 8 = kgT'/m is the normalized temperature,
and b= V,/m = 4nr3/3m is the second virial coefficient.

3.5 Normal Solutions of the Enskog Equation

The first and second order normal solution of the Enskog equation, obtained wia
Chapman-Enskog analysis, are:

PRY
fO = p(27r0)7D/2 exp [_%} , (3.9)
n__rol ¥ In
1= =105 |(1+ gyt 4 9o
4
+ (1 + mbﬂg) B,-jaz-uj] . (310)

With b = 0 and g = 1, the solutions reduce to that of the Boltzmann equation.

Note that Vp does not appear in fM it appears in f(2) — the Burnett solution
(1935). This is consistent with the dimensional analysis of the Navier-Stokes equa-
tion, Vp is in the order of O(K?2), where K,, is the Knudsen number, which is also
the small expansion parameter in the Chapman-Enskog analysis.

3.6 The Navier-Stokes Equations

The Navier-Stokes equations derived from the Enskog equation are

Op+ V- (pu) =0, (3.11a)
1

ou+u -Vu = —;VP+a, (3.11b)
1 1

00 +u-VO = —;V-q— ;Pijaiuj%-a-u, (3.11c¢)

where

Pij = /dE 0iojf = [pO(1 + bpg) — 1. V- u] 05

2 4 2 2D
) [5 (1 DD+ ’W) "oyt B
1 1
Sij = 5l0uj + Ojui] = FV-wdij, (3.12b)
1, 1 , D
q= [dE566.f =~ 5(1 +bpg)r+ 11| V. (3.12¢)
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3.7 Incompressible and Isothermal Fluids
Because for incompressible and isothermal fluids, V-u = 0 and V6 = 0, therefore,
JO+JID = —fObp (€ —u)[Vg+gVinp’]
—f©bpg (& —u)-Vin(p’g) = J". (3.13)

The modified Boltzmann equation, with BGK approximation, is

Of +EVI+aVef==21f~fO1-[Obpg (€ ~u)VIn(pg).  (3.14)

The equation of state derived from the above modified Boltzmann equation (obtained
by computing the first moment of the non-local collision term) is

P=p6[1+bpgl, g=g(bp). (3.15)

It should be noted that the non-ideal gas effects come from the non-local collision
term, which is the manifestation of the volume exclusion effect, or other inter-particle
interactions. It cannot be a result due to a body force.

3.8 Discretization of Continuous Boltzmann Equation

Similar to the previous Lecture, we can rewrite the Enskog BGK Equation in the
form of ODE:

df g ) /
— 4+ === +J
)\f Af )

4 _
dt -

0
2 =5 TEV VL. (3.16)

Integration of Eq. (3.16) over a time step J; along characteristic line leads to
[ 5.9/
fla + &0+ ad;, £+ ady, t+8) = e "9 f(z, &, 1) (3.17)

6
+e“5t9/*/ Lt !9 [gf(0)+JI:| 1 .
0 A (@+&v+iav?, E+at t+t)

By Taylor expansion, and with 7 = A/d;, we obtain:
f(.’.l) +£6ta Ea i+ 6t) - f(wa Ea t) = _g[f(ma ga t) - f(O)(wa ga t)]
+ [ —a-Vif] 6 + O(6}). (3.18)

This completes the temporal discretization. The discretization of phase space (z, &)
can be accomplished in the same manner as discussed in the previous Lecture. How-
ever, there are two extra terms needed to be dealt with here: the forcing term and
the Enskog collision term.
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3.9 The External Forcing

The forcing term must satisfy the following moment constraints:

/d{a-ng =0, (3.19a)
/d§£a-V§f =—pa, (3.19b)
/d& fzfj aV§f =—p (aiu]- + ajui) . (3.190)

Similar to the equilibrium, the forcing term is expanded in term of u as the following

(§-u)
02

a Ve =—pexp(-€/20) |56~ + e . (3.20)

Note that in the above expansion, only the terms up to the first order in u have
been retained, because there is an overall factor of §; in the forcing term. If the
second-order moment constraint Eq. (3.19) is ignored:

a Vef = —p oxp(~€7/20) 1 € a. (3.21)

3.10 The Lattice Boltzmann Model for Nonideal Gases

The LBE model for non-ideal gases derived from the Enskog equation for dense gases
is given as the following;:

9

fa(T +eqds, t+0;) — falzm, t) = —;[fa — &+ (Jo + Fa) 04 (3.22)
where
Jo = —f5Vbpg (ea —u) - Vin(p?g), (3.23a)
Fy =wup [%(ea —u)+ C%(ea . u)ea] ‘a. (3.23b)
The equation of state and the viscosity of the model are given by
P = p0[1+ bpg], (3.24a)
v = %(5_9 Coy = G—é) 65,. (3.24D)

Note that the viscosity depends on the radial distribution function g. This depen-
dence of v on g can be eliminated by setting the relaxation parameter to 1/7. For
hard-spheres, the radial distribution function is [3]

g=1+ gb,o +0.2869(bp)? + ... .
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Lecture 4

A Critical Review of Existing Lattice Boltzmann Models for
Nonideal Gases

4.1 Voodoo Magic of the Lattice Boltzmann Equation (1990°)

The usual practice to achieve nonideal gas effect by using a lattice Boltzmann model
consists the following two tricks:
e Use of interaction potential, or “brute force”;
e Creation of “new” and “nonideal” equilibrium distribution function.
That is, given a hydrodynamic equation with an (almost) arbitrary stress tensor I:
poyu + pu-Vu = VI
Then, employ the following tricks:

(eq)
Za €q,i€a,j ]

Za ea,iea,jFa

= VIl

4.2 Model with Interaction Potential

Given a potential U [27, 28], pa = —V pU, then consider
pu = Z eofo + pad; = Z eqfo + piu (4.1)
« «

In the Navier-Stokes equation, rewrite [27, 28]
—VP+pa=-V(pd+pU), =1. (4.2)

Therefore, effectively:
P =p0[1+U/0 (4.3)

Equivalent to [up to O(d;)]:
0 = Oy + du) (4.4)

Defects of this model are:

e Lack of equilibrium thermodynamics;

e Incorrect heat transfer (pa - u does not affect heat flux q).
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4.3 Modified Model with Interaction Potential
With a few crude approzimations, such as f = f® [17], make

@ Vif ~ o fOE—u)-a (4.5)
and assume the forcing:

a=—VV —bphgV In(p*g) (4.6)

where potential V' accounts for the attractive component of the intermolecular pair-
wise potential. The “equation of state” for this model is:

P=p0(1+4+0bpg) +V (4.7)

This model shares the same defects of the previous one conceptually. In addition,
V' is redundant — its effect can be included in g.

4.4 Model with Free Energy

Use the free energy inspired by Cahn-Hilliard’s model

¥ = / de [E1V 0l +(0)] (4.8)

the the pressure tensor is given by [30, 29]:

o K
P=pe =0 =p—rpV’p— Vol (4.9a)
J7) 2
Pij = Péij + Kk Oip (9jp. (4.9b)

The equation of state is
p=p) —. (4.10)

The equilibrium distribution function is obtained by imposing the following con-
straint:

> eaieaifi? =Py (4.11)
«
The equilibrium distribution function satisfied the above constraint is
(eq) 1 2 1 o
Y = 3P 1+ (eq-u)+2(eq-u) —5u (4.12)

K
+§ {(ei,x - egz,y) [(82139)2 - (ayp)2] + 2ea,xea,yaxp ayp}

X oVt 3o () — blp) — 4],
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There are three parts in the above equilibrium distribution. The first term in brack-
ets [ ] is nothing but the usual equilibrium distribution function of the seven-velocity
Frisch-Hasslacher-Pomeau model [9, 14]. The second term in bracket { } is an ex-
pression of the tensor E;; = (€q,i0;p)(€q,;0;p) written in terms of a traceless and an
off-diagonal part with correct symmetry such that all the terms proportional to &
reduce to the term x[pV?p + ||Vp||?/2] in the diagonal part of the pressure tensor,
given by Eq. (4.9a). This term is directly taken from Cahn-Hilliard’s model and it
induces surface tension due to density gradient in addition to the part due to the
(nonideal gas) equation of state, but it does not contribute to the hydrodynamic
pressure (or the equation of state). The nonideal gas part in the equation of state
is contained in the last part of the above equation, [py)’(p) — 1 (p) — p]/3, which can
be written in a density expansion in general [21, 23]. This term can be viewed as an
equivalent forcing term as the following:

Fo = 0[p(p) —9(p)] = €a-VU. (4.13)

The connection between the free-energy model and the interaction model becomes
explicit and obvious now. The difference among the two lies in their numerical
implementations.

Defects of the free-energy model are:

e Non-Navier-Stokes: lost of Galilean invariance;
e Inconsistent with the Chapman-Enskog analysis;
e Inconsistent thermodynamics: temperature depends on Vp, etc.;

e Incorrect heat transfer.

4.5 Equivalence of Hamiltonian and Free Energy Approach

Given a Hamiltonian

N
1
=Y gt + 0G| + Vil = 75 (114
i=1 1<j
the partition function can be constructed
Z = /drngN exp(—H/kpT) (4.15)
then the free energy can be obtained
F=—kzThhZz. (4.16)
Therefore the formalisms of H and F are equivalent — there is gain or lost of

information by using one formalism or the other. The difference is that the Hamil-
tonian H is local whereas the free energy functional F' is global. Furthermore, the
free-energy density (e.g., ¥(p)) is local.
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4.6 Summary

We have discussed three existing LBE models for nonideal gases. We concluded
that:

e Lattice Boltzmann for nonideal gases can be derived from the Enskog equation;
e Most existing LBE models are ad hoc, and conceptually incorrect;

e Numerics is very important in the interface dynamics.
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Lecture 5

The Generalized Lattice Boltzmann Equation

5.1 Motivation

As it is shown, the lattice Boltzmann equation is a special finite difference form of
the Boltzmann equation. The most drastic approximation made in the derivation
of the lattice Boltzmann equation is the discretization of momentum space £ into a
very small set of discrete velocities {€,|a = 1, ..., b}. The discretization of phase
space and time inevitably introduces truncation error and numerical artifacts. It
is highly desirable to reduce the effect of the artifacts. In the lattice Boltzmann
method, the artifacts due to the following factors are to be analyzed:

e Dissipation due to hyperviscosity. The higher order truncation error would
result to hyperviscosty in the LBE hydrodynamics. The hyperviscosity has
the following form in general

v(k) =10 — k> + vkt + - + (1) vk 4 (5.1)

e Galilean Invariance. For any finite difference scheme, Galilean invariance can
only be satisfied up to a certain extend. In a reference frame with velocity V,
the phase of a plain wave is adjusted accordingly:

expli(k-r —wt)] = expli(k-r — wt) — ig(k)k- V] (5.2)
where g is the Galilean coefficient, which can be expressed as the following:

g(k) = go — g1k + gak* + -+ (=1)" gk + -+ . (5.3)
If the system is Galilean invariant, then we must have g = 1.

e Isotropy. Discretization causes anisotropic effect, that is, the transport coeffi-
cients, the shear viscosity v(k), the bulk viscosity n(k), the sound speed cs(k),
and the Galilean coefficient g(k), all depend on the direction of wave vector k.

We propose to studies the generalized hydrodynamics [20, 10] of the lattice Boltz-
mann equation by a systematic analysis of the linearized dispersion equation of the
lattice Boltzmann equation [19]. The analysis would help us to optimize the lattice
Boltzmann method in terms of reducing its affects.
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5.2 The Lattice Boltzmann Equation in Moment Space

The lattice Boltzmann equation in particle velocity space is
fa(@i+ea, t+1) = fal@i t) + Qalf) - (5.4)
The hydrodynamic moments are computed from {f,} as follows:
p@it) = Y fal@i,t), (5.5a)
a
pu(ai,t) = Y eafa(®i t). (5.5b)
a

The lattice Boltzmann equation (5.4) can be rewritten in a concise vector form:

[f (@i + €, t+ 1)) = | (@i, 1)) + 2(f)) (5.6)

where the Dirac notations of bra (-| for row vector and ket |-) for column vector are
used,

|f('f'])>E(f0, f17 "'7f8)T7 (573‘)
f(rj + ea,t+1)) = (fo(rj +eo,t+1), ..., fa(rj+es,t+1))7, (5.7b)
) = (), B BT (5.70)

and T is the transpose operator.
Given a set of b discrete velocities, {eq|a =0, 1, ..., (b—1)}, with corresponding
distribution functions, {fo|a =0, 1, ..., (b—1)}, one can construct a b-dimensional

vector space V = R? based upon the discrete velocity set. One can also construct a
space M = R® based upon the (velocity) moments of {f,}. Obviously, there are b
independent moments for the discrete velocity set. The reason in favor of using the
moment representation over the distribution function representation is somewhat
obvious. It is well understood in the context of kinetic theory that various physical
processes in fluids, such as viscous transport, can be approximately described by
coupling or interaction among ‘modes’ (of the collision operator), and these modes
are directly related to the moments (e.g., the hydrodynamic modes are linear combi-
nations of mass, and momenta moments). Thus the moment representation provides
a convenient and effective means by which to incorporate the physics into the LBE
models. Because the physical significance of the moments is obvious (hydrodynamic
quantities and their fluxes, etc.), the relaxation parameters of the moments are di-
rectly related to the various transport coefficients. This mechanism allows us to
control each mode independently. This also overcomes some obvious deficiencies of
the usual BGK LBE model, such as a fixed Prandt]l number, which is due to a single
relaxation parameter of the model.
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For the nine-velocity LBE model on a square lattice in two-dimensions, the
following mapping

(p| 1 1 1 1 1 1 1 1 1
(e -4 -1 -1 -1 -1 2 2 2 2
(e 4 -2 -2 -2 -2 1 1 1 1
(ja| o 1 0 -1 0 1 -1 —1 1
M= | (@ =] 0-2 0 2 0 1 -1 -1 1] (58)
(jy | o 0 1 0 -1 1 1 -1 -1
(qy] 0o 0 -2 0 2 1 1 -1 -1
(Pas| 0o 1 -1 1 -1 0 0 0 0
(Day] o 0 0 0 0 1 —1 1 —1

= (1), le)s 1€}, lo)s law)s l3y)s 1ay)s [paz)s Pay)T

uniquely maps a vector |f) in discrete velocity space V. = R’ to a vector |o) in
moment space M = R?, and vice versa, that is

o) =MIf),  |f)=M""|o). (5.9)

Note that the row vectors in M have explicit physical significances related to the
moments of {f,} in discrete velocity space: |p) is the density mode; |e) is the
energy mode; |e) is related to energy square; |j;) and |j,) correspond to the z and
y components of momentum (mass flux); |¢,) and |g,) correspond to the z and
y components of energy flux; and |p;,) and |pyy) correspond to the diagonal and
off-diagonal components of the stress tensor.

The moments for the nine-velocity model are:

Order Quantity Moment
0 Density: p={plf) = (flp),
2 Energy: e = (elf) = (fle)
4 Energy Square: e=(elf) =(fle),
1 z-Momentum: o = (Ja|f) = (fliz)
3 z-Heat Flux: 4w = (| f) = (flaz) ,
1 y-Momentum: gy = Cylf) = (fliy) 5
3 y-Heat Flux: ay = (aylf) = (flay) .
2 Diagonal stress: Pzz = (Paalf) = (f|Pza)
2 Off-diagonal stress: pgy = (Payl|f) = (f|P2y) -

5.3 The Generalized BGK Approximation in Moment Space

Instead of the single relaxation time approximation, one can use multiple relaxation
times approximation, which corresponds to one kinetic mode. This is a general-
ization of the BGK approximation [6]. For the nine-velocity LBE model, at most
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there can be six independent relaxation parameters because there are only six ki-
netic (non-conservative) modes in the model. Therefore, the relaxation process can
be cast as the following

Apuy
Apgy

e

OO OO OO oo

o 0 0 0 0 0 0 0 Sp
—s, 0 0 0 0 0O 0 O Se
0 —-s3 0 0 0 0 0 0 Se
o 0 0 0 0 0 0 0 570
0 0 0 -s5 0 0 0 0 5z (5.10)
o 0 0 0 0 0 0 0 5jy
0 0 0 0 0 —-s; 0 0 5qy
0 0 0 0 0 0 —sg O 5Pa
0 0 0 0 0 0 0 —sg 5Py

where Ap, denotes the change of the moment g, due to collision (or relaxation),
while §p, denotes the deviation from the equilibrium. In vector notation, we have

160) = |0) — oY), (5.11a)
|Ag) =S|do) . (5.11b)

5.4 The Equilibria in Moment Space

The equilibrium distribution functions depend only upon conserved moments:

e(ea)

g\
ql(/eq)
ple)

pie)

@ (o2 {plo) p + 2 ((Galda)dz + (Gulin)iy)] (5.12a)
%% p+ éw (i + 3y

% (s (plo) o+ 74 ({Galiz )iz + (iyliv)dy)] (5.12b)
Yoot i (2452,

EZIZ;% - %cljx’ (5.12¢)
oy (el = Goli)id) = 5 =5 (5120
73 \/W(jﬂ )= g%(jzjy)- (5.12f)

There are seven adjustable parameters in the model: as, as, c1, y1, Y2, V3, v4- These
parameters will be determined by the analysis of the linearized dispersion equation

[19].
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5.5 The Generalized Lattice Boltzmann Equation

The generalized lattice Boltzmann equation with multiple relaxation parameters is
written as [6, 19]

|f (@i + ea, t+1)) = |f (@i, 1)) + M7'S [lo(@s, 1)) — [0V (i, 1))]. (5.13)

The computation of the generalized lattice Boltzmann equation involves the follow-
ing steps (after the initialization of |f)):

e Project |f) to moments by |o) = M|f), and compute the equilibrium |o(¢®);
e Collision in moment space (multiple-parameter relaxation)

|A0) = S0} — [0°V)];
e Project |o) back to |f) = M 1]p) to perform advection step in velocity space:

|f (@i + ea, t+ 1)) = | f (i, 1)) + M~|Ag).

The computational overhead due to the projections between V and M is not heavy.
It is generally about 10 — 20% of the of the LBGK algorithm.

5.6 The Linearized Lattice Boltzmann Equation

Suppose the system in uniform state of p and V' = (V;, V), and

1) =17 +16f). (5.14)
The lattice Boltzmann equation can be linearized:
0 (rj + eqs t+1)) = [0f(rj, 1)) + MTICM|3f (rj, 1)) (5.15)

In Fourier space, the above linearized LBE becomes
Alf(k, t+1)) = [6f (K, t)) + M~ CM|af (k, 1)), (5.16)

where the linearized collision operator C and the advection operator A are given by:

(0al0a) O (eq)
Cop = —— Jog — oY1, 5.17a
? ™ {osles) 90a s =25 (5.172)
Anp = explieq - k) ap - (5.17b)

The linearized lattice Boltzmann equation can be written as the following;:
0f(k, t+1)) = L[of (K, 1)), (5.18)
where L is the linearized evolution operator:

L=A""I+MICM]. (5.19)
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5.7 Eigenvalue Problem of the Linearized Lattice Boltzmann Equation

The solution of the linearized lattice Boltzmann equation is equivalent to an eigen-
value problem of the linearized evolution operator:

det[L — 21] = 0. (5.20)

Hydrodynamic modes (corresponding to z, = 1) of L at k = (kcos6, ksinf) — 0
are one transverse (shear) mode and two longitudinal (sound) modes:

lor) = cos0|j,) —sinb|jy) = |ir), (5.21a)
o) = |p) & (cos O]jz) + sinbljy)) = |p) + |jr) - (5.21b)
When k # 0, we have
lor(t)) = 2" |or(0)) = exp[—ik(gV cos )t] exp(—vk*t)|or(0)), (5.22a)
lox(t)) = 2+'[0£(0))

= exp[+ik(cs + gV cos ¢)t] exp[—(v/2 + ¢)k*t]|o+(0)).  (5.22b)

Transport coefficients v, (, ¢s, and ¢ are functions of wavevector k, and the ad-
justable parameters in the model [see Eqgs. (5.12)]. By optimizing the isotropy of
the transport coefficients and minimizing the non-Galilean effect of the model, the
values of the adjustable parameters can be determined.

5.8 Determination of the Adjustable Parameters

The Galilean invariance of the phases in the transverse mode (z7) and the sound
modes (z+) up to k leads to:
2

n=r=s, (5230)

vy = 18. (5.23b)

Isotropy of the attenuation of the transverse mode (z7) and the Galilean invariance
of the attenuation of the sound modes (z4) lead to

c =-2, (equivalent to ¢, = 1/v/3), (5.24a)
@z = —8. (5.24b)

The remaining adjustable parameters are: a3 and 4 (in €(®9). If we chose

ay =4, (5.25a)
vy = —18, (5.25b)

and s, = 1/7, the generalized lattice Boltzmann equation reduces to a lattice BGK
model.
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5.9 Behaviors of Eigenvalues of the Linearized Collision Operator L

The behaviors of eigenvalues of the linearized collision operator L determine the
local stability of the LBE model: If Re(lnz,) > 0, then the corresponding mode
|oa) is unstable. Figure 5.1 shows the real and imaginary parts of the nine roots
of L with a given set of parameters. It shows that when k& = 7, one kinetic mode
becomes “quasi-conservative,” because the corresponding eigenvalue is equal to 1
when k£ = w. This is the mode which generates the checker-board pattern and
instigates instability at short wave length.

0.0

I\

Re[lnz,]
Im[Inz,]

0 /R T 0 m/2 T
k k

Figure 5.1: Logarithmic eigenvalues of the nine-velocity model. The values of the parameters
are ap = =8, a3 =4, ¢ = -2, 71 =3 = 2/3, 72 = 18, and y4 = —18. The relaxation
parameters are: so = 1.64, s3 = 1.54, s5 = sy = 1.9, and sg = s9 = 1.99. The streaming
velocity V' is parallel to k with V' = 0.2, and k is along the z axis. (a) Re(lnz,) and (b)

Im(ln z4).

The adjustable parameters in our model can be used to alter the properties of the
model. The stability of the BGK LBE model and our model is compared in Fig. 5.2.
In this case we choose the adjustable parameters in our model to be the same as
the BGK LBE model, but maintain the freedom of different modes to relax with
different relaxation parameters s,. Figure 5.2 shows that for each given value of V|
there exists a maximum value of sg = 1/7 (which determines the shear viscosity)
below which there is no unstable mode. The values of other relaxation parameters
used in our model are sy = 1.63, s3 = 1.14, s5 = sy = 1.92, and s9 = sg = 1/7.
Figure 5.2 clearly shows that our model is more stable than the BGK LBE model
in the interval 1.9 < sg = 1/7 < 1.99. Therefore, we can conclude that by carefully
separating the kinetic modes with different relaxation rates, we can indeed improve
the stability of the LBE model significantly.

The behaviors of transport coefficients are also determined by the eigenvalues of
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Figure 5.2: Stability of the generalized LBE model vs. the BGK LBE model in the parameter
space of V and sg = 1/7. (left) max[Re(In z,)] for given V. (right) Stability region of GLBE
vs. LBGK model.

L. Figure 5.3 shows the k-dependence of the viscosity and the Galilean coefficient g.
It shows that in small scales (large k), the LBE model becomes more anisotropic and
non-Galilean invariant. In addition, the use of interpolation significantly increases
the hyperviscosity and the effect of non-Galilean invariance.

@
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Figure 5.3: k-dependence of viscosities and g-factor. The solid lines, dotted lines, and dashed
lines correspond to # = 0, /8, and 7 /4, respectively. Three LBE model tested: (a) with no
interpolation, (a) with central interpolation, and (c) with upwind interpolation.

The artifacts of the LBE method can also be analyzed. We study an interesting
and revealing case in which the initial velocity field contains shocks. Consider a
periodic domain of size N; x N, = 84 x 4. At time ¢ = 0, we take a shear wave
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Figure 5.4: Decay of discontinuous shear wave velocity profile uy,(z, t). (left) The lines and
symbols (X ) are theoretical and numerical results, respectively. Only the positive half of each
velocity profile is shown. LBE model (a) with no interpolation, (b) with the central interpolation
and 7 = 0.5. (right) Decay of u,(z, t) at a location close to the discontinuity z = 3NV, /4. The
solid lines and dashed lines are analytic and numerical results, respectively. The time is rescaled
as r2vk?t.

uy(z, 0) of rectangular shape (discontinuities in u, at x = N, /4 and = 3N, /4):

uy(z, 0) = Uy, 1<z < Ng/4, 3Ny/4 <z < Ny,
uy(z, 0) = Uy, N, /4 <z <3N,/4.

The initial condition u,(x, 0) is set to zero everywhere. We consider two separate
cases with and without a constant streaming velocity V.

Figures 5.4(a) and 5.4(b) show the decay of the rectangular shear wave simulated
by the normal LBE scheme and the LBE scheme with second-order central interpo-
lation (with r = 0.5, where r is the ratio between advection length §, and grid size
A;), respectively. The lines are theoretical results with v(k,) obtained numerically.
The times at which the profile of uy(z, t) (normalized by Up) shown in Fig. 5.4 are
t = 100, 200, ..., 500. The numerical and theoretical results agree closely with each
other. The close agreement shows the accuracy of the theory. In Fig. 5.4(b), the
overshoots at early times due to the discontinuous initial condition are well captured
by the analysis. This overshoot is entirely due to the strong k-dependence of v(k)
caused by the interpolation. This phenomena is an artifact due to discretization,
and is not connected to any physical effect. This artifact is also commonly observed
in other CFD methods involving interpolations.

Similarly to Fig. 5.4, Fig. 5.5 shows the evolution of uy(x, t) for the same times as
in Fig. 5.4. The solid lines and the symbols ( X ) represent theoretical and numerical
results, respectively. Shocks move from left to right with a constant velocity V, =
0.08. Figures 5.5(a), 5.5(b), and 5.5(c) show the results for the normal LBE scheme
without interpolation, the scheme with second-order central interpolation, and the
scheme with second-order upwind interpolation, respectively. In Figs. 5.5(b) and
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Figure 5.5: Decay of discontinuous shear wave velocity profile u,(z, t) with a constant stream-
ing velocity V,, = 0.08 = Up. The solid lines and symbols (X ) are theoretical and numerical
results, respectively. The dashed lines in (b) and (c) are obtained by setting g, = 1. (a) no
interpolation, (b) central interpolation and r = 0.5, (c) upwind interpolation and r = 0.5.

5.5(c), the dotted lines are the results obtained by setting g, = 1. Clearly, the
effect of g(k) is significant. For the LBE scheme with central interpolation, the
results in Fig. 5.5(b) with g(k) = 1 underpredict the overshooting at the leading
edge of the shock and overpredict the overshooting at the trailing edge, whereas the
results in Fig. 5.5(c) for the LBE scheme with upwind interpolation overpredict the
overshooting at the leading edge of the shock and underpredict the overshooting at
the trailing edge.

5.10 Summary

We have constructed a generalized LBE model with multiple relaxation times. The
hydrodynamic behavior of the model is obtained by analyzing the linearized disper-
sion equation. Based on our analysis, we can draw the following conclusions:

e The generalized LBE is superior than the Lattice BGK model in terms of
stability, isotropy, and Galilean invariance. The Prandtl number of the gener-
alized LBE can be arbitrary;

e Analysis of the linearized dispersion equation is equivalent to the Chapman-
Enskog analysis, while Chapman-Enskog analysis is not valid for situation of
finite wavevector k;

e Analysis of the linearized dispersion equation is also applicable to complex
fluids (e.g., viscoelastic fluids).

We also realize the limitations of the dispersion equation analysis. It cannot deal
with nonlocal effects (gradients) and the boundary conditions. A detailed treatment
of the generalized lattice Boltzmann equation is provided in Ref. [19].
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Epilogue

In five lectures I tried to give an overview on the theory of the lattice Boltzmann
equation. The emphasis of these lectures is on the mathematical justification of the
lattice Boltzmann method. Unfortunately I did not have the time to discuss the
applications of the method, which I shall refer the readers to a recent review on the
lattice gas and lattice Boltzmann method [23]. Here I would like to a few words on
the rationale, or philosophy of the lattice gas and lattice Boltzmann methods.

It is a well known fact that a fluid is a discrete system with a large number
(~ 10%3) of particles (molecules). A system of many particles can be described by
either molecular dynamics (MD) or a hierarchy of kinetic equations (the Bogoliubov-
Born-Green-Kirkwood-Yvon hierarchy), and these two descriptions are equivalent.
With the molecular chaos assumption due to Boltzmann, the BBGKY hierarchy
can be closed with a single equation: the Boltzmann equation for the single particle
distribution function. On the other hand, a fluid can also be treated as a continuum
described by a set of partial differential equations for fluid density, velocity, and
temperature: the Navier-Stokes equations. It should be stressed that the continuum
treatment of fluid is an approximation. This approximation works extremely well
under many circumstances.

It is usually convenient to use the Navier-Stokes equations to some fluid prob-
lems. Unfortunately these equations can be very difficult or even impossible to solve
under some circumstances such as inhomogeneous multiphase or multicomponent
flows, or granular flows. In the case of multiphase or multicomponent flows, inter-
faces between different fluid components (e.g. oil and water) or phases (e.g. vapor
and water) cause the numerical difficulties. Computationally, one might be able
to track a few, but hardly very many interfaces in a system. Realistic simulations
of fluid systems with density or composition inhomogeneities by direct solution of
the Navier-Stokes equations is therefore impractical. We can also look at the prob-
lem from a different perspective: interfaces between different components or phases
of a fluid system are thermodynamic effects which result from interactions among
molecules. To solve the Navier-Stokes equations, one needs to know the equation of
state, which is usually unknown at an interface. It is therefore difficult to incorporate
thermodynamics into the Navier-Stokes equations in a consistent or a priori fashion.
Hence we encounter some fundamental difficulties. In the case of granular flow, the
situation is even worse: it is not even clear that there exists a set partial differen-
tial equations analogous to the Navier-Stokes equations which correctly model such
systems. Instead, granular flow is usually modeled by equations completely lacking
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the fundamental validity of the Navier-Stokes equations.

Although the Navier-Stokes equations are inadequate in some circumstances,
neither molecular dynamics nor the Boltzmann equation are practical alternatives
because solutions of molecular dynamics or the Boltzmann equation pose formidable
tasks which demand much more computational effort than the solution of the Navier-
Stokes equations. Thus, we face the following predicament: although the Navier-
Stokes equations are inadequate, molecular dynamics or the Boltzmann equation
are much too difficult to solve and are even unnecessarily complicated if we are only
interested in the macroscopic behaviors of a system. It is within this context that
the lattice-gas automata (simplified molecular dynamics) and the lattice Boltzmann
equation (simplified Boltzmann equation) become alternatives. It has been realized
that hydrodynamics is insensitive to the details of the underlying microscopic or
mesoscopic dynamics — the Navier-Stokes equations are merely statements of con-
servation laws, which reflect the same conservation laws in microscopic dynamics,
and constitutive relations, which reflect the irreversible nature of the macroscopic
dynamics. Different inter-molecular interactions would only result in different nu-
merical values of the transport coefficients. Since the details of the microscopic
dynamics are not important if only the hydrodynamic behavior of system is of in-
terest, one may ask the following question: What constitutes a minimal microscopic
or mesoscopic dynamic system which can provide desirable physics at the macro-
scopic level (hydrodynamics, thermodynamics, efc.). It turns out that the essential
elements in such a microscopic or mesoscopic dynamic system are the conservation
laws and associated symmetries. It is based upon this rationale that the lattice gas
and the lattice Boltzmann models were constructed as reduced models to numerically
simulate various complex systems.

It should also be pointed out that kinetic theory is valid for a wide range of
densities covering gases, liquids, and even solids. It is within the framework and
upon the foundation of kinetic theory that the lattice gas and lattice Boltzmann
methods are formulated as consistent and effective simulation tools.

Since kinetic theory plays such an important role in the lattice gas and the lattice
Boltzmann methods, it would be perhaps appropriate to end this series of lectures
by quoting Professor E.G.D. Cohen [5] and Boltzmann [2] on their views on kinetic
theory.

“...I note that the objection is often raised that kinetic theory is restricted in its
applications, is very complicated and that more general results can be much easier
obtained by using hydrodynamic-like theories. All this is certainly true. However,
if one is not just interested in obtaining new results, but also wants to understand
their foundation in the molecular structure of matter and see the connection between
various, at first sight, very different phenomena from a unified point of view, kinetic
theory has proved to be an indispensable means to achieve this goal. In addition, it
has led to new results, in spite of its complicated structure.
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“It seems to me then that kinetic theory finds itself at the end of the twentieth
century again in an impasse and in a situation not too different from that in which it
found itself at the end of the nineteenth century. It might therefore be appropriate
to justify this survey by quoting some words Boltzmann used in 1898 ...”

E.G.D. Cohen (1993)

“It was just at this time that attacks on the theory of gases began to increase. I am
convinced that these attacks are merely based on a misunderstanding, and that the
role of gas theory in science has not yet been played out. ...

“In my opinion it would be a great tragedy for science if the theory of gases were
temporarily thrown into oblivion because of a momentary hostile attitude toward
it, as was for example the wave theory because of Newton’s authority.

“I am conscious of being only an individual struggling weakly against the stream
of time. But it still remains in my power to contribute in such a way that, when
the theory of gases is again revived, not too much will have to be rediscovered.
... When consequently parts of the argument become somewhat complicated, I must
of course plead that a precise presentation of these theories is not possible without
a corresponding formal apparatus. ...”

L. Boltzmann (1898)
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