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Accuracy of the viscous stress in the lattice Boltzmann equation with simple boundary conditions
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Based on the theory of asymptotic analysis, we prove that the viscous stress tensor computed with the lattice
Boltzmann equation (LBE) in a two-dimensional domain is indeed second-order accurate in space. We only
consider simple bounce-back boundary conditions which can be reduced to the periodic boundary conditions by
using the method of image. While the LBE with nine velocities on two-dimensional square lattice (i.e., the D2Q9
model) and with the Bhatnagar-Gross-Krook collision model is used as an example in this work, our proof can
be extended to the LBE with any linear relaxation collision models in both two and three dimensions.

DOI: 10.1103/PhysRevE.86.065701 PACS number(s): 47.11.−j, 05.70.Ln, 05.20.Dd

The lattice Boltzmann equation (LBE) [1,2] is a numerical
method for computational fluid dynamics (CFD) derived
from the Boltzmann equation and kinetic theory [3,4]. The
lattice Boltzmann (LB) method has become popular recently
perhaps because it is rather simple to write an LB code
with a second-order accuracy in space [5–8], and because
of its successful applications to simulate complex fluids such
suspensions [9–14] and interfacial dynamics [15–19]. There
have been observations that the LBE is better than its second-
order finite-difference (FD) counterparts based on direct
discretizations of the Navier-Stokes equations, because of its
low numerical dissipation and better isotropy [20–22]. Dellar
[23,24] showed that the LBE with the multiple-relaxation-time
(MRT) collision model [25] is stable and free of spurious
vortices observed in other FD schemes for a double-shear
flow in two dimensions (2D). Peng et al. [26] demonstrated
that the LBE can accurately compute the vorticity in decaying
homogeneous isotropic turbulence in three dimensions (3D).
More recently, Krüger et al. [27] observed that the deviatoric
stress tensor computed with the LBE for the decaying Taylor-
Green vortex flow in 2D is second-order accurate. These
circumstantial evidence indicates that the kinetic modes in the
LBE, which have no counterparts in the Navier-Stokes based
CFD schemes, may have benefits in terms of accuracy and
stability. In this Rapid Communication, we will use the theory
of asymptotic analysis [5,7,28–30] to prove that the viscous
stress tensor computed with the LBE is indeed second-order
accurate in space.

We usually designate an LBE in d-dimensional space
and with q := (N + 1) discrete velocities, V := {ci |i =
0,1, . . . ,N}, as the DdQq model. The LBE involves q real
distribution functions {fi |i = 0,1, . . . ,N} corresponding to q

discrete velocities {ci} and evolves on a d-dimensional lattice
δxZd and discrete time tn := nδt , n ∈ N0, where δx and δt

are the lattice constant (or grid spacing) and the time step
size, respectively, and N0 := {0,1, . . .}. The discrete velocity
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set V includes the zero velocity c0 = 0 and is symmetric, i.e.,
V = −V . The unit of the velocities {ci} is c := δx/δt . The
LBE can be concisely written in the following q-dimensional
vector form:

f(xj + cδt,tn+1) = f(xj ,tn) + J[f(xj , tn)] + F(xj ,tn), (1)

where the following notations have been used:

f(xj + cδt,tn+1) := [f0(xj ,tn+1),f1(xj + c1δt,tn+1), . . . ,

fN (xj + cNδt,tn+1)]†,

f(xj ,tn) := [f0(xj ,tn),f1(xj ,tn), . . . ,fN (xj ,tn)]†,

J(xj ,tn) := [J0(xj ,tn),J1(xj ,tn), . . . ,JN (xj ,tn)]†,

F(xj ,tn) := [F0(xj ,tn),F1(xj ,tn), . . . ,FN (xj ,tn)]†,

where † denotes the transpose, and J and F denote the
collision and external forcing terms, respectively. Commonly,
the collision term in the LBE, J, is the linear relaxation
model with constant relaxation rates, which is based on
the linearized Boltzmann collision operator about the local
Maxwellian equilibrium [3,4,20,21,25]. The equilibrium in
the LBE is usually a linear function of the flow density ρ and
polynomial of the flow velocity u, which can be obtained by
truncating the Taylor expansion of the Maxwellian equilibrium
at u = 0 [3,4].

To be concrete, we will use the D2Q9 model in the
ensuing discussion. The discrete velocities in the D2Q9
model are c0 = (0,0), c1 = (1,0)c = −c3, c2 = (1,0)c = −c4,
c5 = (1,1)c = −c7, and c6 = (−1,1)c = −c8. For the sake
of simplicity, we will use the Bhatnagar-Gross-Krook (BGK)
collision model [31]:

Ji = − 1

τ

[
fi − f

(eq)
i (ρ,u)

]
, (2)

where the equilibria for incompressible flows (cf., e.g.,
Ref. [32]) are given by

f
(eq)
i (ρ,u) = wi

[
ρ + ĉi · u

θ
+ 1

2

{(
ĉi · u

θ

)2

− u · u
θ

}]
,

(3a)
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ρ =
8∑

i=0

fi =
8∑

i=0

f
(eq)
i , (3b)

u =
8∑

i=0

ĉifi =
8∑

i=0

ĉif
(eq)
i , (3c)

where θ := RT is usually set to 1/3 [20], ĉi := ci/c, and w0 =
4/9, w1,2,3,4 = 1/9, and w5,6,7,8 = 1/36. With the diffusive
scaling δt = δx2 = h2 in proper units (cf., e.g., Refs. [33,34])
and the following forcing term [35,36],

Fi = wi

ĉi · F
θ

h3 = 3wi ĉi · Fh3, (4)

it can be rigorously proved that the LBE (1) approximates
the following incompressible Navier-Stokes equations with a
second-order accuracy in space [5–8],

∂t u + u · ∇u = −∇p + ν�u + F, (5a)

∇ · u = 0, (5b)

where u := u(x,t) is the velocity field, p := p(x,t) :=
ρ(x,t)θ = ρ(x,t)/3 is the hydrostatic pressure, and ν = (τ −
1/2)/3 > 0 is the shear viscosity, provided that proper initial
data u0(x) := u(x,0) and appropriate boundary conditions
(BCs) are given. The initial pressure p0(x) := p(x,0) can be
consistently determined by u0(x) [37]. It should be noted that
the u and p in Eqs. (5) are not equal to their counterparts in
Eqs. (3).

For the sake of convenience, we split the equilibrium (3a)
into the linear and quadratic parts in terms of u:

f
(eq)
i (ρ,u) = L

(eq)
i (ρ,u) + Q

(eq)
i (u,u), (6a)

L
(eq)
i (ρ,u) := wi (ρ + 3ĉi · u) , (6b)

Q
(eq)
i (u,v) := 1

2wi [(3ĉi · u)(3ĉi · v) − 3u · v] . (6c)

Defined on the lattice points xj ∈ δxZd and at discrete time
tn, the computed distributions {fi} depend on h and can be
expanded as an asymptotic series of h:

fi(xj ,tn) ∼
∞∑

n=0

f
(n)
i (xj ,tn)hn, (7)

provided that the initial data can be expressed by the same
series and the coefficients {f (n)

i (xj ,tn)} are independent of h.
Accordingly, both the density ρ and the velocity u can be
expanded as asymptotic series of h, too:

ρ ∼
∞∑

n=0

ρ(n)hn, ρ(n) :=
∑

i

f
(n)
i (xj ,tn), (8a)

u ∼
∞∑

n=0

u(n)hn, u(n) :=
∑

i

ĉif
(n)
i (xj ,tn). (8b)

We set ρ(0) = 1 and u(0) = 0, and thus f
(0)
i :=

L
(eq)
i (ρ(0),u(0)) = wiρ

(0) = wi in the above expansions.

We now study the properties of the expansion coefficients
{f (n)

i }, and, in turn, {ρ(n)} and {u(n)}. Define

Ri :=
∑

n

hnf
(n)
i (xj + ĉih,tk + h2) −

∑
n

hnf
(n)
i (xj ,tk)

+ 1

τ

[∑
n

hnf
(n)
i −f

(eq)
i

(∑
n

hnρ(n),
∑

n

hnu(n)

)]
(xj ,tk)

− Fi(xj ,tk),

where Fi(xj ,tk) is given by Eq. (4). By substituting the Taylor
expansion of f

(n)
i (xj + ĉih,tk + h2) into Ri above, we have

Ri =
∑
k,n>0

hn+kDi,kf
(n)
i + 1

τ

∑
n

hn
[
f

(n)
i − L

(eq)
i (ρ(n),u(n))

]

− 1

τ

∑
n,q+p=n

hnQ
(eq)
i (u(p),u(q)) − Fi,

where

Di,k :=
∑

2m+n=k

∂m
t (ĉi · ∇)n

m!n!
. (9)

Obviously, Dı̄,k = (−1)kDi,k for cı̄ := −ci . By equating the
coefficient of hn in Ri to zero, we obtain a hierarchy of
equations:

L
(eq)
i (ρ(1),u(1)) − f

(1)
i = 0, (10a)

L
(eq)
i (ρ(2),u(2)) − f

(2)
i = τDi,1f

(1)
i − Q

(eq)
i (u(1),u(1)), (10b)

L
(eq)
i (ρ(3),u(3)) − f

(3)
i = τ

(
Di,1f

(2)
i + Di,2f

(1)
i − Fi/h3)

− 2Q
(eq)
i (u(1),u(2)), (10c)

L
(eq)
i (ρ(n),u(n)) − f

(n)
i

=
n−1∑
k=1

[
τDi,kf

(n−k)
i − Q

(eq)
i (u(k),u(n−k))

]
, ∀ n � 4.

(10d)

From Eqs. (10) and using the symmetry of the velocity set
V = −V , we can show (cf. Refs. [5,28]) that

ρ(2k+1) = 0, u(2k) = 0, ∀ k ∈ N0, (11)

provided that they are so initially and that the boundary con-
ditions are periodic ones. Moreover, the expansion coefficient
f

(n)
i has the following symmetry property due to the symmetry

of {ci} and the structure of {f (eq)
i }:

f
(n)
ı̄ = (−1)nf (n)

i for cı̄ := −ci . (12)

Because of the properties of ρ(2k+1) and u(2k) given by Eq. (11),
for odd n = 2k + 1 we have

L
(eq)
i (ρ(2k+1),u(2k+1)) = 3wi ĉi · u(2k+1), (13a)

2k+1∑
m=0

Q
(eq)
i (u(m),u(2k+1−m)) = 0, (13b)
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then we can derive from Eqs. (10b) and (13a) the following
result:

f
(2)
i − [

L
(eq)
i (ρ(2),u(2)) + Q

(eq)
i (u(1),u(1))

]
= −3τwi ĉi ĉi : ∇u(1). (14)

Now we can compute the second-order moment of the
collision term:∑

i

ĉi ĉi

[
fi − f

(eq)
i

]
= h2

∑
i

ĉi ĉi

[
f

(2)
i − L

(eq)
i (ρ(2),u(2))

− Q
(eq)
i (u(1),u(1))

] + O(h4)

= −3τh2
∑

i

wi ĉi ĉi ĉi ĉi : ∇u(1) + O(h4)

= −1

3
τh2[(∇u(1)) + (∇u(1))†] + O(h4).

The above result is a consequence of the fact that∑
i

[f (3)
i − f

(eq)
i (ρ(3),u(3))]ĉi ĉi = 0

because of symmetry of the velocity set {ci} (cf. Ref. [5]). We
now arrive at the result that
1

3
τ [(∇u(1)) + (∇u(1))†] = − 1

h2

∑
i

ĉi ĉi

[
fi − f

(eq)
i

] + O(h2).

(15)

Note that u(1) and ρ(2)/3 = p(2) solve the incompressible
Navier-Stokes equations (1). The above result for the viscous
stress does not include the Hénon correction term [38], which
is obtained easily from the ∇2 term in the Taylor expansion of
fi(xj + ĉih,tk + h2).

We now consider the case with the bounce-back boundary
conditions. We will use the method of image and apply it to
study the Poiseuille flow in 2D as an example. The flow domain
is discretized with a mesh of size of Nx × Ny with the periodic
boundary conditions, where Ny is even. The mesh is divided
into two equal parts: 1 � jy � Ny/2 and Ny/2 + 1 � jy �

Ny , ∀ 1 � ix � Nx . A positive constant force of magnitude
F is exerted along the x direction on the first half of the
domain 1 � jy � Ny/2 while a opposite force −F is applied
on the second half Ny/2 + 1 � jy � Ny , and thus the system
consists of two Poiseuille flows moving in opposite directions
along the x axis [39–41]. The boundary conditions for each
Poiseuille flow are equivalent to the bounce-back boundary
conditions,

fı̄(xj ,tn) = fi(xj − ĉı̄h,tn) = fi(xj + ĉih,tn), (16)

where xj and xj + ĉih must belong to two different subdo-
mains. Because the periodic boundary conditions are applied
to the entire domain, our analysis remains valid for this system.
A note of caution: The exact boundary location of the lattice
BGK (LBGK) model [42,43] is viscosity dependent [45–48],
which is an artifact due to the LBGK model and can be removed
by using the MRT model [25], which is imperative to achieve
correct boundary conditions for the velocity field u [45–48].
However, the defect of the LBGK model has no bearing in the
consistency of our analysis.

In summary, we use the theory of asymptotic analysis to
proved that the viscous stress computed with the LBE in a 2D
domain with the bounce-back boundary conditions is second-
order accurate in space. While our proof uses the lattice BGK
model [42,43] as an example, it is straightforward to extend
the analysis to the MRT-LBE [20,21,25] and in 3D. Analysis
of more complicated LBE models and boundary conditions
are left for future work.

The authors would like to thank Professor Zhaoli Guo
for helpful discussions. The authors are grateful to two
anonymous referees whose constructive comments helped us
to significantly improve the manuscript. This work is supported
by the National Natural Science Foundation of China (NSFC)
through Grant No. NSFC 10971113 (W.A.Y.) and by the
National Science Foundation (NSF) of the United States
through Grant No. DMS-0807983 (L.S.L.). L.S.L. would also
like to acknowledge the support of the Richard F. Barry, Jr.
Endowment from Old Dominion University.

[1] D. Yu, R. Mei, L.-S. Luo, and W. Shyy, Prog. Aerospace Sci.
39, 329 (2003).

[2] L.-S. Luo, M. Krafczyk, and W. Shyy, in Encyclopedia of
Aerospace Engineering, edited by R. Blockley and W. Shyy
(Wiley, New York, 2010), Chap. 56, pp. 651–660.

[3] X. He and L.-S. Luo, Phys. Rev. E 55, R6333 (1997).
[4] X. He and L.-S. Luo, Phys. Rev. E 56, 6811 (1997).
[5] M. Junk, A. Klar, and L.-S. Luo, J. Comput. Phys. 210, 676

(2005).
[6] M. Junk and Z. Yang, Numer. Math. 112, 65 (2009).
[7] M. Junk and W.-A. Yong, SIAM J. Numer. Anal. 47, 1651

(2009).
[8] P. J. Dellar, Comput. Math. Appl., doi:

10.1016/j.camwa.2011.08.047 (2011).
[9] A. J. C. Ladd, J. Fluid Mech. 271, 285 (1994).

[10] A. J. C. Ladd, J. Fluid Mech. 271, 311 (1994).
[11] D. Qi and L.-S. Luo, Phys. Fluids 14, 4440 (2002).
[12] P. Lallemand and L.-S. Luo, J. Comput. Phys. 184, 406 (2003).
[13] D. Qi and L.-S. Luo, J. Fluid Mech. 477, 201 (2003).
[14] H. Huang, X. Yang, M. Krafczyk, and X.-Y. Lu, J. Fluid Mech.

692, 369 (2012).
[15] J. Tölke, M. Krafczyk, M. Schulz, and E. Rank, Philos. Trans.

R. Soc., A 360, 535 (2002).
[16] P. Lallemand, L.-S. Luo, and Y. Peng, J. Comput. Phys. 226,

1367 (2007).
[17] B. Ahrenholz, J. Tölke, P. Lehmann, A. Peters, A. Kaestner,

M. Krafczyk, and W. Durner, Adv. Water Res. 31, 1151 (2008).
[18] L. Amaya-Bower and T. Lee, Comput. Fluids 39, 1191

(2010).
[19] T. Lee and L. Liu, J. Comput. Phys. 229, 8045 (2010).

065701-3

http://dx.doi.org/10.1016/S0376-0421(03)00003-4
http://dx.doi.org/10.1016/S0376-0421(03)00003-4
http://dx.doi.org/10.1103/PhysRevE.55.R6333
http://dx.doi.org/10.1103/PhysRevE.56.6811
http://dx.doi.org/10.1016/j.jcp.2005.05.003
http://dx.doi.org/10.1016/j.jcp.2005.05.003
http://dx.doi.org/10.1007/s00211-008-0196-0
http://dx.doi.org/10.1137/060675216
http://dx.doi.org/10.1137/060675216
http://dx.doi.org/10.1016/j.camwa.2011.08.047
http://dx.doi.org/10.1017/S0022112094001771
http://dx.doi.org/10.1017/S0022112094001783
http://dx.doi.org/10.1063/1.1517053
http://dx.doi.org/10.1016/S0021-9991(02)00022-0
http://dx.doi.org/10.1017/S0022112002003191
http://dx.doi.org/10.1017/jfm.2011.519
http://dx.doi.org/10.1017/jfm.2011.519
http://dx.doi.org/10.1098/rsta.2001.0944
http://dx.doi.org/10.1098/rsta.2001.0944
http://dx.doi.org/10.1016/j.jcp.2007.05.021
http://dx.doi.org/10.1016/j.jcp.2007.05.021
http://dx.doi.org/10.1016/j.advwatres.2008.03.009
http://dx.doi.org/10.1016/j.compfluid.2010.03.003
http://dx.doi.org/10.1016/j.compfluid.2010.03.003
http://dx.doi.org/10.1016/j.jcp.2010.07.007


RAPID COMMUNICATIONS

WEN-AN YONG AND LI-SHI LUO PHYSICAL REVIEW E 86, 065701(R) (2012)

[20] P. Lallemand and L.-S. Luo, Phys. Rev. E 61, 6546 (2000).
[21] D. d’Humières, I. Ginzburg, M. Krafczyk, P. Lallemand, and

L.-S. Luo, Philos. Trans. R. Soc., A 360, 437 (2002).
[22] P. Lallemand and L.-S. Luo, Phys. Rev. E 68, 036706 (2003).
[23] P. J. Dellar, Phys. Rev. E 64, 031203 (2001).
[24] P. J. Dellar, J. Comput. Phys. 190, 351 (2003).
[25] D. d’Humières, in Rarefied Gas Dynamics: Theory and Simula-

tions, Progress in Astronautics and Aeronautics, Vol. 159, edited
by B. D. Shizgal and D. P. Weave (AIAA, Washington, D.C.,
1992), pp. 450–458.

[26] Y. Peng, W. Liao, L.-S. Luo, and L.-P. Wang, Comput. Fluids
39, 568 (2010).
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