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Transitions in rotations of a nonspherical particle in a three-dimensional
moderate Reynolds number Couette flow
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The rotational states of three-dimensional nonspherical particles including cylindrical and
disk-shaped, as well as prolate and oblate, ellipsoidal in a Couette flow are studied by using a lattice
Boltzmann simulation. We discover that rotation of a nonspherical particle exhibits several different
states, depending on the ranges of the particle Reynolds numbers and the geometric shape of the
particle. As the Reynolds number increases, the rotation transits from one state to another
state. © 2002 American Institute of Physics.@DOI: 10.1063/1.1517053#
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Jeffery studied a single ellipsoid in a simple shear fl
by ignoring the inertial effect of the particle.1 He concluded
that the final state of a spheroid depended on its initial
entation and possesses the minimum energy dissipation.
lor was the first to experimentally validate Jeffery’s hypo
esis for a prolate and oblate ellipsoid in a creeping Cou
flow in a qualitative manner.2 Later, Karniset al.3 conclu-
sively showed by experiment with the maximum Reyno
number about 1023, in contrary to Jeffery’s theory, that th
inertial effect brings nonspherical particles to a final rotat
orbit in which an ellipsoidal particle rotates with its lon
body perpendicular to the vorticity vector of flow. The the
retical work of Harper and Chang4,5 qualitatively confirmed
the experimental observation of Karniset al. for a neutrally
buoyant dumbbell in a linear shear flow. However, Harp
and Chang’s analysis is only valid for the Reynolds num
less than 1, thus cannot be applied to large Reynolds num
cases. Some analysis and simulations at zero Reyn
number6,7 were reported. The most recent numerical a
experimental8–10 work for a single nonspherical particula
suspension at moderate Reynolds numbers are
dimensional in nature, because one of the rotational axe
fixed in space. Therefore, rotational behavior in a large R
nolds number in a three-dimensional couette flow is
known.

This Brief Communication summarizes our recent wo
on simulations of the dynamic rotational behavior of a no
spherical particulate suspension of various geometric sh
in a Couette flow with the Reynolds number up to 467. W
1070-6631/2002/14(12)/4440/4/$19.00 444
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use the lattice Boltzmann equation~LBE!11–15 for the fluid
part and the six-dimensional equations of motion for t
particle.16–19 The particle is allowed to rotate and transla
freely without any restrains. The LBE model used in t
present work is a 15-velocity lattice BGK model12–14in three
dimensions.

We use (x,y,z) and (x8,y8,z8) to represent the space
fixed and body-fixed coordinate system, respectively. An
u is the polar angle between the vorticity vector (z-axis! of
the flow and the symmetric axis of revolution (z8) of the
particle, andf is the angle between thexz plane and thex8z
plane if the body-fixed coordinate system is initially ove
lapped with the space-fixed coordinate system. The com
tational domain sizeNx3Ny3Nz ranges from 643 to 1283 in
the simulations. We only consider particles with the symm
try of revolution. The rotational motion is affected by bo
the confinement ratior 15Nz /c and the aspect ratior 2

5c/a, wherec anda are the length of the semi-axis and th
radius of revolution, respectively. In this work, we keep t
confinement ratior 154 and aspect ratior 252. The effects
of these ratios on the rotational motion shall be repor
elsewhere. Two walls are placed atx50 andx5Nx11, re-
spectively. The shear is imposed by moving the two wa
with opposite velocities, (0,U,0) and (0,2U,0). Periodic
boundary conditions are imposed in they- andz-directions.
The particle Reynolds number is defined byR54Gc2/n,
where the shear rateG52U/Nz andn is the fluid kinematic
viscosity.

We conducted a number of simulations with differe
0 © 2002 American Institute of Physics
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nonspherical particle shapes to fully investigate the rotatio
motion of a nonspherical suspension in the Couette flow.
discover that the rotational motion of a nonspherical part
has several different states depending on the ranges o
particle Reynolds number and the particle shape. As the R
nolds number increases, the rotational motion of a nonsph
cal particle sharply transits from one state to another.

We first report the results of an prolate ellipsoid with t
revolution symmetry, i.e., with two equal short semi-axesa
5b, andc52a. We find three final rotational states corr
sponding to different ranges of the Reynolds numbers
tween 0 and 467. The first state corresponds to a low R
nolds range 0,R,205. In this low Reynolds number stat
the particle rotates about its short symmetric axis that is p
allel to the flow vorticity vector periodically and the lon
axis of the particle is always perpendicular to the flow v
ticity vector. We call this first state ‘‘tumbling.’’ The prolat
ellipsoid is rotating stably within a shearing plane~parallel to
xy plane!. The shearing plan is an orientational attractor. T
word ‘‘tumbling’’ was first used by polymer scientists to d
scribe the orientational states of rodlike molecules in liqu
crystalline polymers.20 Several states such as tumbling, wa
ging, flow aligning, log-rolling, and kayaking were identifie
in the polymers and these states depend on initial orienta
shear rates, the strength of the nematic interactions as we
Brownian motions. The similar phenomena ‘‘tumbling’’ an
‘‘log-rolling’’ are found in this work and will be reported
shortly although the physical origin is entirely different fro
that of polymeric nematics.

Figure 1~a! shows the evolution of the directional co
sines (s1 ,s2 ,s3)5(cosb,cosg,cosu) at R532,21 which is
typical in the low Reynolds number range, whereb, g, andu
are the angles betweenz8-axis andx-, y-, andz-axis, respec-
tively. If the initial orientation of the particle differs from th
final state, it is unstable and thus quickly enters to the fi
state ofu590°. In the low Reynolds range, when the elli
soid reaches the final rotational state,vz is a periodic func-
tion in time.

As the Reynolds number continuously increases to
second range, approximately 205,R,345, the rotational
behavior of the prolate ellipsoid undergoes a sharp transit
At its final state the prolate spheroid precesses about
vorticity with a nutational motion. In other words, the end
the revolution axis of the prolate spheroid describes a sph
cal ellipse with its major axis atf590° and minor axis at
f50°. u has a minimum valueu1 at f50° andf5180°
and a maximumu2 at f590° andf5270°. We call this
state ‘‘precessing and nutating.’’ As the Reynolds num
increases in the range, the mean value ofu monotonically
decreases. Obviously, unlike the first state, the particle an
lar velocity vector of the second state is neither parallel
perpendicular toz-axis. In this state, angular velocity is pe
riodic in time.

When the Reynolds number passes beyond 345 app
mately, the rotational motion of the particle undergoes
other sharp transition. In the high Reynolds number ra
R.345, the prolate ellipsoid in its final state rotates about
long symmetric axis parallel to the flow vorticity vector, i.e
u50°, with a constant angular velocity. We call this sta
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‘‘log-rolling.’’ It looks like logs rolling on a river. Figure 1~b!
shows the directional cosines atR5350. The angular veloc-
ity in this ‘‘log-rolling’’ case is (vx ,vy ,vz)5(0,0,0.385). It
appears that the vorticity direction is a stable orbit attrac

Aidun, Lu, and Ding~1998! and Ding and Aidun~2000!
reported that when the Reynolds number increased to a c
cal value, the ellipsoid rotation was stopped at a critical R
nolds numberRc due to the effects of streamline separati
that generated a negative torque on the nonspherical
ticles. The critical Reynolds number in Ding and Aidun
work ~2000! was Rc581 for a 3D oblate ellipsoid andRc

529 for 2D elliptical particle. Their numerical results are
good agreement with Zettner and Yoda’s experimental res
in a two-dimension space. However, our simulations sh
that as the Reynolds number increases rotation may tra
from one state to other but is never stopped. The differe
lays on that our simulations are in a 3D space while
simulations of Aidunet al. were in a 2D space due to

FIG. 1. The directional cosines (s1,s2,s3) of the z8-axis of the prolate
spheroid against time~a! at R532, ~b! R5350.
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4442 Phys. Fluids, Vol. 14, No. 12, December 2002 D. Qi and L. Luo
particle’s axis fixed in an unstable orbit direction.
We have repeated simulations for a cylindrical parti

with the aspect ratior 25 l /d52, l andd being the length and
the diameter of the cylinder, respectively. For this cylindric
particle, we only find one transition point in the Reynol
number, approximately equal to 395, in the interval of
,R,467, as opposed to two transition points for the prol
ellipsoid with the same aspect ratior 2 . The two states below
and above the transition Reynolds number correspond
‘‘tumbling’’ ( u590°) and ‘‘log-rolling’’ (u50°), respec-
tively. That is, there exists no intermediate state of ‘‘prece
ing and nutating’’ (0°,u,90°). Figure 2~a! shows the an-
gular velocity componentvz (vx5vy50) as a function of
time atR5390 and 400, corresponding to two states bef
and after the transition, respectively.

A cylinder has two flat ends of circles sharply connec
by a cylindrical surface while the prolate spheroid has o
smoothly curved surface. The different shapes cause the

FIG. 2. vz against time~Gt! ~a! for a cylinder atR5390 andR5400 and
~b! for a disk-shaped particle atR5150 andR5280.
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ferent flow patterns and, in turn, lead to that a cylinder lac
‘‘precessing and nutating’’ state.

We have also had simulations for a disk-shaped parti
with r 25 l /d51/2. There is only one transition point atR
'230. WhenR,230 the disk-shaped particle is ‘‘rolling’
about the short symmetric axis~which happens to bez8-axis!
parallel to the flow vorticity (u50°) vector. WhenR
.230, it is ‘‘tumbling’’ about the diameter of the disk~i.e.,
u590°) periodically. The results for the disk-shaped parti
at R5150 andR5280 are shown in Fig. 2~b! for the angular
velocity and in Fig. 3 for the orientation. Unlike the cylinde
the disk-shaped particle transfers from a ‘‘rolling’’ to a ‘‘tum
bling’’ state atR5230.

The transition mechanism in the rotational motion is d
to the changes in flow pattern. At the low Reynolds numbe
the particle is rotating about its short symmetric axis para
to the flow vorticity and the long body is perpendicular to t
vorticity vector. Torques exerted on the particle by shear
would bring the long body tumbling along flow direction

FIG. 3. The directional cosines (s1,s2,s3) of thez8-axis of the disk-shaped
particle as a function of time at~a! R5150 and~b! R5280.
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This rotating orbit is stable and the shearing plane is an
tractor. However, when the Reynolds number increases,
recirculating flow8 near the particle in the channel cent
increases dramatically and the instability of flow turbulen
due to the stream line separation would repel the particl
the shearing plane to align particle’s long axis with the flo
vorticity direction. Therefore vorticity axis becomes a stab
orbit attractor at the higher Reynolds number.

We have also tested an oblate ellipsoid withr 25c/a
51/2. The oblate ellipsoid is ‘‘rolling’’ about its short sym
metric axis parallel to the flow vorticity vector at the lo
Reynolds number range and ‘‘inclined rolling’’ in an inte
mediate Reynolds number range. The only difference
tween ‘‘rolling’’ and ‘‘inclined rolling’’ is that u50° for
‘‘rolling’’ while u.0° for ‘‘inclined rolling.’’ The ‘‘tum-
bling’’ state is not observed for the reason that the Reyno
number is not high enough.

In conclusions, we have discovered some common c
acteristics describing the final states of the rotational mo
for a nonspherical particle suspension in the Couette fl
There are several rotational states depending on the rang
the Reynolds numbers and particle shapes. The rotati
state undergoes sharp transitions as the Reynolds nu
changes. When the Reynolds number is small before
transition can take place, the particle at final state alw
rotates about its shortest symmetric axis parallel to the fl
vorticity vector and with its long body perpendicular to th
vorticity vector. In this case the shearing plane is a sta
rotational orbit attractor. When the Reynolds number is s
ficiently large, the particle always rotates about its long
symmetric axis which is parallel to the flow vorticity vecto
The vorticity direction is a table orbit attractor. In fact,
cylinder transfers from a ‘‘tumbling’’ to ‘‘log-rolling’’ state
while a disk-shaped particle transfers from a ‘‘rolling’’ to
‘‘tumbling’’ state as the Reynolds number increases. For
smooth nonspherical particle such as a prolate ellips
there exists an intermediate state~‘‘precessing and nutating’’!
between the above two states. In this intermediate state
prolate ellipsoid rotates periodically with the end of long a
tracing a spherical ellipse. The particle with sharp edges s
as cylinder does not have the intermediate state.
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