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Abstract

The method of lattice Boltzmann equation (LBE) is a kinetic-based approach for fluid flow computations. This
method has been successfully applied to the multi-phase and multi-component flows. To extend the application of LBE
to high Reynolds number incompressible flows, some critical issues need to be addressed, noticeably flexible spatial
resolution, boundary treatments for curved solid wall, dispersion and mode of relaxation, and turbulence model.
Recent developments in these aspects are highlighted in this paper. These efforts include the study of force evaluation
methods, the development of multi-block methods which provide a means to satisfy different resolution requirement in
the near wall region and the far field and reduce the memory requirement and computational time, the progress in
constructing the second-order boundary condition for curved solid wall, and the analyses of the single-relaxation-time
and multiple-relaxation-time models in LBE. These efforts have lead to successful applications of the LBE method to
the simulation of incompressible laminar flows and demonstrated the potential of applying the LBE method to higher
Reynolds flows. The progress in developing thermal and compressible LBE models and the applications of LBE method
in multi-phase flows, multi-component flows, particulate suspensions, turbulent flow, and micro-flows are reviewed.
© 2003 Published by Elsevier Science Ltd.
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Nomenclature Uy wall velocity
4 [xe — X l/lop — ]

f single particle mass distribution function e energy
14 particle velocity vector & a variable related to the square of the energy
u fluid velocity JxsJy mass flux
P pressure q«,qy  variables corresponding to the energy flux
x spatial position vector Dxx»Dxy  variables corresponding to the diagonal and
fO equilibrium distribution function off-diagonal components of the viscous stress
£ post-collision distribution function tensor
A relaxation time £y denotes the post-collision state
R gas constant Cp drag coefficient
T gas temperature CL lift coefficient
v kinematic viscosity
e, discrete particle velocity in LBE model Abbreviations
Wy weighting factor BGK  Bhatnagar-Gross—Krook
Sl equilibrium distribution function in discre- CFD computational fluid dynamics

tized particle velocity space CFL Courant—Friedrichs—Lewy
Sloew non-equilibrium distribution function in dis- DVM  discrete velocity model

cretized particle velocity space D2Q9  2-D 9-velocity
Cs speed of sound. LBE lattice Boltzmann equation
ot time step LBGK lattice BGK
ox space step LES large-eddy simulation
T dimensionless relaxation time in LBGK LGA  lattice gas automata
Xr lattice node on the fluid side next to the MRT  multi-relaxation-time

boundary NS Navier—Stokes
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1. Introduction
1.1. Method of lattice Boltzmann equation

In the last 15 years or so, there has been rapid
progress in developing the method of the lattice
Boltzmann equation (LBE) for solving a variety of fluid
dynamic problems [1-17]. Historically, the LBE method
was developed from the method of lattice gas automata
(LGA); see [18-22] for details on LGA method. Never-
theless, the LBE method can be better appreciated by
considering the Boltzmann equation directly. Adopting
the macroscopic method for computational fluid dy-
namics (CFD), the macroscopic variables of interest,
such as velocity u and pressure p, are usually obtained by
solving the Navier—Stokes (NS) equations (e.g., [23,24]).
In the LBE approach, one solves the kinetic equation for
the particle velocity distribution function f(x,¢&,7) in
which & is the particle velocity vector, x is the spatial
position vector, and ¢ is the time. The macroscopic
quantities (such as mass density p and momentum
density pu) can then be obtained by evaluating the
hydrodynamic moments of the distribution function f.
This approach was first proposed by McNamara and
Zanetti [25], with the additional theoretical foundation
established in the subsequent papers, notably, Higuera
and Jiménez [26], Koelman [27], Qian et al. [28], Chen
et al. [29], and d’Humiéres [30].

A popular kinetic model adopted in the literature is
the single-relaxation-time (SRT) approximation, the so-
called Bhatnagar—-Gross—Krook (BGK) model [31]:

of
o
where f© is the equilibrium distribution function (the
Maxwell-Boltzmann distribution function), and A is the
relaxation time. The corresponding viscosity is v = ART
in which R is the gas constant and 7 1is the gas
temperature.

To solve for f numerically, Eq. (1) is first discretized
in the velocity space using a finite set of velocity vectors
{&,} in the context of the conservation laws [32,33]:

o,
ot

In the above equation, f,(x,?)=f(x,&,,t) is the
distribution function associated with the oth discrete
velocity &, and £ is the corresponding equilibrium
distribution function in the discrete velocity space. The

FEVS =2 1), 1)
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nine-velocity square lattice model, which is often
referred to as the 2-D 9-velocity (D2Q9) model [28]
(Fig. 1), has been widely and successfully used for
simulating two-dimensional (2-D) flows. In the D2Q9
model, e, denotes the discrete velocity set, namely,

€y :0,

e, =c(cos((a — 1)m/4),

fora=1,3,5,7,

e, =/ 2c(cos((o — D /4), sin((o — 1) /4))
for o = 2,4,6,8, 3)

sin((o — 1)r/4))

where ¢ = dx/ot, ox and J¢ are the lattice constant and
the time step size, respectively. The equilibrium dis-
tribution for D2Q9 model is of the form

£ = pw, 1+c%ea-u+zic4(eg~u)zfziczu~u , 4)
where w, is the weighting factor given by
4/9, a=0,
wy,=¢1/9, «a=1,3,5.7, )
1/36, «=2,4,6,8.
In the discretized velocity space, the density and

momentum fluxes can be evaluated as
8

8
p= fu= (6)
a=0

=0
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8 8
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Fig. 1. A 2-D 9-velocity lattice (D2Q9) model.
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The speed of sound in this model is ¢, = c/\/§ [28]
and the equation of state is that of an ideal gas,

p=pe. ®

Qian et al. [28] also developed various models for 3-D
flows with 9 given in the same form as in Eq. (4).
Depending on the number of the lattice velocity vectors
used in these models, they are referred as D3QI15,
D3Q19, and D3Q27 models.

Eq. (2) is called the discrete velocity model (DVM).
The DVM was first introduced by Broadwell [34,35].
Further progress in the developments of DVM can be
found, for example, in [36-43]. Numerically, it can be
solved using any standard, practical method such as
finite difference [44-47]. In using finite difference
formulation, one needs to be careful about reducing
the numerical diffusion associated with the discretiza-
tion of the advection term and the stiffness of the
differential equation when A1<1 is required for low
viscosity flows.

In the LBE method, Eq. (2) is discretized in a very
special manner. The completely discretized equation,
with the time step o7 and space step dx = e,0t, is

Ja(xi + e,0t, t + 6t) — fr(x;, 1)
= a0 [0k, 0], ©)

where 7 = 1/6t, and x; is a point in the discretized
physical space. Eq. (9), termed the LBE [25] with BGK
approximation or LBGK model, is usually solved in the
following two steps:

collision step : £, (x;, t + 01) = fo(x;, 1) — %[fx(x,-, )
— [0 (x;, 1)), (10a)

streaming step : fy(x; + €40, t + 61) = f y(xi, t + O1),
(10b)

where f, represents the post-collision state. It needs to
be emphasized that with such a splitting in the
computational procedure, there is no need to store both
fo(xi, t+01) and f,(x;,t) during the computation. In-
formation on one time level is sufficient for unsteady
flow simulations.

In order to derive the NS equations from LBE, the
Chapman—Enskog expansion [48] is used. In essence, it
is a standard multi-scale expansion [20], with time and
space being rescaled as

fh=et, th=¢et x| =ex,
o 9 L, 8 _ @

on " Con ax ow

o (11)

and the particle distribution function f;, expanded as

Lo =10+ eV + 247+ 0. (12)

In the incompressible flow limit, |u|/cs<1, the
conservation principles of mass and momentum yield

Ou,
0x,

=0, (13)

Ouy, Outy 1 op y
— =—— e 14
ot +u66x/; p@xm—"—vv o (14

The corresponding viscosity in the NS equation (14)
derived from Eq. (9) is [28]

v=(t— 1/2)c2ot. (15)

The modification of viscosity (from v = Ac? in Eq. (1))
corrects for the truncation error in the discretization of
Eq. (2) and makes formally the LBGK scheme a second-
order method for solving incompressible flows [32,33].
The positivity of the viscosity requires that >% in all
LBE computations.

It is noted that the pressure p is obtained through an
equation of state (Eq.(8)). The collision step is
completely local. The streaming step involves no
computation. Eq. (9) is explicit, easy to implement,
and straightforward to parallelize.

As a computational tool, LBE method differs from
NS equations based method in various aspects. The
major differences are as follows:

1. NS equations are second-order partial differential
equations (PDEs); the DVM from which the LBE
model is derived consists of a set of first-order PDEs.
Such a difference in the nature of PDE’s is also
reflected in the discretized forms for each type of
equations.

2. NS solvers inevitably need to treat the nonlinear
convective term, u-Vu; the LBE method totally
avoids the nonlinear convective term, because the
convection becomes simple advection (uniform data
shift).

3. CFD solvers for the incompressible NS equations
need to solve the Poisson equation for the pressure.
This involves global data communication, while in
the LBE method data communication is always local
and the pressure is obtained through an equation of
state.

4. In the LBE method, the Courant-Friedrichs-Lewy
(CFL) number is proportional to 6¢/dx, in other
words, the grid CFL number is equal to 1 based on
the lattice units of ox = 6¢ = 1. Consequently, the
time dependent LBE method is inefficient for solving
steady-state problems, because its speed of conver-
gence is dictated by acoustic propagation, which is
very slow.

5. Boundary conditions involving complicated geome-
tries require careful treatments in both NS and LBE
solvers. In NS solvers, normal and shear stress
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components require appropriate handling of geo-
metric estimates of normal and tangent, as well as
one-sided extrapolation. In LBE solvers, the bound-
ary condition issue arises because the continuum
framework, such as the no-slip condition at the wall,
does not have a counterpart.

6. Since the Boltzmann equation is kinetic-based, the
physics associated with the molecular level interac-
tion can be incorporated more easily in the LBE
model. Hence, the LBE model can be fruitfully
applied to micro-scale fluid flow problems.

7. The spatial discretization in the LBE method is
dictated by the discretization of the particle velocity
space. This coupling between discretized velocity
space and configuration space leads to regular square
grids. This is a limitation of the LBE method,
especially for aerodynamic applications where both
the far field boundary condition and the near wall
boundary layer need to be carefully implemented.

Because of the attractive features mentioned above,
the LBE method has been particularly successful in
simulations of fluid flows involving complicated bound-
aries or/and complex fluids, such as turbulent external
flow over structures with complicated geometries [49],
Rayleigh-Taylor instability between two fluids [50],
multi-component fluids through porous media [51],
particle suspensions in fluid [52-70], chemically reacting
flows [71], combustions [72], magnetohydrodynamics
[73], crystallization [74,75], and others [15,12].

There have been efforts to extend the LBE method for
higher Reynolds number computations [76-81] with the
hope that it can efficiently solve aerodynamics problems.
However, to extend the LBE method for high Reynolds
number flows, several issues, which include force
evaluation for flow over a curved body, reconciliation
of resolution requirement for different flow regions,
accurate treatment for curved boundary, numerical
stability, and finally turbulence models, must be
addressed. The first four issues will be discussed first in
this review. The most recent efforts to address these
issues will be highlighted. The turbulence model in the
LBE method will be discussed in the last section along
with the recent development and applications of LBE
method for thermal fluid flows, multi-phase and multi-
component flows, particulate suspensions, and micro-
flows.

1.2. Computational issues of the LBE method

1.2.1. Force evaluation

The evaluation of the force on a body in a flow field is
a common task in fluid mechanics research efforts. This
is also the case for computations using the LBE method.
Different force evaluation schemes, including momen-
tum exchange [52,53,91] and integration of stress [82,83],

4 5 =
17 e
A\ boundary
NN\ | fluid wall
AN node,xf
O,
I'y f \\\ e,
ASX \ N
x -¥-1 Gl | solid
Y < | node, x, N
X O O—
b
\\
N\

Fig. 2. Layout of the regularly spaced lattices and curved wall
boundary.

have been used to evaluate the fluid dynamic force on
a curved body in the context of the LBE method. In
Fig. 2, a curved wall separates the solid region from the
fluid region. The lattice node on the fluid side of the
boundary is denoted as x; and that on the solid side is
denoted as x},. The filled small circles on the boundary,
Xy, denote the intersections of the wall with various
lattice links. The boundary velocity at x,, is u,. The
fraction of an intersected link in the fluid region is 4,
that is,
:M7 0<A<I. (16)
|xr — x|
The horizontal or vertical distance between x;, and xy,
is 46x on the square lattice. The particle momentum
moving from x¢ to xy, is e, and the reversed one from xy,
to xr is ez = —e,. The method of integration of stress
requires great details of the surface geometry, and an
extensive use of extrapolation of stress from neighboring
xf to xy. It can be laborious to program for 3-D
problems. The momentum exchange method basically
involves adding f5(x,) with £, (x, + ez01) for all possible
o and solid nodes. While the calculation is extremely
simple the accuracy of the momentum exchange method
for curved body needs to be examined at higher
Reynolds numbers.

1.2.2. Reconciliation of resolution requirement

High resolution is often needed in the high gradient
region, such as the near wall region in a high Reynolds
number flow. This requires a small grid size near the
wall. For external flows, the far field boundary often
needs to be placed far away from the solid wall while the
resolution can be lower. This immediately creates a
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difficulty for the original LBE method, which was based
on constant grid size. In the NS equation-based solvers,
this issue is easily resolved by using grid stretching
techniques, often in a curvilinear coordinate system. To
increase the numerical efficiency while maintaining
accuracy in LBE, non-uniform grid has been introduced.
He et al. [82] developed an interpolation scheme, which
increases grid resolution in the high shear rate region.
Mei and Shyy [45] used a finite difference formulation to
solve the DVM given by Eq. (2) and D2Q9 model in a
curvilinear coordinate system.

To maintain the inherent advantage of LBE method
such as coding simplicity and computational efficiency,
one prefers to employ the uniform lattice. Thus, to
reconcile different requirements of grid resolution, it is
desirable to divide computational domain into different
regions. In each region, a constant lattice space can be
used. In practical applications, there are two different
treatments. The overlapped grid approach is that the
whole computational domain is covered with coarse
grids. The patches with fine grids are placed in the
desired regions. In that context, Filippova and Hénel
[83] developed a local grid refinement for the LBE
method. In the abated grid approach there is only one
grid in each region. This technique has been applied to
the LBE method by Yu et al. [84].

1.2.3. Boundary conditions

Two classes of boundaries are frequently encountered
in CFD: open boundaries and the solid wall. The open
boundaries include lines (or planes) of symmetry,
periodic cross-sections, infinity, and inlet and outlet.
At these boundaries, velocity or pressure is usually
specified in the macroscopic description of fluid flows.

A difficulty of the LBE method is that the boundary
conditions for the distribution functions f;,’s are not
known. One must construct suitable conditions for f,’s
based on the macroscopic flow variables. At the
symmetric and periodic boundaries, the conditions for
f2’s can be given without ambiguity. At the outlet of a
computational domain, the condition can usually be
given by simple extrapolation.

In general, the boundary condition for the velocity at
a solid wall can only be satisfied approximately through
solving f,’s. Right after the collision step, f,(x;) at the
node x¢ on the fluid side (see Fig. 2) is known for all «,
but fi(xy), the post-collision distribution function
coming from a solid node x, to a fluid node x¢, is not
known. To complete the subsequent streaming step,
f#(xp, 7) is needed since it exactly gives f3(x¢, ¢ + 67) after
streaming. A popular approach is to employ the bounce-
back scheme [85,86]. In this scheme, the momentum
from the incoming particle, fx(xf, t)e,, is bounced back
in the opposite direction after the particle hits the wall.
For a stationary wall, it is equivalent to setting
f,;(xb, ?) :f',,(xf, t). For a moving wall, a certain amount

of momentum should be added to the bounced particle.
This results in

N o 3
Sa(xo, 0) = folxe, 1) + zwzxﬂwc—z €5 - Uy

for the bounce-back scheme with a moving wall where
py 1s the fluid density at the wall. Ladd [52,53] had
shown that second-order accuracy for the non-slip
condition can be achieved if the wall is placed in the
middle of the lattice nodes, i.e. 4 = % Usually, it requires
that the curved solid wall be approximated as a series of
stair steps in this treatment.

Filippova and Hénel [83] developed a curved bound-
ary treatment using Taylor series expansion in both
space and time for f, near the wall. This boundary
condition satisfies the no-slip condition to the second
order in dx and preserves the geometrical integrity of the
wall boundary. In addition, two other boundary
treatments for curved wall, one by Mei et al. [§7] and
the other by Bouzidi et al. [88] have also been proposed.
All of those methods need to treat the boundary
condition separately for A<} and A>1 This will
potentially cause abrupt change in f when 4 changes
from smaller than § to larger than ! in dealing with
curved boundaries. A unified scheme for curved wall was
recently developed by Yu et al. [§9].

The bounce-back scheme for the solid wall has been
directly extended to treat the inlet boundary when the
inlet velocity is given [85,90-92]. While such a treatment
is a straightforward extension of the solid wall condi-
tion, it also creates a mechanism for the pressure waves
from the interior of the computational domain to
interact with the inlet boundary and reflect back.
Because the pressure wave propagation is typically of
an inviscid nature, depending on the nonlinearity and
complexity of the specific problem, this may provoke
computational instability or prevent the spatial wiggles
from being dissipated quickly during the course of
computation. It is desirable to employ a suitable
boundary condition for f,’s which can reduce the
interaction at the inlet boundary. Such an inlet
condition has been recently proposed by Yu [116].

1.2.4. Numerical stability and dispersion

Computational stability and dispersion are major
issues in many fluid dynamics computations. The
simplest LBE is based on the BGK model, which
involves the SRT approximation. In contrast to the SRT
approximation, the multi-relaxation-time (MRT) (also
called generalized) LBE method has been proposed by
d’Humiéres [30] and examined more recently by
Lallemand and Luo [93]. The basic idea is that in the
SRT model, the bulk and shear viscosities are both
determined by the same relaxation time. The MRT
model attempts to relax different modes with different
relaxation times so that the bulk and shear viscosities
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can be determined by different relaxation times and
adjusted independently. In LBE computations spurious
pressure waves are often generated because of poor
initial condition or geometric singularity. Large bulk
viscosity can help dampen such spurious waves [94]
while maintaining the low shear viscosity, and thus
improve the accuracy of the unsteady solution or the
convergence toward steady state. However, there is little
difference in the performances on the high wave-number
range as suggested by the theoretical analysis in
Lallemand and Luo [93]. Computationally, a key
question is whether the MRT model can improve the
numerical stability via reducing the dispersion errors (or
wiggles) without increasing the computational cost. Mei
et al. examined the performance of the 2-D SRT and
MRT models in detail for flows with singularity [95].
The present review offers an updated account of the
technique developed to address the above-mentioned
issues. Both theoretical development and computational
assessment will be highlighted to offer a comprehensive
view of the state-of-the-art. This paper is structured as
follows. In Section 2, methods for evaluating force (drag
and lift) on a body are discussed. Section 3 presents the
concepts related to the multi-block techniques, with
special attention paid to ensure the conservation of mass
and momentum fluxes across the interface between
blocks. In Section 4, suitable boundary treatment
strategies are discussed for irregularly shaped solid
walls. In Section 5, recent progress on open boundary
condition is discussed. In Section 6, a multi-relaxation-
time LBE model is introduced along with the demon-
stration that this model can substantially reduce the
spatial oscillations observed in the high Reynolds
number flow solutions. In Section 7, perspectives
on applying LBE for thermal fluid flows, multi-phase
and multi-component flows, particulate suspensions,
turbulent flows, and micro-flows are offered. Finally,
concluding remarks are provided in Section 8.

2. Force evaluation on a solid body

Fluid—boundary interaction is a key issue in the LBE
method. Fluid force on the curved boundary is a basic
quantity of interest. Proper evaluation of the fluid force
is also essential in assessing various developments in the
LBE method. Since the issue of force evaluation will
show up frequently in the rest of this article, it is
discussed first.

2.1. Stress integration approach

While the momentum exchange method is unique to
the LBE method, the stress integration on a curved
surface has been widely used in the NS equation-
based solvers. He and Doolen [79] evaluated the force

by integrating the total stresses on the surface of
the cylinder:

F = / ii- [pI + po(Vu + (Vu)")] dA. 17

In their study, a body-fitted coordinate system
together with grid stretching was used such that a large
number of nodes can be placed near the body to
accurately compute the velocity gradient Va. In general,
since # is not the primary variable in the LBE
simulations and the evaluation of u using Eq. (7) based
on f,’s suffers the loss of accuracy due to the round-off
errors, the evaluation of the gradient can result in
further degradation of the accuracy. Filippova and
Hénel [83] used a similar integration scheme to obtain
the dynamic force on the body for the force on a circular
cylinder except that the deviatoric stresses were eval-
uated using the non-equilibrium part of the particle
distribution function (see Eq.(19) below). However,
since the Cartesian grid was used, the stress vectors on
the surface of the body (with arbitrary 4) had to be
computed through an extrapolation procedure. This can
lead to further loss of accuracy for finite lattice size dx
when the shear layer near the wall is not sufficiently
resolved.

In Eq.(17), the pressure p can be easily evaluated
using Eq. (8). For D2Q9 and D3Q19 models ¢Z =1 so
that p = p/3. The deviatoric stress for incompressible
flow

T = pv(Viw; + Vu;) (18)

can be evaluated using the non-equilibrium part of the
distribution function as

1 8
o = (1 _ 5) > Wi~ 060

1
X (em-ex_,- — zex . eaéi,) . (19)

In the above, f, — f©? is the non-equilibrium part,
fed | of particle distribution function f,. If the surface
stress integration method is to be used, Eq. (19) is clearly
superior to Eq. (18).

In a study by Mei et al. [96], the variation of the
pressure on the surface of a circular cylinder at finite
Reynolds number was examined in order to gain an
insight into the method of surface stress integration. The
computation was carried out using the LBE method for
flow over a column of cylinders. Fig. 3 shows the
pressure coefficient, C, = 2(p—p..)/(pU?), where p, is
the far upstream pressure, on the surface obtained by
using a second-order extrapolation in the LBE simula-
tion. The 3-D multi-block, body-fitted coordinates, and
pressure-based Navier—Stokes solver [97-99] with a
much finer resolution: 201 points around the cylinder
and the smallest grid size along the radial direction ér =
0.026 (relative to the radius r = 1) were used. It gave
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o ke e ea b b aa la i

0° 90° 180° 270° 360°
4

Fig. 3. Distribution of the pressure coefficient CP on the
surface of a 2-D circular cylinder of radius r = 6.6, and center-
to-center distance H /r = 20. The stagnation point is located at
0 = 180°. The LBE result denoted by symbol X is obtained
with 7 = 0.6 and Re = 40. The solid line is the result obtained
by using a 3-D multi-block, body-fitted grid, and pressure-
based NS solver with a much finer resolution [96].

smoother pressure variation than the LBE result with
a Cartesian grid of coarser resolution. Nevertheless, the
LBE solution still essentially agrees with the NS
solution. The components of the deviatoric stress tensor
show a similar, noisy pattern. It is not clear how the
noise in the pressure and stresses affect the accuracy of
the fluid dynamic force in the stress integration method.
While the programming in the extrapolation and
integration is manageable in 2-D cases, it is rather
tedious in 3-D cases.

2.2. Momentum exchange approach

Instead of the stress integration method, Ladd [53]
used the momentum exchange method to compute the
fluid force on a sphere in suspension flow. In the flow
simulation using the bounce-back boundary condition,
the body is effectively replaced by a series of stairs. Each
segment on the surface has an area of unity for a cubic
lattice. The force on each link (halfway between fluid
lattices at x; and solid lattice at x, = (x; + e,01); see
Fig. 2 for the definitions of x¢ and xp) results from the
momentum exchange (per unit time) between two
opposing directions of the neighboring lattices,
[eyjf}(xb, ) — eaf;(xf = xp, + e;0t, 1)]ox/dt. The total
force acting on a solid body by fluid is obtained as

Nq
F= Z Zea‘[f?a(xb, 1)+ fa(xp + €501, 1)]

all x, a=1
x [1 — w(xp + €7)]0x/0t, (20)

where Ny is the number of non-zero lattice velocity
vectors and w(xy, + ez) is an indicator, which is 0 at x¢
and 1 at xp. This indicator is used in Eq. (20) for
illustration purpose and the actual computation does
not need to involve w(xp + ez). The inner summation

calculates the momentum exchange between a solid node
at xp and all possible neighboring fluid nodes around
that solid node. The outer summation calculates the
force contributed by all boundary nodes x,. Eq. (20) is
applicable for both 2-D and 3-D LBE models. Whereas
the momentum exchange method is easy to implement
computationally, its accuracy for a curved boundary has
not been systematically studied previously.

2.3. Comparison of two force evaluation approaches

The momentum exchange method was proposed for
the case with 4 =% at every boundary intersection xy,.
Whether this scheme can be applied to the case with
A ;é% when, for example, the geometry is not straight,
needs to be investigated. Furthermore, as in the case of
stress integration method, the resolution near a solid
body is often insufficient and the profiles of the near wall
flow variables can be noisy.

Mei et al. [96] compared the performance of two force
valuation schemes. In their study, flows over a column
of cylinders (2-D) and over a sphere (3-D) were
simulated. On the surface of solid body, a second-order
curved boundary treatment was used [87]. For a uniform
flow over a column of circular cylinders of radius r with
center-to-center distance denoted by H (see the left part
of Fig. 5), symmetry conditions for f,’s are imposed at
y = +H/2. Details of flow field simulations can be
found in Mei et al. [87]. The Reynolds number is defined
by the diameter of the cylinder d as Re = Ud /v, where U
is the uniform velocity at the inlet. The drag coefficient
over a circular cylinder of radius r is defined as

_ A
pU?r

Cp @n

Fig. 4a compares Cp obtained from momentum
exchange method, surface stress integration, and finite
difference result of Fornberg [100] using a vorticity-
stream function formulation at Re = 100, H /r = 20, for
r ranging from 2.8 to 13.2. For r > 8, both momentum
exchange and the stress integration give satisfactory
results for Cp in comparison with the value of 1.248
given by Fornberg [100]. The small difference in Cp
could be due to the fact that in Fornberg’s study, the
computational domain in downstream direction is about
10 times larger than that adopted by Mei et al. [96]. This
adds credence to the validity of using momentum
exchange evaluating the total force on a curved body.
The values of Cp from the momentum exchange method
have less scattering than those from the stress integra-
tion. Accepting an error of less than 5%, reliable data
for Cp can be obtained, using the momentum exchange
method, for » > 5. That is, 10 lattices cross the diameter
of the cylinder are necessary to obtain reliable values of
the force. This is consistent with the finding of Ladd [53].
In the range of 5<r<7, the stress integration method
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gives more scattered result than the method of
momentum exchange. For smaller radius, i.e., insuffi-
cient lattice resolution, while both methods give poor
results, the stress integration yields much larger errors.
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Fig. 4. Drag coefficient for a uniform flow over a column of
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Fig. 4b compares Cp obtained from the methods of
momentum exchange and stress integration for Re = 10.
The momentum exchange method seems to give a
converged result for r>8 with an average value of
Cp ~3.356. In contrast, the stress integration method
has a larger scattering than momentum exchange
method. Averaging over the result for r > 8, the stress
integration gives Cp~3.319. The difference between
converged results of two methods is about 1%. For r less
than or around 5, the scattering in Cp from the stress
integration method is much larger than that in the
momentum exchange method. The conclusions from the
comparisons in Fig. 4 are as follows: (i) both methods
for force evaluation can give accurate results; (ii) the
momentum exchange method gives more consistent drag
estimates; (iii) in the range of 10 < Re< 100, a resolution
of 10 lattices across the diameter of the cylinder is
needed in order to obtain reliable drag values.

In the steady uniform flow over a sphere simulation,
to limit the computational effort, a finite domain:
—H/2<y<H/2 and —H/2<z<H/2 with H/r=10
was used to compute the flow over a sphere of radius r
(Fig. 5) [101]. Two cases were considered. One was to
simulate an unbounded flow over the sphere. The other
was to simulate flow over a planer array of sphere (all
located at x = 0) with the center of the spheres forming
square lattices.

For flow over a sphere, the drag coefficient is often
expressed as

_ —F. 24
7%pU27tr27Re

—F,

C =—
b 6rnuUr

¢ or ¢ (22)

where ¢ accounts for the non-Stokesian effect of the
drag. For two types of the boundary conditions at (y =
+H/2,z=+H/2), ¢g is used to denote the non-
Stokesian correction for the case where the symmetry
conditions are imposed at (y = + H/2,z = + H/2) and
¢dunp 18 used to denote the results for the case where the

cylinders over a range of radius r (a) Re = 100 and (b) Re = 10
[96]. For Re = 100, Benchmark solution was given by Fornberg

[100].

model was used.

Fig. 5. Schematic for uniform flow over a sphere.

extrapolation for f;’s isused at (y = + H/2,z = + H/2)
in order to simulate the unbounded flow. The D3Q19

outer boundary
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Fig. 6. Variation of the non-Stokesian correction factor with
sphere radius at Re = 10 [96]. (a) Flow over a single sphere in
an unbounded field [96]. (b) Flow over a planer array of
spheres. Data are from the LBE simulations.

Fig. 6a shows the non-Stokesian coefficient ¢, for
r=23.0,3.2,3.4,3.6,3.8,4.0,5.1,52,5.4, 5.6 and 5.8 for
H/r =10 at Re = 10. The relaxation time is t = 0.7. In
this range, the number of the boundary nodes on the
surface of the sphere increases roughly by a factor of
(5.8/3)* ~ 3.74; the actual counts of the boundary nodes
X}, gives a ratio 2370/546=4.35. The largest difference is
1.9% between r =3.0 and 3.2 which have the least
resolution in the series investigated. For a uniform flow
over an unbounded sphere, an independent computation
using a finite difference method based on the vorticity-
stream function formulation with high resolution gave a
non-Stokesian coefficient ¢~1.7986 at Re = 10. The
largest difference between this result and the LBE results
is 1.36% at r=3.2. If the LBE data for the drag is
averaged over the range of r, one obtains ¢~ 1.8086
which differs from 1.7986 by 0.54%. Hence, the LBE
solutions based on r = 3.0 — 5.8 give quite consistent
drag force.

Fig. 6b shows the non-Stokesian correction factor
¢sym for a uniform flow over a planar array of spheres
for r=3.0-58 for H/r=10 and Re=10. It is
important to note that with the improvement of the
surface resolution by a factor of 4.35, there is little
systematic variation in ¢g,,(r). The largest deviation
from the average value, ¢y, 00 ~1.963,1s 1.1% at r =
5.0. It is clear that the LBE solution gives reliable fluid
dynamic force on a sphere at r~ 3.5 for a moderate value
of Re. The set of data for ¢, is inherently more
consistent than that for ¢, since the symmetry
boundary condition can be exactly specified at (y =
+H/2,z =+ H/2) while the extrapolation conditions
do not guarantee the free stream condition at (y =
+H/2,z=+H/2). Yet, both ¢, and ¢y, exhibit
remarkable self-consistency from coarse to not-so-
coarse resolutions.

In summary, the momentum exchange method is very
simple to implement. In 2-D and 3-D flows over a bluff
body, it can give reliable values when there are at least
10 lattices across the body at Re~100. The method of
integrating the stresses on the surface of the body gives
similar result when there is sufficient resolution but a
much larger uncertainty exists when the resolution is
limited in comparison with the method of momentum
exchange. In addition, this method requires considerably
more efforts in implementing the extrapolation and
integration on the body surface in comparison with the
method of momentum exchange. The method of
momentum exchange is thus recommended for force
evaluation on curved bodies.

3. Local grid refinement and multi-block methods

To enhance the numerical efficiency and accuracy, the
non-uniform grid has been introduced into the LBE
method. He et al. [82] solved the discretized, two-step
LBE Eq. (10) on non-uniform grid. In their method,
both the evaluation of the physical variables and the
relaxation step were carried out at the grid points. The
streaming step, Eq. (10b), carries f,’s to non-grid points.
A spatial interpolation was supplemented to obtain the
post-streaming f,’s to the grid points. As shown in
Lallemand and Luo [93], this interpolation may
introduce extra numerical diffusion. Mei and Shyy [45]
employed curvilinear coordinate system to solve the
DVM Egq. (2) using a finite difference formulation. In
the work of Tolke et al. [46], the DVM was also solved
in finite difference form and a grid refinement procedure
was developed. Kandhai et al. [47] proposed a multiply
nested lattice strategy to solve the DVM in finite
difference form. Bouzidi et al. [102] presented a 2-D
rectangular lattice model in an attempt to achieve an
arbitrary grid aspect ration in the LBE method.
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3.1. Local grid refinement scheme and interface
information exchange

Filippova and Hénel [83] proposed a local refinement
method for solving Eq. (9) so that the advantage of LBE
method can mostly be retained. In their method, patches
of fine grids were used in certain regions, for examples,
around a solid body. The simulation was first carried out
on the coarse grid level with a smaller relaxation time,
allowing a rapid propagation of boundary information
throughout the entire domain. At a later time, the
computation on the fine grid variables was initiated. The
dependent variables on both grid levels were, then,
advanced in time simultaneously with the fine grid
boundary conditions obtained from the base grid
solution at the grid interface.

In transferring information among various blocks of
different lattice size, proper rescaling of f,’s is essential
in order to satisfy the conservation of mass and
momentum and continuity of stresses across the inter-
face joining two grid systems. The interface information
exchange schemes derived by Filippova and Hénel [83]
are described below.

For a given lattice size dx, the viscosity of the fluid is

v = (21 — 1)dxc/6. (23)

In order to keep a consistent viscosity, and thus Re, in
the entire flow field involving different lattice sizes, the
relation between relaxation times, t¢, on the fine grid of
grid size dxg, and 1., on the coarse grid of grid size dx.,
must obey the following rule:

=%+m(rcf%>, 24
where m = 0x./0x¢ is the grid size ratio. To keep the
variables and their derivatives continuous across an
interface between two different grids, a consistent and
accurate relationship for f,’s in the neighboring blocks
were developed as

Fc e -1 e
T l[f“’ =10, (25)

. ]FEC) f(eq T B [f(C) f;eq,C)]. (26)

(c)

A flow over an asymmetrically placed cylinder in the
channel [103] was calculated with the grid refinement

around the cylinder by Filippova and Hénel [83]. Fig. 7
shows an instantaneous pressure contour. Fig. 8
compares the drag and lift coefficients, Cp = Fy/p O?r
and Cp = F,/pUPr, in which F, and F, are the x- and y-
components of the force on the cylinder, U is the average
inlet velocity, and r is the radius of cylinder, obtained
using both the bounce-back and their curved boundary
condition with results given by Schifer and Turek
[103]. Lin and Lai [104] applied the method of
Filippova and Hénel to the 2-D lid-driven cavity flow
and showed that this method can improve the efficiency
in computation.

3.2. Multi-block method

Yu et al. [84] applied the multi-block technique to the
LBE method. In this method, flow field is divided into
blocks. In each block, the grid spacing is uniform with
desired resolution. In this multi-block method, the
different grid size blocks are not overlapped between
each other, and blocks are connected only thorough
interface so that this method is different from the grid
refinement method. The interface information exchange
scheme given by Eqgs. (25) and (26) is used. Furthermore,
a systematic effort has been made to evaluate the
performance of the multi-block method, including both
accuracy and efficiency aspects with emphasis on the
conservative properties across the interface and block-
to-block coupling. In what follows, key elements in the
interface treatment will be highlighted and results
regarding the conservation laws on the interface are
reviewed.

The typical interface structure is shown in Fig. 9. The
line MN is the fine grid block boundary, while the line
AB is the coarse grid block boundary. The coarse block
boundary is in the interior of the fine block, and the fine
block boundary is in the interior of the coarse block.
This arrangement of the interface is convenient for the
information exchange between two neighboring blocks.
For example, grid Q is an interior lattice node of the
coarse block. After the collision step, the values of
incoming distribution functions />(#"*!, Xp), f3(#"*", Xg)
and f~4(t”+1,XF) from boundary nodes D, E, and F,
respectively, are needed in order to obtain

S XQ), £, Xo) and fi(#71, Xq) at the end of

NN NI/ ¢
INYN\/

50 100

150

Fig. 7. Unsteady flow around a cylinder at Re = 100: instantaneous isobars computed by Filippova and Hénel [83] using local grid

refinement technique.
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Fig. 9. Interface structure between two blocks of different lattice spacing [84].

steaming  step since other components of
S, Xq), (0 = 1,5,6,7,8) are obtained from advect-
ing the neighboring post-collision values of £, in the
interior nodes of the coarse block. For the same reason,
the fine block boundary MN is located in the interior of
the coarse block. However, on the fine block boundary
MN, there is no information on the nodes denoted by
the solid symbol @ in Fig. 9; it needs be obtained
through spatial interpolation based on the information
at the nodes denoted by the open symbol O on MN. To
eliminate the possibility of asymmetry caused by
interpolations, a symmetric, cubic spline fitting is used
for spatial interpolation of f, on the fine block

boundary,

F) =a;+ bix + ¢ + dix’,
X1 <x<x;, i=1,...,n 27)

where the constants («;, b;, ¢;, d;) are determined by using
the continuity of the nodal conditions of f,f’,f” and
suitable end conditions (such as zero second derivative
for f). Yu et al. [84] reported that it is important to
maintain the spatial symmetry and high-order accuracy
in the interpolation along the interface. Otherwise the
numerical error in this process will cause artificial
asymmetry and lead to excessive numerical viscosity.
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It is noted that in addition to the spatial interpolation,
there is a need for temporal interpolation on all nodes
at the fine block boundary MN in order to obtain
quantities such as f,(#"*'/2MN). A three-point
Lagrangian interpolation formula can be used [84].

3.3. Assessment of interface conservation in multi-block
method

The lid-drive cavity flow has been extensively used as
a benchmark solution to test the accuracy of a numerical

129*129 A 129*129

65*33

i25°e7

Fig. 10. Block layout for a 2-D cavity. Lattice spacing is
reduced by a factor of 8 for graphical clarity [84].

0 50 100

Fig. 11. Streamlines in the cavity flow at Re = 100 [84].

method. In this flow, two singular points at the upper
corners of the lid require high resolution to obtain
satisfactory stress distribution near the corner points. To
assess the accuracy of the LBE results, the benchmark
solutions by Ghia et al. [105] were also used by Yu et al.
[84] for direct comparisons.

The computations were carried out using (i) a single-
block with uniform lattice (129 x 129) with the walls
placed halfway between lattices, and (ii) a multi-block
whose layout is shown in Fig. 10. For the multi-block
case, in the two upper corner regions, the grid resolution
is increased by a factor of 4 comparing with the single-
block case. For Re =100, the streamlines shown in
Fig. 11 were obtained from the single-block solution
and the pattern is not discernable from those of the
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Fig. 12. Comparison of velocity between results of single-
block, multi-block [84] and result of Ghia et al. [105].
(a) Comparison of u-velocity along the vertical line through
geometric center and (b) comparison of v-velocity along the
horizontal line through geometric center.
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multi-block solution. The positions of the centers of the
primary vortices are (0.6154, 0.7391) and (0.6172,
0.7390) for uniform grid and multi-block solutions,
respectively, compared well with the value (0.6172,
0.7344) from Ghia et al. [105]. The u- and v-components
of the velocity along the vertical line and horizontal line
through the geometry center are shown in Figs. 12a and
b, respectively. It is seen that while the single-block
method with 129 x 129 lattices can capture most of

Fig. 13. Pressure contours in the cavity flow from the single-
block LBE simulation [84].
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Fig. 14. Pressure contours in the cavity from multi-block LBE
solution [84] (for the circled region, see Fig. 15).

physical variables satisfactorily, the multi-block method
can improve the quality of the solution. Fig. 13 shows
the pressure contour from the single-block computation.
Because of the singularity at the upper corners, the
density contours exhibit noticeable oscillations due to
the insufficient resolution near singularities. Fig. 14
shows the pressure contours obtained from the multi-
block solution. Significant improvement in the smooth-
ness of the solution for the pressure field over that of the
single-block solution is observed.

In an NS solver for incompressible flows, because of
the decoupling of thermodynamic pressure and velocity
field, it is important to maintain the mass conservation
of the entire flow domain. This issue becomes critical
when the multi-block method is used [97]. Also for
incompressible flows, the pressure is arbitrary up to a
constant. Hence, coupling the pressure term while
maintaining the mass flux conservation is very impor-
tant. Generally speaking, it is difficult to maintain
simultaneously the continuity of mass, momentum, and
stresses across the interface between neighboring blocks
because interpolations are applied to each dependent
variable. In the multi-block LBE method, the conti-
nuities of mass and stresses are ensured through the use
of Egs. (25) and (26). The most important point is that
interpolations are only applied to f,’s along the inter-
face and this automatically ensures the consistency in
the transfer of various flux terms across the interface.

To validate the above arguments, pressure and shear
stress near the block interfaces were examined. Fig. 15
shows a local, enlarged view of the pressure contour
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Fig. 15. Enlarged view of pressure contour in the circled region
in Fig. 14 near the intersection of three blocks. The figure
demonstrates that the block interface and corner are well
handled [84].
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around an interface corner point indicated by the circle
in Fig. 14. Clearly, the pressure is smooth across the
interface with the coarse-to-fine grid size ratio of m = 4.
Fig. 16 shows the contours of shear stress. It is seen that
these physical quantities are all smooth across the
interface.

The NACA airfoils have been used extensively for
numerical scheme evaluation. Flow fields at Re = 500,
1000, 2000, and 5000 were computed for NACA0012
airfoil by Yu et al. [84] with the multi-block LBE
scheme. Fig. 17 shows the entire computational domain
and the schematic of the multi-block arrangement.
Fig. 18 compares the drag coefficient Cp between the
LBE simulation and those calculated from Xfoil which is
a coupled inviscid and boundary layer flow solver [106].
These two sets of results agree with each other very well
for the range of Reynolds numbers investigated.

It is also noted that at Re = 500, the value of Cp =
0.1761 compared well with the results reported by

Fig. 16. Shear stress contour. Solid and dash lines represent
positive and negative values, respectively [84].

600

Lockard et al. [107]: Cp = 0.1762 obtained using an
NS equation-based solver, and Cp = 0.1717 using the
Powerflow code developed by EXA Corporation, which
was based on the LBE method [107]. In addition, the
multi-block simulation for the symmetrical flow at Re =
500 gave a lift coefficient of |Cp|<6 x 107'*. Lockard
et al. [107] reported Cp = 1.15x 1077 using an NS
equation-solver and Cp = 2.27x107* using EXA’s
Powerflow code. This indicated that the multi-block
method can preserve the symmetry very well.

It is worth pointing out that there is a significant
saving in the computational cost using the multi-block
method in LBE simulations. There were three different
sizes of grids used for the NACAO0012 airfoil simulation.
There were 1025 x 129=132225 fine grids, 93200
intermediate grids with m = 4, and 139 628 coarse grids
(with m =8 in reference to the finest grids) with a
total of about 3.6 x 10° grids in the entire domain.
If the fine grid system were used in the entire domain,
the number of the grids would be N, x N, =
5698 x 1153~6.57 x 10° which is 18 times more than
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Fig. 18. Comparison of Cp between the multi-block simulation
and Xfoil [106] calculation as a function of Re for flow over
NACAO0012 airfoil. The straight line is the slope according to
the laminar boundary layer theory [84].
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Fig. 17. Block and lattice layout for flow over NACA 0012. The lattice spacing is reduced by a factor of 32 for graphical clarity [84].
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in the multi-block case. This represents a saving of 18
times in the memory. Furthermore, since 67 = dx = oy
in the LBE simulation, one time step in the coarsest grid
system (m = 8) requires two time steps in the inter-
mediate grid blocks and eight steps in the finest grid
blocks. The ratio of the computational efforts required
to carry out a single-block simulations to that for a
multi-block simulation for a given period of physical
time would be

6.57 x 10° x 8
(132225 x 8 +93200 x 2 + 139 628)

Clearly, more saving can be achieved if more blocks of
different sizes were used.

In summary, the local grid refinement and multi-block
are promising methods to increase the computational
efficiency of LBE method. It is important to maintain
the accuracy in interface exchange of information to
ensure the mass conservation and stress continuity
between neighboring blocks. With efficiency aspects
greatly improved, there is a significant potential for the
multi-block strategy in the LBE method for practical
flow problems.

38.

4. Solid boundary treatments

Chronologically, LBE method was evolved from the
LGA method [19-22]. In dealing with straight walls, the
bounce-back condition was proposed in conjunction
with the LGA method [108,109]. Curved walls were
treated as a series of steps. This method has been
extensively used in LBE simulation [85,86]. Only more
recently, efforts have been made to preserve the
geometric integrity [83,87-89] of the curved walls which
is important in simulating high Reynolds flows.

4.1. Boundary conditions for straight walls

The bounce-back condition is very simple, efficient
and easy to implement. In the standard bounce-back
scheme, which is also called bounce-back at nodes
scheme, the wall is placed at the lattice nodes, i.e. x, =
xy and 4 =1 in Fig. 2. However, the precise location
where the flow boundary conditions are satisfied (up to
2nd order accuracy) is not at a lattice node in general
[92]. This is one of major differences between the LBE
method and NS solvers and it deserves attention. Ziegler
[85] made an improvement to the bounce-back at node
scheme. After streaming, f,(x,) is known while fz(xp) is
not. After setting f3(xp) = f,(xp) on the wall (for the no-
slip condition), an additional collision is then carried out
at xp to yield fi(xb,t). This additional collision was
responsible for the improved accuracy. In simulating
suspension flow, Ladd [53] placed the wall halfway
between the nodes, which is referred to as bounce-back

at link scheme. In doing so, the additional collision in
Ziegler’s scheme is avoided. It has been shown that this
treatment has the second-order accuracy for straight
walls.

Noble et al. [110] presented an improved boundary
condition for 2-D hexagonal lattice. The hydrodynamic
conditions, velocity and density at wall, were used to
derived boundary condition for f,’s so that it can
guarantee the no-slip condition. Inamuro et al. [111] and
Maier et al. [112] subsequently presented similar
schemes for square lattice to reduce the wall-slip
velocity. Chen et al. [113] placed the wall at the lattice
nodes and used extrapolation of f, on the fluid side to
obtain f, at x,. To solve f,’s which can satisfy
hydrodynamic conditions at boundary nodes for D2Q9
and D2Q15 models, Zou and He [114] placed wall at
nodes and extended the bounce-back scheme to the non-
equilibrium part of distribution function (see Section 5
for further information). He et al. [115] proved that
bounce-back on the link scheme had second-order
accuracy for no-slip condition on the wall in a channel
flow using an analytical solution.

All the boundary treatments mentioned above model
a curved wall as zig-zag steps, which results in geometric
discontinuities and affect the computational accuracy.
This error worsens when Re increases.

4.2. Second-order accuracy models for curved walls

Filippova and Hénel [83] presented a curved bound-
ary condition which, for the first time, provided a
second-order accurate treatment for a curved solid wall.
To improve the numerical stability, Mei et al. [87]
presented an improved curved boundary condition
based on the scheme of Filippova and Hénel. Bouzidi
et al. [88] proposed a different but simple boundary
condition for curved wall based on interpolation and the
bounce-back scheme. Recently, Yu et al. [89] proposed a
unified solid wall boundary condition based on inter-
polation and the balance of momentum on the wall.
These four treatments for boundary conditions will be
highlighted with more details on the unified solid
boundary condition proposed by Yu et al. [89].

To construct f~ #(xp, 1) based upon known information
in the surrounding fluid nodes, Filippova and Hénel [83]
proposed the following linear interpolation:

Faan.) = (1= 0f axe D)+ 13 (X6, 1)
3
+ ZWW,zeay-uw (28)
with

(% 3
SO, 1) = Wy (xp, 1) {1 + e tor

9 2
— (e, - cup|. 2
+264(e up)“up uf] (29)
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In the above, ur = u(xy, t) is the fluid velocity near the
wall and uyr is to be chosen.

oy =4 — Dug/A +uy/4 and y=Q24- 1)/t
for 4>1/2, (30a)

GA-D gt (30b)

Upr = Up and 1= ﬁ 3

This scheme was used in the simulation of flow over
asymmetrically placed cylinder in the channel flow (see
Fig. 8 for a typical result).

Mei et al. [87] suggested using different nodes to
obtain f,—(xb, t) when A4<0.5. The purpose was to
improve the numerical stability over Filippova and
Hénel’s scheme. Thus, Eq. (30b) was replaced by

@A-D A<1, (31

Unr — Ut and X = m )

where wug = u(xr + e,0t) is the fluid velocity at the ff
node in Fig. 2.

A channel flow was used to illustrate the stability
characteristics of the Filippova and Hénel’s boundary
condition, Eq.(30b), and the condition given by
Eq. (31). As shown in Figs. 19 and 20, the stability of
the boundary treatment by Mei et al. [87] was improved
over the original Filippova and Hénel’s scheme.

Bouzidi et al. [88] presented a simpler boundary
condition based on the bounce-back for the wall located
at arbitrary position. In their work, both linear scheme
and the quadratic schemes were given to obtain f3(x¢, ¢ +
1) which is equivalent to f3(xp,?). The linear version
was as follows:

X 1 - 24 —1»
Ja(xe, t + 61) —ﬂfu(xfs 1+ Tfi(xf; ]

for 4> % (32a)

T
POO O O O O OQ+++ + + + + + +

+
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Fig. 19. Regions of stability and instability in the LBE
computation for fully developed 2-D channel flow using
Filippova and Hénel’s boundary condition [83], for 4 <% [87].

Jalxr, £ 4 00) =2AF 4 (xp, 1) + (1 — 24)f o(xp, —e,01, 1)
for A <%. (32b)

In the above, we note that x; — e,d¢ is at the ff node in
Fig. 2. They computed flow over a 2-D periodical array
of cylinders and reported the second-order convergent
results for the inverse of the permeability, O, shown in
Fig. 21.

The above three boundary condition treatments all
have second-order accuracy for curved boundary. The
difference is that the first two need to construct
a fictitious fluid point inside the solid wall, and perform
a collision step at that node, while the scheme of Bouzidi
et al. only requires the known values of f, on the fluid
side and no additional collision is required. It is

- 1.0 + + + + + + + + + 4+
+ + + + + + + + + o
+ + + + + + + + P
0.5 -
+ stable
© unstable
0.0
0.0 0.1 0.2 0.3 04 05
A

Fig. 20. Regions of stability and instability in the LBE
computation for fully developed 2-D channel flow using the
boundary condition of Mei et al. [87], for 4 <%.
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Fig. 21. Convergence of the factor Q computed by LBE with
Bouzidi et al.’s quadratic ([J) and linear interpolation ( X ) vs.
computational domain size. In the simulation, the fraction of
volume occupied by cylinders is kept constant [88]. Courtesy of
P. Lallemand.



346 D. Yu et al. | Progress in Aerospace Sciences 39 (2003) 329-367

emphasized that all three methods need to treat the
boundary condition separately for 4<0.5 and 4 >0.5.

In the scheme by Yu et al. [89], a single interpolation
was used for both 4<0.5 and 4>0.5 Referring to
Fig. 2, after the streaming step, fz(x¢, t + 07) for (& = 4 in
this example) is needed while f,(xy, ¢ + 0¢) and f,(x¢,  +
ot) are known. Using a linear interpolation, f,(xy, ¢ + 0f)
(for o = 8) can be easily found as

Ja(xw, t + 1) =fy(x¢, t + 51) + Alfu(xp, t + O1)
— fulxg, t + O0)]. (33)

To ensure the no-slip condition (#,, = 0) on the wall,
considering the momentum balance in the direction of
ey, we set

Sa(xw, t 4+ 0t) = fu(xy, t + O1). 34

Using fz(xy, t + 1) and fi(xf + eg, t + 01), fo(x¢, t + 1)
can be obtained using a linear interpolation:

Joon) = e+ e e~ il G9)

This simple, unified formula for the boundary
condition is valid for both 4>0.5 and 4<0.5. One can
easily extend the above linear formula to a quadratic or
higher-order scheme using a higher-order interpolation.

For non-zero wall velocity u,, it can be easily
incorporated into the unified formulation by adding an
additional momentum to f3(xy, ¢ + 6¢) given in Eq. (34)
as

3
fi(xw, t + 6t) = fo(xw, t + 01) + Z‘Voc/)wg ey - Uy, (36)

where p,, is the fluid density at the wall which can be
obtained by using suitable extrapolation from the
nearby fluid nodes. To avoid computational instability,
we simply set p = p(xy) since we are dealing with nearly
incompressible flows.
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Fig. 22. Lattice distribution in channel flow simulations with
arbitrary 4.
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Fig. 23. Quadratic convergence of the wall-slip velocity using
the boundary conditions of Yu et al. [89] in constant pressure-
driven channel flow.

A Poiseuille flow (see Fig. 22) was used to illustrate
the accuracy of the scheme by Yu et al. [89]. This flow is
driven by a body force acting as a constant pressure
gradient Vp along the x—direction [115]. To assess the
computational error of the LBE solution of the velocity,
ur (), the following relative Ly-norm error is defined:

/
{fOH[uLBE(V) - uexact(y)]z dy}l ’

) = H = (37)
" a1y

The periodic boundary condition for f,’s was used at
the left and right boundaries of the computational
domain. At the lower and upper walls, three wall
boundary conditions were used: (i) Filippova and
Hénel’s method, (ii) the method of Bouzidi et al., and
(iii) the method of Yu et al. given by Eq. (35).

The wall-slip velocity wuy = ux(y = 0) is evaluated
using a second-order extrapolation based on uy(y =
A),ux(y = 1+ 4) and ux(y = 2 + 4). Here it is supposed
that the velocity profile of the solution is parabolic so
that this second-order extrapolation is adequate. Since
the true wall velocity in the pressure-driven channel flow
is exactly zero, the wall-slip velocity u, provides a
measure of the accuracy for the treatment of the wall
velocity. Fig. 23 shows the dependence of wall-slip
velocity to the H (or the grid resolution H~'). Here u, is
normalized by the centerline velocity

H? dp

Umax =

The second-order convergence of u, with increasing
H is observed clearly in Fig. 23 for 4 = 0.01, 0.5, and
0.99. It is worth noting that the magnitude of error of
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Fig. 24. Dependence of relative Ly-norm error for the boundary conditions of Yu et al. [§9] on the lattice resolution H in steady-state

pressure-driven channel flow simulations.

the quadratic form given by Yu et al. [89] is much
smaller.

Fig. 24 shows the dependence of the relative L,-norm
error on the channel height H for 4 = 0.01, 0.5, and 0.99
for the method of Yu et al. [89]. The second-order
accuracy is clearly demonstrated in the range of H
investigated.

While the wall-slip velocity u,, can be viewed as an
error in the approximate treatment for the boundary
condition for the distribution function, it can also be
viewed as resulting from the error in locating the wall in
the LBE solution. As shown in Fig. 22, the bottom wall
is supposed to be at a distance of 4 below the j = 2 grid
line. The LBE solution, however, sees the wall at a
distance of 4’ below the j = 2 grid. Using a third-order
polynomial and the velocity values at j = 2, 3,4 and 5 to
fit the velocity profile near the wall, it is found that the
coefficient for the cubic power term is 0; hence, a
parabolic profile is an exact fit. Using the parabolic fit,
the wall position A" can be determined. The difference
(A" — A) can be used as a measure of geometric accuracy
in the LBE solution. Fig. 25 shows the (4’ — 4) as a
function of 1/H for A =0.01, 0.5, and 0.99 using the
present linear scheme. Although graphically not ob-
vious, (4" — A)~ —1/100H~" for A =0.01. Hence,
(4" — A) is proportional to H~' to the leading order.
This asymptotic linear relationship holds also for other
values of t. With the linear scheme of Bouzidi et al., the
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g o1F ©
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Fig. 25. Variation of (4’ — 4) as a function of 1/H for 4 =
0.01, 0.5, and 0.99 using the linear scheme of Yu et al. [89].

linear relationship is also observed and the results for
t = 0.51 are very close to that shown in Fig. 25. Hence,
the non-dimensional geometric error scales with H~2
and H'(A' — A) remains a constant.

As the wall location is altered, the channel height is
also modified to H' = H +2(4'— A). Thus, the
LBE solution actually sets up the following parabolic
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velocity profile:

1 dp
U (V) = “Spvi 2 H'Y). (39)
It is thus instructive to compare the LBE solution with
the above modified exact velocity profile using the
following L,-norm error,

| " 1/2
El2 = ﬁ{[) [uLBE(y) - ulexact(yl)]2 dy/} : (40)

Fig. 26 shows E}, as a function of H for 4 = 0.01, 0.5,
and 0.99. Basically, E} has reached the machine error.
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Fig. 26. Dependence of relative L;-norm error, defined in
Eq. (40), on the lattice resolution H using the linear scheme of
Yu et al. [89] in the steady-state pressure-driven channel flow.
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Fig. 27. Slip wall velocity as a function of 4 using the linear
scheme of Yu et al. [89] and Bouzidi et al.’s [88] linear scheme
for t=0.502, 0.51, 0.6 and 0.8. The value of (1/v)(dp/dx) is
fixed.

With the modified exact velocity profile u;xact(y’), the
slip velocity can be calculated as
dp

! 1
uWNuexact(yl =4 - A) :ﬁ&[H/(A, - A)

—(4' = 4)7]. 1)

Closer examination of the actual values of u, as a
function of H reveals that, for a given set of
(t,dp/dx, A), uy, does not vary with H. Hence,

1 dp

w=-———DB, 42
" 2pvdx “2)

where the coefficient B is a function of (z,dp/dx, 4). This
makes the presentation for the slip velocity much easier
since one set of H is sufficient. Fig. 27 shows the slip
wall velocity as a function of 4 using Yu et al.’s linear
scheme and Bouzidi et al.’s linear scheme for T = 0.502,
0.51, 0.6 and 0.8 while the value of (1/v) (dp/dx) is fixed.
The linear version of these two schemes have very
similar characteristics in terms of accuracy.

It is further noticed that the largest magnitude of the
slip velocity occurs mainly near 4 = 1. This can be
attributed to the fact that the interpolation formula
given by Eq. (35) has the largest error at 4 = 1. Thus to
reduce the wall-slip velocity, the second-order interpola-
tion formula may be used [89]. Fig. 28 shows the wall-
slip velocity as a function of 4 using both quadratic
forms of Yu et al.’s scheme and Bouzidi et al.’s scheme
for © = 0.502, 0.51 and 0.6. Note that for the quadratic
scheme of Yu et al., the slip velocity is amplified by a
factor of 100 for T = 0.502 and by a factor of 10 for
7 =0.51 in order to show all curves on the same scale.
For the low viscosity (tr = 0.502) case, the slip velocity
using Bouzidi et al.’s quadratic scheme is over 100 times
of that using the quadratic formula of Yu et al.

— — — — quad. form of Bouzidi etal. H=12+2A
quad. form of Yu et al.
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Fig. 28. Slip wall velocity as a function of 4 using the quadratic
scheme of Yu et al. and Bouzidi et al. [88] for 7=0.502, 0.51, 0.6
and 0.8. The value of (1/v)(dp/dx) is fixed.
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However, it also needs to be pointed out that for 7>0.6,
not only these two quadratic schemes perform very
similarly, but also there is little difference between the
linear and quadratic versions of the both Bouzidi et al.’s
and Yu et al.’s schemes. Since the high Reynolds number
flow is more difficult to obtain computationally, it is
important to realize that quadratic form of the Yu et al.’s
scheme may result in a much larger improvement in
handling the solid boundary conditions for the large
eddy type of LBE simulations.

Fig. 29 shows the relative error defined by Eq. (37) as
a function of 4 using the method of Yu et al., Filippova
and Hiénel’s method, and method of Bouzidi et al., for
0<4<1. Insimulation T = 0.51 and Vp = —1078. It can
be seen that the linear scheme of Yu et al., linear scheme
of Bouzidi et al., and Filippova and Hénel’s boundary
condition have the same order of error for 0<A<1.
Bouzidi et al.’s quadratic form gives a large range of
error for 0<A<1, from 1077 to 1072, The quadratic
formula of Yu et al. yields a more uniformly distributed
error in the whole range of A. This observation agrees
well with the one obtained by analyzing of wall-slip
velocity. It is interesting to note that the error goes down
when 4 increase for the quadratic formula of Yu et al.,
which is opposite to the trends shown in other boundary
treatments. The linear form of Yu et al. and the linear
form of Bouzidi et al. have very similar characteristics.
Unlike the Filippova and Hénel’s boundary condition,
the boundary conditions of Yu et al. and Bouzidi et al.
suffer from no computational instability for t near 0.5; it
can also handle any value of A4 between 0 and 1. Even for
7 = 0.5001, these two schemes give a correct, converged
result.
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Fig. 29. Relative Lp-norm error as a function of 4 for
boundary conditions of Filippova and Hénel [83], Bouzidi
et al. [88], and Yu et al. [89] in steady-state pressure-driven
channel flow simulations. H# = 12 + 24 in the simulation [89].

Table 1
Comparison of drag coefficient using three boundary treat-
ments

X Linear Quadratic  Filippova Cp
form of form of and (Fornberg
Yu et al. Yu et al. Hiénel’s [100])
scheme
130.0 1.275 1.247 1.271 1.248
130.2 1.290 1.251 1.274

A uniform flow over a column of circular cylinders
was simulated by Yu et al. [89] to evaluate the
performance of the unified boundary treatment along
with Filippova and Hénel’s boundary condition on
curved boundary. Reynolds number is 100 based on the
diameter of the cylinder and inlet velocity. The drag
coefficient was calculated using the momentum ex-
change method for both boundary treatments with two
different cylinder center positions: (x., y.) = (130.0, 65.0)
and (130.2, 65.0) lattice unit. Different positions of the
cylinder center give different values of A.

Table 1 shows the results of drag coefficient using the
Filippova and Héinel’s method, the linear, and the
quadratic formulae of Yu et al. The quadratic formula
of Yu et al. gives a closer value in comparison with the
value of 1.248 given by Fornberg [100] for both cylinder
positions.

Flow over an oscillating flat plate at Re =20 was
calculated to examine the performance of boundary
treatments when solid boundary crossed the middle of
nodes (i.e. 4 changes from less than 0.5 to larger than
0.5). To avoid the crossing of the plate through lattice
nodes, the plate is moved according to

Yplate = Yinitial + 0.49sin(z/1000)

with pinitial set to be at the middle of the nodes (4 = 0.5).
Filippova and Hénel’s method, linear scheme of Bouzidi
et al. and linear scheme of Yu et al. were used on the
surface of the plate. Figs. 30a and b show the variation
of drag as the plate moves up and down. There is a small
discontinuity in the results using the schemes of
Filippova and Hénel, and Bouzidi et al. when the plate
Crosses ¥ = Viitial- On the other hand, the unified scheme
of Yu et al. gives a result with a smooth temporal
variation.

In summary, recent development of boundary condi-
tions on curved solid wall in LBE is reviewed. Starting
from the work of Filippova and Héinel [83], the
geometric integrity in LBE has been accurately main-
tained. The scheme proposed by Bouzidi et al. [88]
preserved the original physical idea of the bounce-back
scheme, achieved second-order accuracy, and simplified
the calculation. The unified scheme developed by Yu
et al. [89] further simplified the calculation, eliminated
the discontinuity in the boundary treatment. Both
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Fig. 30. (a) Drag coefficient Cp for flow over oscillating zero-
thickness flat plate using three different boundary conditions:
Filippova and Hénel [83], Bouzidi et al. linear [88], and linear
scheme of Yu et al. [89]. (b) Enlarged view of Cp in the circled
region in Fig. 30a when 4 changes from less than 0.5 to larger
than 0.5. The figure demonstrates the discontinuity in the
temporal variation caused by the Filippova and Hénel [83] and
Bouzidi et al.’s boundary treatment [88].

Bouzidi et al.’s and Yu et al.’s schemes are robust and
have good computational stability characteristics.

5. Inlet boundary treatments and their effects on
computational stability

Open boundaries refer to lines (or planes) of
symmetry, periodic boundary, inlet and outlet. For
simplicity, the far field boundary where free stream
velocity is specified is also grouped with the inlet
boundary. On the symmetric and periodic boundaries,
the conditions for f;’s can be assigned without ambi-
guity. At the outlet of a computational domain, the f,’s

can usually be approximated by a simple extrapolation.
In general, the boundary treatments for solid wall have
been directly extended to the inlet boundary with known
velocity to provide the required inlet condition for f,’s
[90,85,91,114]. However, little attention has been paid to
the effect of the interaction between the inlet boundary
and the interior of the flow field on stability of the
computation and the quality of the solution.

5.1. Interaction between inlet boundary and interior

flow field

Let us consider a horizontal flow at an inlet (Fig. 31).
The first vertical grid line is at xs. The inlet is located at
x; which is between node A at xp and node B at xg. The
node B is the first fluid node next to the inlet. Using the
bounce-back on the link scheme, one typically requires
that the known velocity profile u(x;) be specified at xa +
%elét~ with 4 = 0.5. The standard bounce-back scheme
for fz(xa) at the inlet x5 gives

Fa(xa) =fu(xa + €z01)
2w xa + Lesst) 2 es - uix) 3)
2 c?

for a=1,2,8 and « = 5,6,4. We note that f}(xA) in
Eq. (43) completely depends on f,(xa + ez0t) and

Inlet boundary Interior
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A I B C
AdX | ox o
Unknown: fE0 =2
B
Known: f (e fie
(€Y '
Inlet boundary Interior
Uy
A I B C
_AX | dx =
Unknown: f (nea) —o
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Known: £ (nea) f (nea)  f (nea)
58 5C 1,C
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Fig. 31. Configuration of distribution functions which are used
to construct inlet boundary condition. (a) Schematic for
determining the equilibrium distribution at the inlet and (b)
schematic for determining the non-equilibrium distribution at
the inlet.
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p(xa +%e&51) which are in the interior of flow field.
Thus, it creates a mechanism for the pressure waves to
propagate along the e, direction through f,(xa + e;0¢t)
and to reflect back to the interior of computational
domain along the ez direction through 7 z(xa).

To demonstrate how the pressure wave in the interior
of the computational domain interact with the inlet
boundary when the bounce-back scheme is used, Yu
[116] considered a uniform flow of velocity u over a
column of circular cylinder at Re = 500 as shown in
Fig. 32. At t = 0, a simple uniform flow was specified as
initial condition. Hence, both shear waves and normal
waves are generated near the cylinder surface for # > 0.

To detect the impact of the pressure waves on the inlet
boundary, the pressure at a selected monitoring point M
was continuously monitored as a function of time. The
monitoring point M is located on the centerline and
about 20 lattices from the inlet and about 109 lattices
from the front stagnation point of the cylinder. Fig. 33
shows Py(f) which is the variation of pressure at point
M from the start of the computation. Owing to the
uniform flow initial condition, discontinuity in macro-
scopic variables (p and u) is introduced at ¢ = 0 on the
surface of the cylinder. Thus, the spurious pressure wave
will propagate throughout the entire flow field from the
cylinder. At point M, the earliest time that one can
detect the pressure wave associated with the initial
discontinuity is determined by the distance from the
front stagnation point of the cylinder to point M divided
by the speed of sound. That is,

= 109\/5% 189 (lattice unit).

It is seen in Fig. 33 that indeed that first impulse of the
pressure wave at point M occurs near ¢=x189. This
confirms the forgoing analysis on the nature of the
pressure wave propagation. And such transient varia-
tion for <1, is completely independent of the choice of
the inlet boundary conditions.

Proceeding with the above analysis, it is easily seen
that this initial pressure pulse will continue to move
toward left and hit the inlet boundary at ¢ = (109 +
20)\/§ ~224 (lattice unit). Because of the expected
interaction with the inlet boundary under the standard
bounce-back condition, this pressure wave will be
partially reflected back to the interior of the flow field.
At the speed of sound c;, this pressure wave will again
pass point M at

£ = (109 + 20 + 20)v/3~ 258 (lattice unit).

It is seen that in Fig. 33 that the second peak in the
Pn(f) curve occurs at 1, ~258. It is also noted that the
peaks of the Pm(z) at t=1¢ and £ do not differ
substantially. This implies that the standard bounce-
back treatment reflected back most of the disturbance.

Grunau [117] placed the inlet at the lattice node xa
(x; = xa and 4 = 1) as opposed to the lattice halfway
link between the grids in which 4 = 0.5 as shown in
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: -
o |
0.003 |- | i
L | i
S i I
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Fig. 33. Pressure variation (p —1)/3 at point M at the
beginning stage of computation by using the bounce-back inlet
condition. Uniform velocity is given as initial condition [116].
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Fig. 32. Computational domain and boundary conditions.
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Fig. 31. He then assigned the equilibrium distribution
function to be the desired f;(xa) at the inlet. For the
D2Q9 model, this method gives

Fa(xa) = £2V(xa) = wap(an) |1 + %eo? - u(xy)

9 3
5 ales - u(x)’ — 5w (a) | (44)

for ¢ = 1,2, and 8. Zou and He [114] pointed out that
this method has a larger error than the one using
Eq. (43).

Skordos [118] presented a scheme to calculate f;, from
a given initial velocity and density field. In his scheme
the boundary was placed at the lattice nodes (x; = x4) in
Fig. 31 and the first-order term in the Chapman—Enskog
expansion, fV, is added to f©? to obtain an approx-
imate distribution function,

fi(xa) = £50xa) + 110 (xn). (45)

In this scheme, a collision step is needed to obtain
f#(xa). In computing /@, the gradients of velocity and
density are required. This method can lead to stable
computation if the exact value for the velocity deriva-
tives at the inlet instead of the finite difference is used.
This is expected since such an exact treatment does not
allow for interaction between the inlet boundary and the
interior of the flow field. However, this results in over-
specification of the boundary conditions (for macro-
scopic variables) as one needs both the value and
derivative of the variable on one side of the domain.
When the finite difference scheme is used to evaluate the
derivatives, error is greatly increased and instability
often develops. This approach is thus not practical.

Zou and He [114] proposed a method to specify the
inlet boundary condition based on the idea of bounce-
back of the non-equilibrium distribution. In this
treatment, the inlet is at nodes (x; = xo in Fig. 31a).

Fig. 34. Schematics of distribution function at inlet for Zou
and He’s method [114] at an inlet, wherefy, f3, f4, f5, f6, f7 are
known and f, f>, fs are to be determined.

For the D2Q9 model at node xa, (Fig. 34), after the

streaming step, fo, f3, f4, f5, f6, f7 are known and
11, f>, fs can be determined as follows:

p(xa) = 177()% ++f7+ 20+ 5+ fo)l,  (46)

1
Uy (XA
S =f5 +3p(xa)ux(xa), 47
Jo=Jo =53 = f7) + 3p(xa)up(xa) + Go(Xa)ux(xa),  (48)

fs = fa+ (s = f7) = 3p(xa)uy(xa) + gp(xa)ux(xa).  (49)

A collision step is needed to obtain fz(xa) for @ = 1,2,
and 8.

Yu [116] applied the condition of Zou and He [114] to
the problem of flow over a column of cylinders. Nearly
the same pressure curve was detected at point M as the
one using bounce-back scheme as shown in Fig. 33. The
magnitude of second peak using the standard bounce-
back and scheme of Zou and He differs only by 2%.

To recapitulate, in Eq.(43), f, at the inlet is
determined using the values of f”s inside the computa-
tional domain. Hence,

fs(xa) = Function of [fa,imeriora Pinteriors Hinlet]- (50)

In Eq. (45), the equilibrium part of distribution
function is determined by the values of known density
and velocity at the inlet,

19 (xp) = Function of [p;e0s Hinte] (51)

which does not interact with the interior variables. In
general, the f;l) is determined from

j;l)(xA) = Function of [Vpimerior, Vuintcrior]- (52)

Only when the inlet velocity is uniform, Eq. (45)
reduces to Eq. (44) so that the interaction disappears.

Eqgs. (43) and (45) are different in one major aspect. In
Eq. (43), fs(xa) strongly depends on p and f,’s at the
interior lattice nodes whereas in Eq. (45), onlyﬁél)(xA) in
f37(xa) is related the values of p and u in the interior
nodes while |V is much less than f9 in general. From
the above analysis, an improved treatment on the inlet
boundary condition is required to minimize the impact
on the inlet boundary by the interior flow variables.

5.2. Interpolation-based superposition scheme for inlet
boundary

In what follows, an improved inlet boundary treat-
ment recently developed in Yu [116] is summarized. To
construct f, at the inlet with minimal influence from the
interior, the superposition: f = f©9 4 @D ith
[fe9)| < |f€D| is first noted. If f{°Y with e; pointing
toward the interior of flow field is specified and not
allowed to vary with the interior flow variables, then
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a major portion of f; will be specified and remain
independent of the interior flow variables. Hence, only a
small portion of the incoming disturbance will be
reflected back to the interior flow field through £

Since in general the inlet can be located anywhere
between the grid points, £V and £™9 in the inlet
treatment need to be obtained through interpolation.
For this reason, this condition is referred to as
“interpolation-based superposition scheme”.

To illustrate how £V and £ are constructed
numerically, a 1-D example is shown in Fig. 31. After
the streaming step, fi g, which includes £ ) and B (nea)
needs to be determined. At the inlet, the ﬂuld den31ty
and velocity are known. Thus, the equilibrium distribu-
tion function fleq) at the inlet line can be found using
Eq. (44). Using the known values of £} €D and fl(eg), (ca)
can be found easily using a linear mterpolatlon

1(61;4) _ l(elq) +1+—A (eq) f(eq) (53)

Although the distribution function f; ¢ 4 in the interior
of flow filed is used to obtain the inlet condltlon for fl(eé*),
it has very different characteristics than that in the
bounce-back scheme. In the bounce-back scheme, f; p(?)
is obtained using f; p(7) = f58(t — 1) + 2/3pgity. Since es
is in the negative x-direction, f5p(f— 1):]755(!—2)
due to streaming. Thus, the distribution function f5 in
the interior domain has a direct impact on f) g(¢). Such a
strong influence is mostly lacking in Eq. (53) since f1 c(¢)
primarily depends on the macroscopic variables which
are sums of all f,’s (see Egs.(6) and (7)) and the
influence of f5c(#) on f1p(¢) is averaged out by other
components. In addition since the weighting factor
A4/(1 + 4) is always less than 0.5, it further reduces the
effect of fs5c on fi comparing with the bounce-back
scheme.

To construct f(“eq), the basic idea in Eq.(53) is
followed. However, £{1° is not known. Following the
similar idea in Zou and He [114], the bounce-back
scheme for the non-equilibrium part at the inlet is used.
By setting approximately

l(j}eq) _ ‘S(,ﬂBSQ) (54)

an interpolation for £’y (1¢0) i obtained:
A
(neq) (neq) (neq) _ r(neq)
S+ g e A, (55)

Since /9 is small in magnitude, £’y ) should have a
small overall influence on f; g. The non-equilibrium part
of the distribution function given in Eq. (55) is then
added to the equilibrium distribution function given by
Eq. (53). In most cases, the inlet is far away from the
region of main interesting so that 4 can be set to 0
(xy = xg) to simplify the computation and further
reduce the interaction.
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I —-—2—-— bounce-back
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Fig. 35. Pressure variation (p — 1)/3 at point M at the early
stage of computation. Uniform velocity is given as initial
condition [116].

This improved inlet boundary treatment was applied
to a flow over a column of cylinders at Re = 500 [116],
which was the case being used to test the bounce-back
scheme at inlet in Section 5.1. In the computation, the
inlet coincides with the nodes so that 4 = 0. Fig. 35
compares the variation of pressure at point M by using
the interpolation-base superposition scheme and the
bounce-back on the link scheme. The superposition
scheme produces smaller pressure fluctuation than
bounce-back scheme after pressure wave has been
reflected by the inlet boundary. Hence, the superposition
scheme allows most of pressure oscillation to pass
through the boundary almost non-reflectively while
bounce-back scheme reflects most of them.

The benchmark solutions of a laminar flow over a
circular cylinder asymmetrically placed inside a channel
by Schifer and Turek [103] was used to examine how the
interpolation-based superposition scheme performs
when inlet velocity is not uniform. In this simulation,
the interpolation-based superposition scheme and
bounce-back scheme were used, respectively, at the
inlet. The Reynolds number based on the average inlet
velocity U and cylinder diameter is 20 so that steady flow
was obtained. In the computation, 4 was chosen to be
0.5 in Egs. (53) and (55).

Both inlet conditions gave Cp = Fx/pUZV: 5.59,
which is within the range of 5.57-5.59 reported by
Schéfer and Turek [103]. Fig. 36 shows the comparison
of velocity profiles along the y-direction at first fluid
node after the inlet. Fig. 37 shows shear stress profiles at
the same location. It can be seen that the superposition
scheme can successfully recover the velocity and stress at
the inlet. In Fig. 37, shear stress profiles are already
nonlinear along the y-direction because the inlet was
placed not too far from the cylinder.
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Fig. 36. Velocity profile along y-direction at nodes which are
0.5 lattice unit downstream from the inlet [116].
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Fig. 37. Shear stress profile along y-direction at nodes which
are 0.5 lattice unit downstream from the inlet [116].

To compare the performance of both inlet treatments
in the unsteady flow case, Reynolds number was
increased to 100 so that vortex shedding occurs. Figs.
38a and b compare the lift coefficient Cp = F,/pU?r,
and the drag coefficient Cp with the benchmark results
(Schifer and Turek, [103]). The force was evaluated
using the momentum exchange method. The numerical
value of Strouhal number St = 2r/(UT) is 0.300 in
which T is the period of the lift curve. This agrees very
well with the range of value (0.2995-0.305) given in
Schéfer and Turek [103].

Using the interpolation-based superposition scheme,
flows over the NACA 0012 airfoil at Re = 500, 1000,
2000, and 5000 were computed with the multi-block
LBE method [84]. Details of these results were presented

326 — === bounce-back
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Fig. 38. Comparison of the drag coefficient (a) and lift
coefficient (b) [116] with the benchmark results given in
Schifer and Turek [103].

in Section 3 and in [84]. In the work of Yu et al. [84], the
equilibrium distribution was used at the inlet which
includes the far field boundary except at the downstream
outlet. Since the open boundaries are far away from the
airfoil and the velocity is nearly uniform, the super-
position scheme gave the same results as the equilibrium
condition.

However, the bounce-back scheme at the inlet yields
unphysical transient behavior with erratic oscillations
with Re =2000 and 5000 (z = 0.5025 and 0.50125,
respectively). Fig. 39a shows the time history of the
drag coefficient with Re = 2000 using the bounce-back
scheme while Fig. 39b shows the corresponding result
using the interpolation-based superposition scheme. The
latter results in fast convergence to the steady-state
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Fig. 39. (a) Drag coefficient for flow over NACAO0012 airfoil at
Re =2000 using the bounce-back scheme for the inlet
boundary [116]. (b) Convergence history of the drag coefficient

for flow over NACAO0012 airfoil at Re = 2000 using interpola-
tion-based superposition scheme for the inlet boundary [116].

solution while the bounce-back inlet treatment is
incapable of producing sensible solution at this Rey-
nolds number.

To summarize, the standard bounce-back scheme at
the inlet reflects most of pressure wave back to the
interior of flow field and results in slower convergence
and more pronounced fluctuation especially when the
Reynolds number is high. The interpolation-based
superposition scheme can reduce the impact of the
boundary—interior interaction on the unsteady develop-
ment of the flow field and improve the rate of
convergence, the numerical stability, and the quality of
the overall solution.

6. Multi-relaxation-time models

In Section 3, it is seen that the pressure field in lid-
driven cavity flow can be very noisy due to the
singularities at the two upper corners of flow domain.
In Section 5, large pressure oscillations in flow field are
observed due to the error in the initial condition.
Although their effects can be reduced by employing
the multi-block method and the improved inlet bound-
ary condition, as Lallemand and Luo [93] pointed out,
the solution inaccuracy is associated with the funda-
mental shortcoming of the SRT LBGK model. That is,
it is difficult to damp out the acoustic modes in the
transient pressure field at high Reynolds number when
the bulk and shear viscosities have to be identical in the
LBGK scheme. Problem of this nature can be easily
addressed by using MRT models.

6.1. Two-dimensional multi-relaxation-time model

d’Humieres [93] presented a 2-D MRT lattice
Boltzmann model for the 2-D lattice structure shown
in Fig. 1. In this model, a new set of variables R =
(p,e, s,jx,qx,jy,qy,pxx,qu)T is introduced and R is
related to the set of F = (fo, fi, 3, f3s fas [ foo fou )T

as follows:

p
e
€
Jx
R= qx
Ty
dy
Dxx
qxy

1 I 1 1 1 1 1 fo

-4 -1 2 -1 2 -1 2 -1 2 N

4 -2 1 =2 -2 -2 1 fH

0 1 1 0 -1 -1 -1 0 1 f

=0 -21 0 -1 2 -1 0 1 fa

0o 0 1 1 1 0o -1 -1 -1 fs

o o0 1 -2 1 0o -1 2 -1 fe

0 1 0 -1 0 1 0 -1 0 1

o o0 1 0 -1 0 1 0 -1 fs

~ MF, (56)

where M is the 9 x 9 matrix transforming F to R. In the
vector R, p is the fluid material density, e is the energy, ¢
is related to the square of the energy, j. and j, are the
momentum density (or mass flux), ¢, and ¢, correspond
to the energy flux, and p,, and p,, correspond to the
diagonal and off-diagonal components of the viscous
stress tensor. An inherent disadvantage of the SRT
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LBGK model is that all variables are relaxed in the same
manner as given by Eq. (10a). In lieu of Eq. (10a), the
collision procedure of the MRT model is carried out as
follows:

e=c— s(e— ), (57a)
g=1¢—s3(e — &%), (57b)
gx = qx — s5(qx — ¢, (57¢)
Iy = qy — sa(qy — ¢i), (57d)
Prxx = Prx — S8(Pxx — Pb)s (57¢)
Py = Pxy — 59(Pxy — P55)s (57f)

where ~ denotes the post-collision state and s; is the
inverse relaxation time for various modes. The equili-
brium values are chosen to be

= —2p + 30’ + ), (58a)
9 = p — 30 +17), (58b)
¢33 = —u, (58¢)
q;q = —v, (58d)
P = W — 7, (58¢)
PS5y = uv. (58f)

Before the streaming step, Eq. (10b), is carried out,

one needs to transform the post-collision values, R, back
to J by using

/=M'R (59)

In practice, Eq. (59) can be combined with Eq. (57) to
obtain a single expression

[=F-M'SR- D, (60)
where S is the diagonal matrix:
S = diag(O’S25s3’05S5’0>S7,S8’s9)' (61)

The streaming step in the MRT model is carried out in
the same manner for each component as in the SRT
LBGK model based on Eq. (10b).

In Lallemand and Luo [93], it was shown that for the
MRT model to give the same shear viscosity as given by
Eq. (15) for the SRT model, one can set

53 =59 = 1/1. (62)

It is more flexible to choose the rest of the relaxation
parameters: s3,s53,55, and s7. In general, these four
parameters can be chosen to be slightly larger than 1. It
is worth commenting here that by setting s, = 53 = 55 =
s7 =83 = 59 = 1/7, the SRT LBGK model for incom-
pressible flow [119] is recovered.

In attempting to obtain solutions for high Reynolds
number flows using the LBE method, the solution field
for (p,u,v) can exhibit spatial oscillations in regions of
large gradients such as stagnation point and sharp convex
corners [95]. Especially near a sharp convex corner,
because the pressure and velocity are singular locally,
large gradients in the density or pressure field exist. When
there is insufficient resolution near the corner, the large
gradient results in spatial oscillations. Depending on the
geometry, such spatial oscillation can propagate further
into the flow field to contaminate a large region of
interest. The spatial oscillations often adversely affect the
numerical stability and convergence rate.

Lallemand and Luo [93] performed detailed analyses
on the dispersion, dissipation, and stability character-
istics of the MRT lattice Boltzmann equation model. It
was found that multiple relaxation times leads to better
computational stability due to the separation of the
relaxations of the various kinetic modes in the LBE
model. It was also found in Lallemand and Luo [93]
through the linearized analysis on the MRT model for
various simple flows that the MRT model gives the same
results, to the second-order accuracy, as the SRT LBGK
model does. It seems that these two models perform
similarly in the long wavelength limit for macroscopic
variables of interest.

However, for fluid flows with high gradients, i.e.,
substantial short wavelength components, it is expected
that the results of the MRT model behave noticeably
differently from that of the SRT model. It is insightful to
investigate how the solution based on the MRT model
behaves in such flows in comparison with the SRT
LBGK model.

6.2. Comparison of performances of MRT and SRT
models

Mei et al. [95] compared the performance of the SRT
and MRT models for some flows with singularity which
include: (1) Stokes first problem, and (2) steady uniform
flow over a cascade of zero-thickness, finite length flat
plates. The flow in the Stokes first problem is singular at
t = 0. The exact solution for the wall shear stress for
Stokes first problem is given by

o= MU
XpW — \/71'—?

where v is the dynamic viscosity of the fluid. Fig. 40
shows the relative error of the LBE solutions for the wall
shear stress,

(63)

LBE __ ,rcxucl

Txy,w XYW

E= (64)

I
Near ¢ = 0, there is insufficient spatial resolution for
the Stokes layer of the thickness \/E Hence, as
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illustrated in Fig. 40 substantial oscillations are present
near ¢t = 0. Clearly, the error in the MRT model is
smaller than that of the SRT model for <100 when the
near-wall velocity gradient is large. Eventually, the effect
of singularity diminishes and the two solutions approach
each other.

The flow over a flat plate has a singularity in pressure
and stresses at the leading edge of the plate. A schematic
of the flow is shown in the insert of Fig. 41. Reynolds
number based on the length is Re = UL/v = 1000.
Fig. 41 compares the density deviation, p — 1, from the
far field value (p = 1) as a function of y at x/L = 0.0125,
which is half grid away from the leading edge, based on
the MRT and SRT models under otherwise identical
conditions. When there is insufficient numerical resolu-
tion for high Reynolds number flows, a non-physical
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Fig. 40. Comparison of the relative error in the evolution of the
wall shear stress for Stokes first problem between the SRT and
MRT models [95].
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Fig. 41. Comparison of the density profiles near the leading
edge (x/L = 0.0125) between the SRT model and MRT model
at Re = 1000 [95].

spatial oscillation develops near the leading edge.
However, the MRT model is seen to be more effective
in suppressing the spatial oscillation for p or p near the
leading edge. Fig. 42 compares p — 1 as a function of y
at x/L = 0.5125 under the same condition. The solution
based on the SRT model still possesses a substantial
level of spatial oscillations even far away from the
leading edge while the solution from the MRT model
has become sufficiently smooth. Fig. 43 shows the
viscous normal stress, 7,,, normalized by puU/L, as a
function of y at x/L = 0.5125. Similar level of oscilla-
tions is observed in the SRT based solution.

To further develop, a quantitative understanding of
the performance of the two models for flow over a flat
plate, the streamwise variation of various macroscopic
quantities near the plate y/L = 0.0125, which is half-grid
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Fig. 42. Comparison of the density profiles at x/L = 0.5125
between the SRT model and MRT model at Re = 1000 [95].
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Fig. 43. Comparison of the viscous normal stress profiles at
x/L =0.5125 between the SRT model and MRT model at
Re = 1000 [95].
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above the plate, were also examined. Fig. 44 shows the
variation of the pressure coefficient

_P—Pw

CP - ma (65)

at y/L = 0.0125 as a function of x for solutions based on
these two models where p. is the pressure at the
centerline of the inlet. It is noted that the singularity at
x =0 resulted in oscillation in C, for about 4-5 grid
points after the leading edge in the MRT model.

Re=1000
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Fig. 44. Comparison of pressure coefficient as a function of x
at y/L = 0.0125 between the SRT model and MRT model [95].
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Fig. 45. Diagonally driven cavity flow.

Fig. 46. Cavity flow Re = 500 computed by d’Humieres et al.

However, C, in the SRT-based solution continues to
oscillate across the entire plate.

d’Humieres et al. [120] proposed a 3-D MRT model
and compared its performance with SRT LBGK D3Q15
model in simulating Povitsky cavity flow, as illustrated
in Fig. 45. Fig. 46 shows the pressure contours at z = 0.5
at Re = 500. It can be seen that large pressure oscillation
exists in the region even far from the singularity points
by using the SRT model, in contrast to the much
smoother pressure field obtained by using the MRT
model. At Re = 2000, the SRT model cannot yield
steady-state solution, while the MRT model can obtain
satisfactory results.

Due to the ability to independently adjust the bulk
viscosity, the MRT model has substantial advantages
over the SRT model in handling the geometric
singularities. The MRT model in general can produce
smoother variations of the macroscopic quantities with
much smaller regions of oscillations near a singularity.
Since the spatial oscillation is also often accompanied by
the pressure waves in transient simulations, the MRT
model also offers a better convergence toward steady
state.

7. Recent developments and applications of the LBE
method

7.1. Thermal and compressible LBE schemes

There has been an ongoing effort in construction of
stable LBE models and schemes to simulate fully
compressible and thermal flows [121-142]. The existing
thermal lattice Boltzmann equation (TLBE) models can
be classified into three categories. The first category,
which is also the simplest approach, is that of passive
scalar [121,122,123]. In this approach, the temperature is
treated as a passive scalar which is advected by the flow
velocity but does not affect the flow fields (density and
velocity). The flow fields and the passive-scalar tem-
perature are represented by two sets of distribution
functions: one simulates the NS equation, and the other
simulates the advection-diffusion equation satisfied by

Ao O oS

[120], pressure contours at z = 0.5: (a) MRT and (b) LBGK.
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the passive scalar driven by the flow [121,122]. Numeri-
cally, this is not very efficient because there is no need to
use a full set of distribution functions to simulate a
passive scalar, even though this numerical inefficiency
can be improved somewhat by using some redundant
degree of freedom in some LBE models [123]. The
limitation of this approach is obvious and therefore this
is not a viable approach.

The second category of the TLBE models includes
various shock capturing schemes based on the LBE
method to treat fully compressible Euler [124-126] or
NS [127-130] equations. It should be noted that the
equilibrium distribution functions in all LBE Euler
schemes are polynomials of hydrodynamic variables:
density, velocity, and internal energy (or temperature),
and therefore the Mach number cannot be too large. In
LBE NS schemes, in order to allow large speeds, the
advection step is adapted to the local flow velocity [143]
thus it is no longer a simple process of hopping from one
grid point to the next—interpolations must be employed
in some way. The equilibrium distribution function can
be a polynomial [127] or other more complicated
algebraic functions [128], or a Kronecker Delta function
which helps to increase the Mach number [129]. It is
important to note that the numerical analysis for the
LBE shock capturing schemes is yet to be done—the
numerical accuracy of these schemes remains by and
large unknown. Thus, the LBE shock capturing schemes
are in a premature stage.

The third category of the TLBE models is straightfor-
ward modifications of their athermal counterparts. The
TLBE models in this third category incorporate energy
conservation law, and are characterized by low Mach
number and Boussinesq approximations. The essence of
Boussinesq approximation is that the density variation
only appears in the force term (the buoyancy force); all
the transport coefficients (viscosities and heat conduc-
tivity) and the sound speed are considered to be
independent of temperature. There has been a number
of proposals to make the energy-conserving LBE
capable of simulating thermohydrodynamics:

1. to increase the number of velocities [131,133], and to
include higher-order nonlinear terms (in flow velo-
city) in the equilibrium distribution function [131];

2. to use an equilibrium distribution depending on
variable temperature [124,131,132];

3. to implement an advection with finite difference
schemes, such as Lax—Wendroff scheme, to improve
numerical stability [135];

4. to use two sets of distribution functions for particle
number density and energy density which effectively
doubles the number of discrete velocities [136—138].
This is based on the fact that certain Gaussian
quadratures associated with the LBE models can
preserve the energy and heat flux exactly [32,33];

5. to use a velocity set with higher-order symmetry
[140]. Unfortunately, this approach also uses aniso-
tropic interpolations that drastically increase the
numerical viscosities and anisotropic effects;

6. to use energy-dependent discrete velocities [141].
Again, anisotropic interpolations must be used in
this case;

7. to use a hybrid scheme in which the flow simulation is
decoupled from the solution of the temperature
equation. Specifically, the flow simulation is accom-
plished by using the LBE while the temperature
equation is solved by using finite difference schemes
[142] or other means.

In spite of all the effort, the success of the TLBE
remains rather limited. It is not yet as competitive as the
athermal LBE, and it cannot perform as well as
traditional CFD methods in many aspects. As it has
been noticed previously, the main difficulty the TLBE
faces is the numerical instability. Although there are
some discussions of the numerical instability in the
TLBE schemes [30,133,140], so far the nature of the
numerical instability is not well understood until very
recently.

The recent work of Lallemand et al. [144—146] pointed
out that the origin of the TLBE (energy-conserving)
models is due to the algebraic coupling of the viscous
mode and the energy mode of the linearized system. This
coupling occurs in a wide range of the wave-number k&
along certain directions, hence the TLBE models are
prone to numerical instabilities which can be instigated
by fluctuations in a broad range of scales. In contrast,
for the athermal LBE models the similar coupling only
occurs when the wave-number k is near 7 (i.e. close to
the size of two grid spacings), making the athermal LBE
models only sensitive to the small scale fluctuations—the
athermal LBE models can be extremely stable if small
scale fluctuations are dealt with care [93]. It is also
observed that the algebraic coupling between the modes
cannot be easily removed by increasing the number of
discrete velocities. It is intrinsic to the simplicity of the
spatial-temporal evolution of and the linearity of the
collision operator in the energy-conserving LBE.

To overcome this difficulty, a hybrid thermal LBE
method is proposed in which the mass and momentum
conservation laws are solved by the usual athermal LBE,
while the advection-diffusion equation satisfied by the
temperature is solved separately by finite difference
technique (or by other means). In this approach the
energy conservation law is completely divorced from the
mass and momentum conservation laws, and therefore
the spurious coupling between the modes is removed. In
addition to the improvement of numerical stability, the
proposed hybrid TLBE method is numerically efficient.
It uses fewer degrees of freedom when compared to the
energy-conserving TLBE methods. The hybrid TLBE
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scheme has been successfully applied to simulate thermal
convective flow in a cubic cavity [146]. Two noteworthy
features of the hybrid TLBE method deserve to be
pointed out. First of all, besides the improvement of the
numerical stability, Prandtl number is adjustable when
the MRT models are used, while the Prandtl number is
fixed to unity for the BGK models. And second, the
hybrid TLBE model does not use Boussinesq approx-
imation explicitly. It can be extend to situations
where Boussinesq approximation does not apply by
using temperature dependent transport coefficients
[144-146).

7.2. Multi-phase and multi-component LBE models

Simulations of multi-phase and multi-component
flows are among the most successful applications of
the LBE. (By multi-phase and multi-component fluids
we mean the fluids with phase changes, e.g., non-ideal
gases, and fluids consisting of species with different
molecular properties, e.g., binary mixtures, respectively.)
Although there are a lot of successful applications, most
LBE models for multi-phase and multi-component fluids
are based on heuristic ideas and have connections to the
corresponding lattice-gas automata models. These mod-
els work well in practice. However, only recently it is
shown that the LBE model for multi-phase fluids can be
rigorously derived from the Enskog equation
[147,148]—a counterpart of the Boltzmann equation
for non-ideal gases. And the LBE model for multi-
component fluids can also be rigorously derived from
the corresponding kinetic equations [149,150]. These
recent theoretical results [147-150] have provided a
unified framework to treat the LBE models for multi-
phase and multi-component fluids and thus set these
models on a more rigorous foundation.

There are several areas in which the multi-phase and
multi-component LBE methods have demonstrated its
computational advantages. One such area is the simula-
tion of complex fluids including colloidal suspensions
[52—-54], bubbles [151,152], solid particle suspension [59—
70], and polymer-solvent systems [153—-155]. The reason
that the LBE method is effective in dealing with the
suspension flow is that the method can accurately
capture the hydrodynamic interactions in these systems
without prohibitive computational cost.

A second area in which the LBE method has made a
noticeable impact is simulations of interfacial dynamics
among different fluids. The LBE method has been
successfully applied to simulate droplet interactions
[156,157], droplet deformation and breakup [158-160]
and spreading [161,162], free-surface phenomena [163],
and the Rayleigh—Taylor instability [164—-166]. The LBE
method shows its computational advantages when
applied to the multi-phase and multi-component flow
situations with complicated boundaries such as porous

media [167-175]. There is a sufficient amount of
evidence to demonstrate the viability and competitive-
ness of the LBE method for interfacial dynamics.

7.3. LBE simulations of particulate suspensions

Because the lattice Boltzmann method has been
demonstrated as an effective simulation tool for
particulate suspensions in fluids [52-70] that are
ubiquitous in many industries, such as printing and
paper-making, petroleum, bioengineering, pharmaceuti-
cals and food processing, we shall concisely review the
work in this area. The treatment of the particle-fluid
interface is the central issue in the LBE simulations for
suspensions in fluids. The lattice Boltzmann method uses
a uniform Cartesian mesh for such simulations, and the
solid—fluid interfaces are usually handled by using the
bounce-back scheme [176] combined with interpolations
[88,89,96, 177-179]. This treatment for moving bound-
aries seems to work well for LBE simulations of
particulate suspensions. In contrast to many traditional
methods, the lattice Boltzmann method appears to have
computational advantages in simulating systems of
suspending particles with sharp edges [59-62].

The LBE method has been successfully applied to
simulate suspensions with single [60,64,65,67,70] or
multiple particles [53,56,59-63]. The LBE simulations
of a single particulate suspension in fluid have been able
to accurately reproduce many results observed in
experiments [59,60,66,67] and, more interestingly, to
yield new results yet to be observed in experiments
[64,65]. The lattice Boltzmann simulations for the
suspensions of multiple particles [53,56,59-63], chains
of particles [153-155], and colloidal suspensions [52—
54,57,58] have also yield interesting results. It is
important to point out that although the Ilattice
Boltzmann method has been very effective and efficient
in computing the overall properties of these complex
fluids, the method is still not sufficiently mature for
other applications such as high-Mach-number and/or
high-Reynolds-number aerodynamic flows because it
has not been developed for those purposes [107].

7.4. LBE simulations of turbulent flows

The LBE has been successfully tested for various
laminar flows such as channel with expansions [180],
cavity flows [76,120], flows past a circular cylinder
[78,79] and a square cylinder [180] and flow over airfoil
[84,181]. It can be rigorously shown that the LBE
method is in fact a multi-dimensional finite difference
scheme with the accuracy of first order in time and
second order in space [182-184]. The LBE method has
also been used to simulate turbulent flows in two [185,
186] and three dimensions [187—190]. A recent bench-
mark study comparing the pseudo-spectral and the LBE
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simulations of the 3-D homogeneous isotropic turbu-
lence in a periodic box shows that the LBE method is
indeed accurate and particularly suitable for Beowulf-
type cluster computers [190].

More recently, the LBE method has also been used to
perform large-eddy simulations (LES) [191-198] with
the Smagorinsky eddy viscosity model [199]. A recent
study [196, 198] of the flow past a surface mounted cube
in fully developed channel flow [200, 201] provides a
significant validation for the LBE-LES approach. It
must be emphasized that most studies of LBE-LES
methodology remain preliminary at this stage and much
research is yet to be done.

7.5. LBE simulations of micro-flows

In contrast to macro flows described by continuum
mechanics, micro-flows are dominated by the following
four effects: (1) non-continuum effects; (2) surface-
dominated effects; (3) low Reynolds number effects; and
(4) multi-scale and multi-physics effects [202]. Kinetic
theory (i.e. the Boltzmann equation) is capable of
dealing with these effects to certain extent [202]. Due
to its kinetic origin, the LBE method has the potential to
simulate micro-flows for which the continuum descrip-
tion is invalid. However, no theoretical work has been
done in this direction so far. Only very recently, the LBE
method has been successfully applied to micro-flows
[203-206] including the pressure-driven microchannel
flow [204], mixing of binary fluids in microchannels with
patterned substrates and fluid-substrate interaction
[203,206], and electrokinetic flow around a corner or a
wedge in microchannels [205]. These results are only
preliminary, and yet to be analyzed theoretically and
verified experimentally. However, these preliminary
results are encouraging, and they do indicate the
possibility of applying the LBE method for micro-flows.

8. Concluding remarks

In this review, critical issues in the LBE simulation for
fluid flows, especially for high Reynolds number flows,
are addressed. The multi-block method can greatly
improve the numerical efficiency. To further improve the
computational efficiency and the flexibility of the
method, the adaptive mesh refinement [207] is more
desirable. The adaptive mesh refinement method has
been successfully applied in solving Euler and NS
equation using Cartesian grid or unstructured grid
[208,209]. Based on the authors’ experience in develop-
ing the multi-block LBE method, it is anticipated that
the successful application of adaptive mesh refinement in
the LBE method will require careful treatments at the
block interface in order to reduce the numerical
inaccuracy.

Second-order accurate boundary conditions have
been developed for curved solid body moving with a
given velocity. However, when boundary moves and
crosses the nodes, there is a continuous conversion
between solid nodes and their neighboring fluid nodes
and the total number of the boundary nodes is not fixed.
This poses a challenge to the accurate evaluation of the
fluid dynamic force on the body. Furthermore, it brings
in extra computational noise near the body. This issue
has not been adequately addressed at high Reynolds
number.

Multi-relaxation-time models have been demon-
strated to be beneficial in many respects for single-phase
flows. It is strongly desirable to extend the MRT model
to multi-component flows.

For high Reynolds number flows, while direct
numerical simulation and large eddy simulation using
LBE method have been carried out [191,197], engineer-
ing turbulence models in the context of the LBE method
are lacking and more research efforts are required.
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