The Discrete Boltzmann Equation :
The Regular Plane Model with Four Velocities
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Abstract. For a simple discrete model of Boltzmann equation, we study the derivatives of H-
Boltzmann function, and prove that al derivatives of odd order are negative, instead all
derivatives of even order are postive. These result is a first and small generalisation of the
classical H-Boltzmann theorem.

We consider a discrete model of the Boltzmann equation with the the four following
velocities : &, =c(1,0), &, =c(03), & =c(-1,0), & =c(0,-1). The only binary collisions are
(&.&5) < (£,.€,). Denoting by N; (t) the density of molecules with velocity & , and by

4
H{t)= N; (t)Log‘ N (t)‘ , the H-Boltzmann functional, we prove the following result :
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This result was published by Harris in 1967, [1], but unfortunately the proof of Harris was
erroneous, as he has recognized in two e-mails. In the first e-mail, sent to Li-Shi Luo (on
October 13, 2003) he writes : | am impressed how elegant your proof is, ... . It isatruly
wonderful piece of work and | am glad to see the matter resolved after so many years of
thinking about it . In the second e-mail, sent to Henri Cabannes (on October 20, 2003) he
writes :  Congratulations on your proof which | am in great admiration of ..... . 1 would be
interested to see for which, if any, other models a proof can be found . Harris passed away
last May 2004, at the age of 67 ! We have given an exact proof, last novembre, in reference
[2], which isthe section 3.1.3 of Lecture Notes on The Discrete Boltzmann Equation.

3.1.3 The H-Boltzmann Function

The first derivative of the H-Boltzmann function is negative. It is interesting to note that
for the regular plane four velocities model, it is true that the successive derivatives of the

H-Boltzmann function alternate in sign [45]:
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