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We include Smagorinsky’s algebraic eddy viscosity approach into the multiple-relaxation-
time (MRT) lattice Boltzmann equation (LBE) for large-eddy simulations (LES) of tur-
bulent flows. The main advantage of the MRT-LBE model over the popular lattice BGK
model is a significant improvement of numerical stability which leads to a substantial
reduction of oscillations in the pressure field, especially for turbulent flow simulations
near the numerical stability limit. The MRT-LBE model for LES is validated with a
benchmark case of a surface mounted cube in a channel at Re = 40 000. Our preliminary
results agree well with experimental data.

1. Introduction

The reliable prediction of internal turbulent flows in complex geometries still re-
mains a challenge even for state-of-the-art computational fluid dynamics (CFD)
tools with sophisticated numerical discretizations and turbulence models. In the
last decade algebraic closure models have shown some encouraging results and seem
to be able to simulate a variety of turbulent flows relevant in engineering.!
Lattice-Boltzmann models have been proven to be efficient simulation tools
for a variety of complex flow problems. However, turbulence modeling within the
framework of the lattice Boltzmann equation remains an unsolved issue. Although
it has been realized? that the eddy viscosity model of Smagorinsky® can be easily
implemented in the lattice Boltzmann equation (LBE) with the single relaxation
time approximation due to Bhatnagar, Gross, and Krook* (BGK approximation),>6
there are very few substantiated LES validations utilizing the lattice Boltzmann

* Author to whom correspondence should be addressed. Email address: kraft@cab.bau.tu-bs.de.

33



34 M. Krafczyk, J. Télke €& L. S. Luo

method. Only very recently good results” are obtained for simulations of a well
documented benchmark test case — a surface mounted cube in a channel,®° at
Re = 40000 by using the lattice BGK (LBGK) model with the Smagorinsky model.?
It is well understood that the numerical stability of LBGK models is substantially
inferior to the corresponding multiple relaxation time (MRT) LBE models.'® The
significant improvement in numerical stability by using the MRT-LBE models can
directly result in a drastic gain in computational efficiency. Thus it is only natural
to incorporate MRT-LBE models with the Smagorinsky eddy viscosity model® to
improve the capability of LBE-LES simulations of turbulent flows.

The remaining part of this paper is organized as follows. Section 2 concisely
describes the MRT-LBE with the Smagorinsky eddy viscosity model. Section 3
provides a summary of the LES simulation results of the flow over a cube mounted
on one wall of a channel at Re = 40000 by using the three-dimensional MRT LBE
model with fifteen velocities (D3Q15). Finally Section 4 concludes the paper.

2. MRT-LBE Model with Eddy Viscosity of Smagorinsky Model

In the formulation of the linear Boltzmann equation with multiple relaxation time

approximation, the lattice Boltzmann evolution equation is written as:'%11:12

|f(ri + eadt, t+8t)) = [ f(rs, 1) = =M7'S | [m(ri, ) = [m (i, 1)) |, (1)

where M is the transformation matrix mapping a vector |f) in the discrete velocity
space V = R? to a vector |m) in the moment space V = R®,

my =MD, 1f) =M ). @)
In particular, for the fifteen velocity model in three dimensions (D3Q15),
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In Eq. (1), |-) denotes a b-dimensional vector in R® (b = (N + 1) is the total number
of discrete velocities and N is the number of non-zero velocities):

[f(ri, 1)) = (fo(ri, t), fr(ra, ), ..., fn(ra, 1)T,
|f(ri + €adt, t +6t)) = (fo(ri, t +6t), ..., fn(ri + endt, t +6t))T,

|m(r;, t)) = (mo(rs, t), mi(ri, ©), ..., my(r;, t))T, and
|m<eq> (ri, t)) = (m(()eq) (ri 1), mgeq) (riy t), ., mssq)(ri, t))T,

where T is the transpose operator, and mS 9 is the equilibrium value of the moment
Me. The collision matrix S = M-S -M~! is diagonal in the moment space M = R?:
S = diag(sg, $1, .. ,Sn) where s, > 0. The fifteen moments for the fifteen velocity

model in three dimensions (D3Q15) are

|m> = (pa €, € Jxy du, jy; qy, Jzs @z 3Pazs Pww> Dzys Pyzs Pzx, mzyz>Ta

where p is the mass density, e the energy, € the energy square, j = (jz, jy, j-) the
momentum, g = (¢z, gy, ¢-) the heat flux, (Pez, Pww; Prys Pyz, Pza) Stresses, and
Myy. a third order moment. If we use the incompressible LBE model'® with speed
of sound ¢2 = 1/3, the equilibria for D3Q15 model are given by:!?

1
V= —ptgg dV = mg =0, ()
7 7 7
(eaq) — ', (ea) — ', (eaq) — ',
s gl 4y v @ 3J= (6)
1 1
(eq) =_— 9 22 (2 + .2 (eq) — — [s2_ 52 7
Piz =3 (257 — G +3D)], pisd . s — 2], (7)
1 1 1
(eq) — — i (ea) — — - (ea) — — e ]
Pay = dedys Pyt = ] Poz’ = e (®)

In the Smagorinsky model,? the turbulent viscosity v; is related to the strain
rate S;; = 5(d;u; + Oju;) and a filter length scale A, as follows:

vi = (CsA)*S,  S=,/3,Si-Sij, 9)

where C’ is the Smagorinsky constant.
We note that the second-order moments of the distribution function

1
Pij = Zeaieajfa = cip&j + pusuj — 8—2c§p5ij, (10)

where e,; denotes the i-th Cartesian component of a discrete velocity ey, are in
fact related to the second-order moments 3ps, Pww, Peys Pyz, and D... In above
formula, s;, is the relaxation rate for these second-order moments and c, is the
sound speed. (In the setting of LBGK equation, s,, = 1/7.) Therefore,

Spx Sz
ij = 2C2p[0§ﬂ5ij + puiug — Pyl = EQM- (11)
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The second-order monomials {eqieqjli, 7 € {z, y, 2}} can be projected to the or-

thogonal basis vectors {|¢s)|3 =0, 1, ..., N} dual to the eigen-vectors of M:'2
2 = 5 (2g0)e+ 61)a + [60)a), (12)
2, =  (4ldo)a +2061)a — 65} + 3610}, (13)
2. = 5 (Wdo)a +201)a — [do)a — 3lb10)a) = €2, ~ [Brodar  (14)

Cazay = |¢11>a7 CayCaz = |¢12>a7 €CazCax = |¢13>a7 (15)

thus the components of tensor Q can be explicitly given in terms of the moments:

Qmn = %5,057% + Jmin — Pmn, m, n € {z,y, z}, (16)
Pro = % [(e +20p) + 3puz] (17)
Puy =5 | (¢ +260) + 5 (30w — 3paw)| = Poa + 3 (0w — 3pea), (18)
P.: = Pyy — Duww, (19)
Puy = Duys  Pyz =Dyzy Pz = pas, (20)

where dp is the density fluctuation.!?'® With the above formulas and assuming
po = 1, the turbulent viscosity 1, can be readily computed:

v = 3(CsA,)2S = gsm(osAzF@, A, =1, (21)

It should be noted that Eq. (10) may imply that the relaxation rate s, is the
one used in the previous time step, i.e., before the advection takes place.'* If we
require that v; depends on the value of S;; at the current time,? then we have

1 / — _
Tt = 3I/t = 5 < Tg =+ 18052A%Q — 7'0> , Q = ‘/Zi,j Qij . Qij; (22)

UL 1 1
=3 ’ T — ) 23
o Re + 2’ 5 To + Tt (23)

where U, L, and Re are characteristic flow velocity, the length, and the Reynolds
number, respectively. The above formulas for 14 and s,, are used in our simulations.

3. Numerical Results

We conduct numerical simulations of the flow over a cube mounted on one wall of
a channel at a Reynolds number of 40 000 using the D3Q15 LES-MRT-LBE model
with Cs = 0.16. This flow has been studied in detail both experimentally® and
numerically,® thus it can be used as testing case for the LES-LBE model. Fig. 1
depicts the complex structures of the mean flow, as observed in experiments.’

We apply a logarithmic inflow velocity profile and Vp = 0 in streamwise di-
rection with a reference pressure at the exit, and no-slip (bounce back) boundary
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Fig. 1. Flow over a cube mounted on one wall of a channel. Mean flow structures of the flow
observed in experiment? and captured by the LBE-LES simulations.

conditions for all walls except the two lateral ones where free-slip boundary con-
ditions are applied. A uniform grid of size 301 x 61 x 211 is used (the size of the
cube is H® = 30%). After an initial run of 50T, (Tp is the turn-over time H/Upax,
and Upax = 0.044 is the maximum inlet velocity), the flow velocity is averaged over
time for another 1507;. This averaged velocity field is compared to existing data.®?

Table 1. Attachment/separation length. Xp1, X1, Xgr1, and Xpgo are positions of the
upstream stagnation point to the cube, the reattachment length at top, the primary and
secondary downstream stagnation points from the cube.

Method Xp1 @ X7 @ XR1 @ XRro
LBE-LES 1.04 — 1.94 0.07
Exp.? 1.040 — 1.612 ?
NS-LES8 0.8085 — 1.287 0.814 — 0.837 1.432 — 1.722 0.134 — 0.265
RANSS 0.650 — 0.950 0.432 (k-€) 2.182 — 2.731 0.020 — 0.252

All significant flow features are captured by the simulation. Table 1 only provides
a summary of our results. (A detailed description of the simulations by using the
LBGK equation can be found elsewhere.”) Other important flow features, namely,
the horse shoe vortex (2), the trumpet vortex (3), the vortices @ and the horizontal
stagnation lines (7) at each side are reproduced in the simulations. The top vortex
©® does not reattach, confirming the experimental observation.? Fig. 3 shows the
experimental® and numerical results for the streamlines on the vertical center plane.

4. Conclusions

We present an LES extension for a MRT-LBE model. The MRT model is more
stable than its LBGK counterpart and greatly reduces the spurious oscillations in
the pressure field. We also report preliminary results of simulations for the flow over
a cube mounted on one wall of a channel at Re = 40000 by using the LES-LBE
model. Our results agree reasonably well with experimental data. A further analy-
sis of stabilities of various MRT-LBE models (D3Q15 and D3Q19) and numerical
investigations of turbulent flows by using LBE-LES models are currently underway.
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trumpet vortex

Fig. 2. Trumpet vortex observed in LES-LBE simulation (cf. Fig. 1).

Fig. 3. Vertical mid plane streamlines: experiment® (left) vs. LBE-LES simulation (right).
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