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a b s t r a c t 

Multiple numerical approaches have been developed to simulate porous media fluid flow and solute trans- 

port at the pore scale. These include 1) methods that explicitly model the three-dimensional geometry of 

pore spaces and 2) methods that conceptualize the pore space as a topologically consistent set of stylized 

pore bodies and pore throats. In previous work we validated a model of the first type, using computational 

fluid dynamics (CFD) codes employing a standard finite volume method (FVM), against magnetic resonance 

velocimetry (MRV) measurements of pore-scale velocities. Here we expand that validation to include addi- 

tional models of the first type based on the lattice Boltzmann method (LBM) and smoothed particle hydro- 

dynamics (SPH), as well as a model of the second type, a pore-network model (PNM). The PNM approach 

used in the current study was recently improved and demonstrated to accurately simulate solute transport 

in a two-dimensional experiment. While the PNM approach is computationally much less demanding than 

direct numerical simulation methods, the effect of conceptualizing complex three-dimensional pore geome- 

tries on solute transport in the manner of PNMs has not been fully determined. We apply all four approaches 

(FVM-based CFD, LBM, SPH and PNM) to simulate pore-scale velocity distributions and (for capable codes) 

nonreactive solute transport, and intercompare the model results. Comparisons are drawn both in terms of 

macroscopic variables ( e.g. , permeability, solute breakthrough curves) and microscopic variables ( e.g. , local 

velocities and concentrations). Generally good agreement was achieved among the various approaches, but 

some differences were observed depending on the model context. The intercomparison work was challeng- 

ing because of variable capabilities of the codes, and inspired some code enhancements to allow consistent 

comparison of flow and transport simulations across the full suite of methods. This study provides support for 

confidence in a variety of pore-scale modeling methods and motivates further development and application 

of pore-scale simulation methods. 

© 2015 Published by Elsevier Ltd. 
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1. Introduction 

Flow and transport processes in porous media have been inten-

sively studied because of their importance in numerous industrial,
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iological, and environmental applications [1] . Pore space geome-

ry and topology are key factors that influence flow and transport

henomena through porous media, but the complexity and small

cale of natural pore geometries renders it challenging to both mea-

ure and simulate pore-scale flow and transport processes. Accord-

ngly, mathematical models have traditionally been developed at

acroscopic scales that do not explicitly consider pore geometry [2] .
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ecently, because of the availability of increasingly powerful com-

uting resources and improved pore-scale characterization methods,

ore-scale modeling has become an important tool for studying com-

lex flow and transport processes and relating them to macroscopic

henomena and is complemented by simplified representations of

orous media, such as regular or random sphere packs [3–8] and

hysical micromodels [9] . Pore-scale models have also recently been

oupled with continuum-scale models in hybrid multiscale simula-

ions to increase the fidelity of simulation results where needed ( e.g. ,

10–14] ). 

Various computational methods have been developed and applied

o the pore scale to study flow and transport phenomena [15–17] .

onsidering the complexity of the pore geometries, the first step prior

o modeling is to characterize the pore space and structures. Imaging

echniques such as X-ray microtomography (XMT) [18] and magnetic

esonance velocimetry (MRV) measurements [19–23] have made it

ossible to obtain accurate 3D characterizations of the pore geome-

ry at high resolution. Pore-scale modeling can then proceed either

y simulating directly on the complex pore geometry, or on a con-

eptualized pore network that maintains the same topological struc-

ure. The first class of model is typically referred to as direct nu-

erical simulation (DNS). DNS approaches include standard compu-

ational fluid dynamics (CFD) [24] , lattice Boltzmann method (LBM)

25–27] , and smoothed particle hydrodynamics (SPH) [28] . The sec-

nd class of model represents the pore space as a network connected

y geometrically simplified pore bodies and pore throats and most

ommonly takes the form of pore-network models (PNM) [29] . Both

ow and transport processes can be represented using either of these

pproaches. 

Computational fluid dynamics (CFD) methods use various numer-

cal discretization methods ( e.g. , the finite volume method, finite dif-

erence method, etc. ) to solve the governing partial differential equa-

ions (PDEs, e.g. , Navier–Stokes (N–S) equations for incompressible

ow). Their use in pore-scale modeling requires generation of a struc-

ured or unstructured numerical mesh describing the pore geom-

try. Recently, Yang et al. [30] used finite volume method (FVM)-

ased CFD techniques to solve the Navier–Stokes flow equations in

 monodispersed sphere pack and successfully compared the pore-

cale flow field with magnetic resonance velocimetry (MRV) mea-

urements, which provided insightful information to improve both

he pore-scale modeling approach and the MRV experimental meth-

ds. The CFD-based pore-scale simulation studies have demonstrated

he potential utility of numerical simulations and provided prelimi-

ary validation of their equivalence to experimental observations. 

The lattice Boltzmann method (LBM) is a particle-based numeri-

al approach that is well suited to solving pore-scale flow equations

ince its strength lies in the ability to easily represent complex phys-

cal phenomena in irregular geometries using simple Cartesian grids.

t has been successfully used in the study of flow in porous media

t the pore scale [31–34] . Pan et al. [35] quantitatively evaluated

he capability and accuracy of the LBM for modeling flow through

orous media. Three-dimensional flow through a body-centered cu-

ic (BCC) array of spheres and a random-sized sphere-pack were both

xamined in their study. Their results demonstrated that the Multi-

elaxation-Time (MRT)-LBM model is superior to the Bhatnagar–

ross–Krook (BGK)-LBM model with only one relaxation time, and

hat interpolation significantly improves the accuracy of the fluid–

olid boundary conditions. Recently, Khirevich et al. [36] introduced

 two-relaxation-times (TRT)-LBM model and thoroughly studied its

mpact on the accuracy of the drag force/permeability computations

ith the D3Q19 velocity set in both regular and random packings of

onodispersed spheres or cubics. Their research presented some re-

ent advances in LBM and greatly helped the user community to im-

rove the models for such applications. 

The smoothed particle hydrodynamics (SPH) method is a mesh-

ree Lagrangian particle method first proposed for astrophysical
roblems [37,38] and is now widely applied. A key advantage of par-

icle methods such as SPH and LBM [33] is in their ability to ad-

ect mass with each particle, thus removing the need to explicitly

rack phase interfaces for problems involving multiple fluid phases

r free surface flows. The computational cost of managing free parti-

les has been mitigated by the development of new parallel hardware

rchitectures. In contrast to the LBM, SPH directly solves discretized

orms of the Navier–Stokes equations, just as do the CFD methods.

artakovsky et al. [39] compared their SPH solution of the diffusion

quation with fixed and moving reactive solid–fluid boundaries to

nalytic solutions and LBM simulations. Coupled three-dimensional

ow, reactive transport and precipitation in a fracture aperture with

 complex geometry were also successfully simulated to show the

apability of the model. It also pointed out the high computational

ost of the SPH model, which could be partially overcome by using

arallel computing. In the more recent review of Tartakovsky et al.

40] , the latest development and advantages of the SPH model used

n pore-scale flow and transport studies have been discussed and

ummarized. 

The fourth major pore-scale modeling approach considered here –

he pore-network model (PNM) – conceptually represents complex

ore geometries as interconnected fundamental units with simplified

eometries to represent pore throats and pore bodies. This method

etains the complete topology of the actual pore space but does not

epresent the geometric details of individual pores/throats as re-

uired by the other methods. Because the solution of PDEs for the

ore-network model reduces to simultaneous solution of a set of an-

lytical models for flow in each network element, the pore-network

ethod is significantly less computationally demanding than the

ther approaches and has been successfully applied to a broad range

f problem types ( e.g. , [29,41] ). Mehmani et al. [42] developed a new

treamline splitting method (SSM) to more accurately simulate trans-

ort by incorporating partial mixing at the pore scale. The SSM was

alidated against direct simulations and micromodel experiments

cross a wide range of pore-structure and fluid-flow parameters. Re-

ent modifications [42] have also improved the representation of

ransport physics within pore throats. A review of the PNM and its

pplications is provided by Mehmani and Balhoff [43] . 

Each pore-scale numerical approach mentioned above has

trengths in areas such as accuracy, flexibility, computational speed,

r scalability. Hence there is a strong benefit in intercomparing

hese models using benchmark problems. While each of these four

ethodologies has been widely applied to simulate pore-scale fluid

ow and other processes, there have been relatively few systematic

omparisons of these methodologies for a complex system repre-

entative of real porous media. Oostrom et al. [9] conducted a se-

ies of nonreactive solute transport experiments in pore-scale mi-

romodels and offered the data to the pore-scale modeling commu-

ity to test their numerical simulators. Five pore-scale models and

ne continuum-scale model were used to simulate the experiments,

ncluding a standard CFD model, LBM and PNM. Comparisons be-

ween experimental and numerical results for the four challenge ex-

eriments show that all pore-scale models were able to satisfactorily

imulate the experiments. However, the comparisons in [9] are lim-

ted to simple pore-structures with regular pore space arrangement

nd steady-state tracer simulations. There have also been a limited

umber of intercomparison studies based on three-dimensional re-

listic pore geometries (complex pore structures imaged in high res-

lution). For example, Ahrenholz et al. [33] used two methods (LBM

nd PNM) to predict the capillary hysteresis in a porous material

nd cross-compared with measurements. Both simple and complex

ore geometries were tested. Specifically, a realistic sand sample was

canned using X-ray tomography. Detailed pore structures were then

sed in the simulations of water saturation. Both methods showed

heir capabilities to accurately predict the water drainage at different

tages and achieved excellent agreement with the experimental data.



178 X. Yang et al. / Advances in Water Resources 95 (2016) 176–189 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Dimensions and parameters of the column. 

Parameter Symbol (units) Value 

Length of the simulated domain L c (mm) 16.8 

Length of the sphere pack L b (mm) 12.8 

Diameter of the column D (mm) 8.8 

Diameter of the beads d p (mm) 0.5 

Porosity ε 0.4267 

Volumetric flow rate Q (kg/s) 2 . 771 × 10 −5 

Fluid density ρ (kg/m 

3 ) 997.561 

Fluid dynamic viscosity μ ( Pa s ) 8 . 887 × 10 −4 

Darcy flux q (m/s) 4 . 556 × 10 −4 

Pore velocity v e (m/s) 1 . 068 × 10 −3 

Grain-based Reynolds number Re p 0.6 

Molecular diffusion coefficient D m (m 

2 /s) 2 . 08 × 10 −9 

Schmidt number Sc 428 
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Recently, researchers at Montana State University used high-

resolution magnetic resonance velocimetry (MRV) to generate three-

dimensional images of fluid flow through a randomized monodis-

persed sphere pack at pore-scale resolution (40 μm). The sphere

pack used for MRV measurements was constructed of 6864 monodis-

persed polystyrene beads (Duke Scientific, Inc.) with a diameter of

500 μm. The MRV results were previously compared with FVM-based

CFD models by Yang et al. [30] . The results compared very well, which

inspired the extension of these validation studies to include a variety

of pore-scale simulation methods, motivating the research reported

here. In the current benchmark study, five computational codes em-

bodying the four major pore-scale numerical approaches introduced

above (FVM-based CFD, LBM, SPH and PNM) have been applied to the

same micro-sized sphere pack simulation described in [30] . This pa-

per describes and intercompares the results of flow and solute trans-

port simulations among these four methodologies. 

The outline of this paper is as follows: 1) the benchmark prob-

lem is introduced, including the pore geometry, flow and solute

tracer conditions, and information on mesh generation methods; 2)

the four major pore-scale numerical approaches are described in

greater detail, including two FVM-based CFD codes, one LBM code,

one SPH code and one PNM code. Information includes descriptions

of the governing equations, numerical algorithms, boundary/initial

conditions, mesh types and grid resolutions, computing cost and

other requirements of each method; 3) results of the simulations

are presented in terms of both flow field comparisons (velocities,

pressure drop, etc. ) and solute transport comparisons (breakthrough

curves and dispersion analysis); and 4) a summary of conclusions is

provided. 

2. Benchmark problem 

The benchmark problem describes fluid flow and non-reactive so-

lute transport through a centimeter-scale column packed with 6864

random monodispersed polystyrene beads ( Fig. 1 ). The diameter of

the beads is 500 μm, and the porosity of the sphere pack is 0.4267

as measured by the MRV experiments. However, the modeled poros-

ity is mesh-dependent and varies slightly among the various numer-

ical simulations. The pore geometry used in the various numerical

models was specified directly from the voxel data provided in the

MRV geometry dataset. The centroids (locations of the sphere cen-

ters) were identified from the voxel data using an algorithm called

Sphere Lociextraction through Iterative Erosion (SLIE, [30] ). The di-

mensions of the sphere pack, the flow conditions and boundary
Fig. 1. Computational domain of the benchmark sphere pack problem: pore geometry, 

dimension and boundary conditions. 
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onditions for the pore-scale simulations were specified to match the

xperimental conditions ( Table 1 ). However, for CFD simulations, in

rder to improve numerical convergence and achieve fully-developed

ow (parabolic velocity profile) prior to entry into the sphere pack,

wo open flow buffer regions were added to the inlet and outlet of the

phere pack. For the flow simulations, standard properties of water

density and viscosity) were applied. Initial conditions are no flow in

he entire column; a transient flow simulation is performed until the

ystem reaches a steady-state flow condition. For the boundary con-

itions, a fixed volumetric flow rate of 100 mL/h ( 2 . 771 × 10 −5 kg/s)

as employed at the inlet, consistent with experimental conditions.

he outlet boundary was specified as a fixed pressure to allow flow to

reely exit, matching experimental conditions. The cylindrical bound-

ng surfaces were treated as no-slip boundaries. In some cases, based

n code capabilities and to facilitate consistent intercomparisons,

he specific treatment of boundary conditions was varied somewhat

mong different numerical approaches as described in the follow-

ng sections. The Darcy flux, average pore velocity and grain-scale

eynolds number of the experimental system are listed in Table 1 and

emonstrate that the flow is in the Stokes flow regime. 

Solute transport was not conducted in the MRV experiments, and

hus was not simulated in previous work reported by Yang et al. [30] .

ccordingly, solute transport simulations performed here can only be

ompared among various codes and methods, not with experimental

bservations. For the numerical simulations reported here, the so-

ute was assumed to have a molecular diffusion coefficient ( D m 

) of

 . 08 × 10 −9 m/s 2 , representative of a dilute bromide tracer. The cor-

esponding Schmidt number ( Sc = 

μ
ρD m 

) is 428. For solute transport

imulations (based on converged steady-state flow solution), we im-

osed a pulse-type constant concentration at the inlet of the column

or 2.78 s then kept it as zero for the rest of the simulation period. 

. Numerical model descriptions 

In the current study, we intercompare four major pore-scale nu-

erical approaches that can be divided into two classes: 1) those that

xplicitly model the three-dimensional geometry of pore spaces and

) those that conceptualize the pore space as a topologically consis-

ent set of stylized pore bodies and pore throats. Three of the four

pproaches (FVM-based CFD, LBM, and SPH) belong to class 1, and

he fourth (PNM) belongs to class 2. An overview of the five compu-

ational codes considered, which implement these four model types,

s shown in Table 2 , including the model names, institution names,

umerical methods used to solve the governing equations for both

he flow and transport processes and the class that each pore-scale

odel belongs to. 

Computational meshes used to represent the complex pore geom-

try for the class 1 simulations were generated in two ways ( Fig. 2 ):

) Cartesian (structured or unstructured) mesh, and 2) body-fitted
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Table 2 

Summary of the numerical models. 

Name of the code Institution Numerical method Class 

TETHYS PNNL FVM 1 

STAR-CCM+ CD-adapco FVM 1 

iRMB-LBM TU Braunschweig LBM 1 

ISPH SNL SPH 1 

UT-PNM Univ. of Texas at Austin PNM 2 

Fig. 2. Representative mesh used in the pore-scale simulations (sampled at a selected 

slice located at the center of the sphere pack): a) 40 μm-structured (Cartesian) mesh 

used in CFD-TETHYS; b) unstructured body-fitted mesh used in STAR-CCM+; c) and d) 

are zoomed-in mesh samples from the same location on the selected slice (indicated 

by a box in a). 
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eshes based on the sphere geometry. The direct voxel meshing ap-

roach simply used structured Cartesian-type mesh elements de-

ned in direct correspondence to the cubic voxel elements output

mages from the MRV measurement. The LBM grids were generated

sing a cut-cell approach taking into account the explicit sphere ge-

metries leading to a second-order accurate geometric description.

wo mesh resolutions were used in [30] : 20 μm and 40 μm. The

ore geometry was defined from magnetic resonance imaging (MRI)

ata with a resolution of 20 μm. The MRV experiment was con-

ucted to measure the velocity field at 40 μm resolution. The same

esh resolutions were used directly in the TETHYS (CFD-FVM), iRMB-

BM and ISPH simulations. The STAR-CCM+ code was employed to

erform CFD (standard FVM) simulations based on an unstructured

ody-fitted mesh (40 μm as base size) as described in [30] . UT-PNM

sed a topologically equivalent but geometrically simplified repre-

entation of the pore space as the computational domain (described

n Section 3.4 ). 

.1. FVM-based computational fluid dynamics (CFD) 

CFD applications to pore-scale simulations are often referred as

irect numerical simulations (DNS, class 1) because the governing

onservation equations (mass and momentum) for laminar flow and

he passive scalar equation for transport are solved on a fixed mesh

hat retains the full pore geometry to the limits of the grid resolution

nd, for grid-independent solutions, are effectively exact solutions of
he Navier–Stokes equations. However, the numerical schemes used

o solve the governing equations are not the same in different codes.

or the current benchmark problem, two different computational

odes/packages were tested in this category using standard FVM. 

.1.1. TETHYS 

The Transient Energy Transport Hydrodynamics Simulator 

TETHYS) code, developed at Pacific Northwest National Laboratory,

s a CFD toolkit for environmental simulations with the capabil-

ties to simulate hydrodynamics, solute transport and reactions.

ETHYS uses a finite-volume scheme [44] to discretize the governing

quations for conversation of mass, momentum (Navier–Stokes

quations) and transported scalars on both structured and unstruc-

ured meshes. Previous research using TETHYS includes laminar flow

nd scalar transport in a tube with sinusoidal-wavy wall [45] , 3D

ore-scale flow in a micro-sized monodispersed sphere pack [30]

nd 3D pore-scale flow and solute transport in a soil column [46] . 

The governing equations solved in TETHYS are presented in an in-

egral form. The equations for mass and momentum conservation,

nd scalar transport over a control volume V with boundary S := ∂V

re: 

∂ 

∂t 

∫ 
V 

ρ d V + 

∫ 
S 

ρu · ˆ n d S = 0 , (1a)

∂ 

∂t 

∫ 
V 

ρu d V + 

∫ 
S 

ρuu · ˆ n d S = 

∫ 
S 
(τ − pI ) · ˆ n d S + 

∫ 
V 

f d V, (1b)

∂ 

∂t 

∫ 
V 

ρφ d V + 

∫ 
S 

ρφu · ˆ n d S = 

∫ 
S 

D φ∇ φ · ˆ n d S + 

∫ 
V 

q φ d V, (1c)

here ρ and u are the fluid mass density and velocity, respectively;

is the viscous stress tensor; p is the pressure; I is the 3 × 3 identity

atrix; ˆ n is the unit vector out-normal to the surface element d S ; f is

 body force; φ is a generic scalar quantity; q φ is a source term; and

 φ is diffusivity of φ. 

TETHYS uses the standard finite volume method (FVM) [47] to dis-

retize the governing PDEs into a system of algebraic equations that

re solved using iterative linear algebra methods. A segregated so-

ution scheme based on the SIMPLE algorithm [44] is used to solve

he flow field [45] . Second-order convection schemes are available for

he transport of both momentum and scalars. These are implemented

or unstructured meshes using the TVD (Total Variation Diminishing)

ethods [48] . In this work, central differencing was used for momen-

um, and MUSCL (Monotonic Upstream-Centered Scheme for Conser-

ation Laws) [49] ) for scalar transport. An implicit first-order scheme

s used for transport time marching. 

Structured rectilinear meshes with two resolutions (20 μm,

2.1 M cells, and 40 μm, 9.1 M cells) were used in TETHYS simulations

sampled mesh in 40 μm-resolution shown in Fig. 2 (a) and (c)). For

oth meshes, a steady hydrodynamic solution was obtained first, and

hen used as a constant flow field for the transport simulation. For

ydrodynamics, the boundary conditions used in the TETHYS sim-

lation followed the experimental setup. A constant mass flow rate

as imposed at the inlet and a constant pressure was imposed at the

utlet. All solid walls were treated as no-slip wall boundaries. The

nitial conditions were zero velocity and constant pressure. For the

ransport simulation, the passive scalar value was initially zero ev-

rywhere. The inlet concentration was set equal to 1.0 for 2.798 s and

hen 0.0 for the rest of the simulation period (50 s). 

The steady-state flow simulations were previously finished and

btained from Yang et al. [30] . The solute transport simulations were

erformed on the Cascade cluster at the Environmental Molecular

ciences Laboratory (EMSL). The transport simulation on the 40 μm

esh used 480 cores for approximately 7 h. For the 20 μm mesh, the

imulation used 1600 cores and took approximately 12 h. 

TETHYS was also used to compute a macroscopic effective axial

ispersion coefficient directly using the method of volume averaging
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(MVA) [50–52] . Richmond et al. [45] provides a full description of the

implementation of MVA in TETHYS and a simple application as vali-

dation. The major modification of MVA introduced in [45] is the ad-

dition of a time derivative term to the MVA equations to allow for its

application to unsteady flows. The total dispersion tensor is the sum

of the effective diffusivity, D eff , and hydrodynamic dispersion, D β : 

D 

∗ = D eff + D β

= D m 

(
I + 

1 

V 

∫ 
S 

b ̂

 n d S 

)
− 1 

V 

∫ 
V 

b (u − 〈 u 〉 )d V, (2)

where V is the control volume, S := ∂V is the area, ˆ n is the unit vector

out-normal to the surface element d S, D m 

is the molecular diffusivity,

〈 u 〉 is the velocity averaged over the volume V , and the vector field b

satisfies the following equation: 

∂ b 

∂t 
+ ∇ · (u b ) − D m 

∇ 

2 b = (u − 〈 u 〉 ). (3)

The above equation for the vector field b is rewritten into the integral

form of Eq. (1c) for each component and then solved in TETHYS using

FVM. 

To use the method of MVA, the domain of interest must have a

periodic boundary condition in the axial direction. Only the 40 μm

mesh was used. The inlet and outlet boundaries were changed to pe-

riodic boundaries with the same pressure drop that was produced

in the original hydrodynamic simulation. This condition enforces the

constraint that the velocity distribution at the outlet face must match

that at the inlet face, but because of the buffer regions this has in-

significant impact on the results. The original hydrodynamic solution

was used as the initial condition. After convergence, the resulting flux

was the same as specified in the CFD simulation. The MVA calcula-

tions converged very slowly for the Péclet number corresponding to

the simulated case, and thus were computationally very expensive.

The calculation was performed on PNNL’s Institutional Computing

(PIC) clusters (Olympus and Constance) using 480 cores and took ap-

proximately 5 days to complete. 

3.1.2. STAR-CCM+ 

The commercial software package STAR-CCM+ (CD-adapco,

Melville, NY, USA) was used to simulate pore-scale flow and trans-

port in the sphere pack. Previous research [9,30] demonstrated the

advantages and accuracy of using STAR-CCM+ for pore-scale model-

ing in complex pore geometries. Employing a user-defined automatic

sphere generation script implemented in STAR-CCM+, a CAD geome-

try of the sphere pack was constructed. Then during the embedded

mesh generation procedure, the surfaces of the spheres and the pore

space were smoothly meshed by polyhedral cells and prism layers

( Fig. 2 (b) and (d)). Seven million polyhedral cells were generated by

this approach, which was previously demonstrated to be sufficient

based on mesh-independence studies reported in [30] . 

Three-dimensional Navier–Stokes equations describing incom-

pressible fluid flow and a passive scalar transport equation at the pore

scale were discretized using standard FVM techniques [47] and an al-

gebraic multigrid linear solver. The numerical algorithms included a

second-order upwind scheme for convection and diffusion terms, an

implicit first-order scheme for time marching. The iterative SIMPLE

algorithm was also used to couple the velocity and pressure fields.

For flow simulation, the convergence criteria for continuity was set

at 10 −6 . 

The boundary conditions, initial condition and flow/solute trans-

port conditions were the same as those in TETHYS. Solute transport

simulation was conducted based on the steady-state flow solution.

The simulations were run in parallel on a DELL workstation T7500

(Intel ® Xeon 

TM CPU, 2.53GHz, 4 processors). The flow field solution

was found to converge in about 30 0 0 iterations requiring 15 h. Upon

convergence the flow field was fixed during the solute transport sim-

ulation. The time step was 0.01 s for the transient passive scalar
imulation with 100 inner iterations. The total simulation time was

0 s, which required 45 h of total computing time. 

.2. Lattice Boltzmann method (LBM) 

The lattice Boltzmann simulations were performed with the cu-

ulant lattice Boltzmann method [53] . This method uses a finite

elocity discretization of the Boltzmann transport equation using

7 discrete velocities based on the tensor product of the veloci-

ies {−ξ , 0 , ξ} := {−1 , 0 , 1 } ξ in each Cartesian dimension [54,55] ,

here ξ := �x / �t is the speed quantum; and �x and �t are grid

pacing and time step size, respectively. The lattice Boltzmann equa-

ion is written as: 

f i jk (x + ξi jk �t , t n + �t ) = f i jk (x , t n ) + 	i jk [ f i jk (x , t n )] , (4)

here f ijk ( x , t n ) is the discrete velocity distribution function corre-

ponding to the discrete velocity ξijk at the Cartesian coordinates

 x , y , z ) := x and discrete time t n , and i, j, k ∈ {−1 , 0 , +1 } . For the

teady near incompressible flow with a large pressure drop over the

ow domain considered here, we have used the so-called incompress-

ble lattice Boltzmann (LB) model [56] , in which the density ρ is de-

omposed into its mean ρ0 and fluctuation δρ , i.e. , ρ := ρ0 + δρ,

ith ρ0 = 1 , and the coupling between δρ and the flow velocity u

s neglected. In addition, ρ0 can be ignored in the simulations, so that

ρ is the conserved quantity, therefore, 

ρ := 

∑ 

i, j,k 

f i jk . (5)

The collision operator 	ijk can be carried out in the space of dis-

rete velocities, or of moments [57–59] , or of cumulants [53] . In this

ork the collision is executed in the cumulant space. The cumulants

f the distribution function f ijk are obtained by a series expansion of

he logarithm of its bilateral Laplace transform L : 

 nrs := ξ−(n + r+ s) ∂ n ∂ r ∂ s 

∂ Λn 
x ∂ Λ

r 
y ∂ Λ

s 
z 

ln 

(
L [ f i jk (ξ) + w i jk (1 − δρ)] 

)∣∣∣∣
ΛΛΛ= 0 

, 

(6)

here ΛΛΛ := (Λx , Λy , Λz ) is the transform variable of the bilat-

ral Laplace transform, and w ijk are the constant weight coefficients

54,55] : 

 i jk = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

8 

27 

, ‖ ξi jk ‖ = 0 , 

2 

27 

, ‖ ξi jk ‖ = ξ , 

1 

54 

, ‖ ξi jk ‖ = 

√ 

2 ξ , 

1 

216 

, ‖ ξi jk ‖ = 

√ 

3 ξ , 

(7)

hich satisfy the normalization condition 

∑ 

i jk w i jk = 1 . Note that the

aplace transform in Eq. (6) is with respect to the molecular velocity

, thus the term w i jk (1 − δρ) should be treated as a constant one.

he reason to replace δρ with 1 in f ijk in Eq. (6) is to automatically

enerate the correct cumulants corresponding to the incompressible

B model. Here, the cumulants are expressed in terms of the central

oments m nsr of f ijk defined by: 

 nrs = 

∑ 

i jk 

c n i jk,x c 
r 
i jk,y c 

s 
i jk,z f i jk , (8)

here c ijk,x , c ijk,y , and c ijk,z are the Cartesian components of the pe-

uliar velocity c i jk := (ξi jk − u ). For the compressible LB model with

he coupling between ρ and u , the central moments of order 2 n have

n u -independent term ρ(
√ 

θ)2 n , where θ = c 2 s = 1 / 3 and c s is the

peed of sound in the LBE. This term becomes ρ0 (
√ 

θ)2 n = θn for the

ncompressible LB model with ρ0 = 1 , which is correctly generated

y Eq. (6) automatically. 
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The collisional invariants (or the conserved quantities) in terms of

umulants in the model are: 

C 0 0 0 := 0 , 

C 100 , C 010 , C 001 ) := (u, v , w) := u . 

n what follows, we will use the conventional notation of permu-

ation, i.e. , (nr . . . s), to denote all possible permutations of indices

 n, r, . . . , s } . In addition to the conserved cumulants, the only other

umulants with non-zero equilibria are [53] : 

 

(eq)

(200 )
= θ = 

1 

3 

. (9) 

or the remaining 20 cumulants, their equilibria are zero. When the

istribution f ijk is computed from the cumulants { C nrs }, the mass con-

ervation is reinstalled by requiring that 
∑ 

i jk f i jk = δρ . 

In the collision, cumulants { C nrs } are relaxed towards their equi-

ibria { C (eq)
nrs } with relaxation rates ω nrs : 

 

∗
nrs = C nrs − ω nrs ·

(
C nrs − C (eq)

nrs 

)
, (10)

here the superscript ∗ denote the post-collision state. The kinematic

iscosity ν is determined by the relaxation rates for the second-order

umulants C (110) , (C 200 − C 020 ), and (C 200 − C 002 ) [53] : 

= 

1 

3 

(
1 

ω 110 

− 1 

2 

)
ξ 2 �t, (11) 

nd the bulk viscosity is ζ = (1 / 6 )ξ 2 �t with the choice of the relax-

tion rates. 

We noted that the relaxation rates for the third-order cumulants

 (120) affect the value of computed permeability [60] . We used the

ollowing value in this work: 

 120 = 

8 (2 − ω 110 )

8 − ω 110 

. (12) 

oupling the relaxation rate of the third-order cumulants C (120) to

hat of the second-order cumulant C (110) eliminates the spurious de-

endence of the permeability on the viscosity ν encountered in lat-

ice Boltzmann methods using the collision operator with one relax-

tion rate [60] . The relaxation rates for the remaining cumulants are

ll set to unity. It has been shown that the cumulant lattice Boltz-

ann method solves the incompressible Navier–Stokes equations for

ρ and u in the limit of small Mach and Knudsen numbers [53] . 

For scalar transport, an advection diffusion equation is solved us-

ng the same discretization and the same hardware as for the flow

olver with 27 discrete velocities. The advection velocity in the scalar

ransport is the steady velocity field u ( x ) obtained from the lattice

oltzmann flow solver on the same mesh. The advection-diffusion

attice Boltzmann equation reads: 

 i jk (x + ξi jk �t , t n + �t ) = h i jk (x , t n ) + 	i jk [ h i jk (x , t n )] . (13)

he collision operator 	ijk in Eq. (13) is carried out in central moment

pace, i.e. , the moments of the peculiar velocity c i jk := (ξi jk − u ). The

entral moments are computed from the shifted Laplace-transform of

he distribution function h ijk with a given flow velocity u := ( u , v , w ):

 nrs = ξ−(n + r+ s) ∂ n ∂ r ∂ s 

∂ Λn 
x ∂ Λ

r 
y ∂ Λ

s 
z 

e −u ·ΛΛΛL [ h i jk (ξ)] 

∣∣∣∣
ΛΛΛ= 0 

. (14) 

ote that the above equation is equivalent to Eq. (8) for f ijk . 

The collision is carried out with the central moments orthogonal-

zed by the following linearized factorization: 

 (100 ) = m (100 ), (15a) 

 (110 ) = m (110 ), (15b) 

 111 = m 111 , (15c) 
i  
 (200 ) = m (200 ) − 1 

3 

m 0 0 0 , (15d) 

 (210 ) = m (210 ) − 1 

3 

m (010 ), (15e) 

 (220 ) = m (220 ) − 1 

9 

m 0 0 0 , (15f) 

 (221 ) = m (221 ) − 1 

9 

m (001 ), (15g) 

 222 = m 222 − 1 

27 

m 0 0 0 . (15h) 

The only conserved central moment is m 0 0 0 = δρ, i.e. , the mass

ensity. The equilibria of all other factorized central moments M nrs 

re zero. Therefore, the collision process is realized by the following

elaxation: 

 

∗
nrs = (1 − ω nrs )M nrs . (16) 

The diffusivity D is determined only by the relaxation rates of

 (100) : 

 = 

1 

3 

(
1 

ω 100 

− 1 

2 

)
ξ 2 �t. (17) 

ll the other relaxation rates are set to unity. 

The no-slip boundary conditions (BCs) are realized by the bounce-

ack (BB) scheme [35,61,62] . The curved boundaries of the spheres

re approximated by their intersections with all 26 links from one

rid point to its neighboring grid points defined by the discrete ve-

ocities { ξijk }, and the missing distributions f ijk needed for the BB-

Cs at the curved boundaries are obtained through interpolations

35,53,61,62] . The interpolations ensure that the accuracy of the

oundary conditions is consistent with that of the lattice Boltzmann

ow solver [53] . Thus the complex geometry of the porous medium

s accurately represented in the LBM, and the representation of the

urved boundaries accurately approximates the body-fitted mesh

hown in Fig. 2 (d). Specifically, the interpolations used here to treat

urved boundaries are [53] : 

f 
i jk 

(x , t n + �t) = 

1 

1 + q 

[ 
q 

(
f ∗i jk (x , t n ) + f ∗

i jk 
(x , t n )

)

+ (1 − q) f i jk (x , t n )
] 
, (18) 

here f 
i jk 

:= f (ξ
i jk 

), ξ
i jk 

:= −ξi jk , and 0 ≤ q < 1 is the portion of a

ink ‖ ξijk ‖ �t inside the fluid region [61] . Other boundary conditions

re the Dirichlet one for the velocity at the inlet, and non-reflective

xtrapolation at the outlet [53] . More details about implementing the

oundary conditions are given by Geier et al. [53] . 

The incompressible cumulant lattice Boltzmann method is im-

lemented for parallel execution on General Purpose Graphics Pro-

essing Units (GPGPUs) with Compute Unified Device Architecture

CUDA). The geometry was discretized with a sparse Cartesian grid

sing the Eso-Twist data structure [63] . The communication between

PGPUs was done using MPI. Two grid resolutions are considered.

he grid with a resolution of 20 μm has about 53.5 million nodes,

hile the grid with resolution of 40 μm has about 6.7 million nodes.

he simulation with the lower resolution mesh running on a single

ESLA 

® K40c GPGPU took about 4.5 h for the flow simulation of about

2 s in real time. We have achieved a performance of approximately

33.3 million node updates per second (MNUPS). The simulation with

he higher resolution mesh was distributed over two TESLA 

® K40c

PGPUs and took about 61.07 h for the flow simulation of about 72 s

n real time. 

.3. Smoothed Particle Hydrodynamics (SPH) 

In this work we use a consistent second-order Incompress-

ble Smoothed Particle Hydrodynamics (ISPH) method [64] . The
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Table 3 

Summary of the mesh, grid size and run time. 

Code Mesh type Grid size Cell No. Machine Run time a 

TETHYS Cartesian 20 μm 72.1M 1600 CPUs 9 h (f, ss) 

12 h (t, ts) 

TETHYS Cartesian 40 μm 9.1M 480 CPUs 4 h (f, ss) 

7 h (t, ts) 

iRMB-LBM Cartesian 20 μm 53.5M 2 TESLA 61.07 h (f, ts) 

K40c 25.33 h (t, ts) 

iRMB-LBM Cartesian 40 μm 6.7M 1 TESLA 4.5 h (f, ts) 

K40c 1.5 h (t, ts) 

ISPH Meshless 20 μm 165M 7680 CPUs 13 min (f, ts) 

ISPH Meshless 40 μm 25M 960 CPUs 10 min (f, ts) 

STAR-CCM+ Polyhedral 40 μm 13M 4 CPUs 15 h (f, ss) 

45 h (t, ts) 

UT-PNM — — — Single CPU 1 s (f, ss) 

45 s (t, ts) 

a (f: flow simulation; t: solute transport; ss: steady-state simulation; ts: transient 

simulation). 

r  

b  

i  
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a
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a  
method is implemented using the massively parallel particle li-

brary LAMMPS [65] and the linear algebra library Trilinos [66] .

LAMMPS is used to provide a computational framework for large-

scale particle-based simulations, e.g. , domain decomposition, load

balancing, (re)neighboring of particles, communication of particle-

associated data fields, etc. To provide an implicit time-integration ca-

pability, the Trilinos solver packages are used, i.e. , Epetra [67] for dis-

tributed linear algebra, Belos [68] for a GMRES solver, and ML [69] for

an algebraic multigrid preconditioner. 

The smoothed particle hydrodynamics (SPH) method is a fully La-

grangian particle method for solving conservation equations. Tradi-

tionally, incompressible fluids are treated in SPH as weakly compress-

ible fluids and an equation of state is used to close the system of the

momentum and continuity equations. The speed of sound, c is cho-

sen so that the Mach number Ma satisfies the condition Ma = 

v 
c �

0 . 1 . Under this condition, the compressible fluid behaves as incom-

pressible. Standard SPH discretization is based on the bell-shaped

compactly-supported kernel W ( x ), and represents spatial derivatives

of any function in terms of the values of this function at discretiza-

tion points and derivatives of W . The advantage of standard SPH is

that the resulting momentum equations have the form of the equa-

tions of Molecular Dynamics, i.e. , the SPH discretization of the con-

tinuity, momentum, and advection diffusion equations exactly con-

serves mass and momentum and, when explicit time integration is

used, the SPH algorithms are easily parallelizable. There are two main

challenges in application of the weakly-compressible time explicit

SPH method to flow in porous media. The accuracy of the standard

SPH discretization is hard to control as it depends on the SPH par-

ticle distribution. As particles become disordered, the convergence

rate of SPH method becomes less than two with respect to the reso-

lution parameter, h , the support of W . The second challenge is that

the time step in explicit time integration schemes, subject to the

CFL conditions (Courant–Friedrichs–Lewy condition, [70] ), becomes

prohibitively small because of the speed of sound and viscosity con-

straints. A review of the SPH methods with application to pore-scale

flows can be found in [40] . 

The consistent ISPH method uses an incremental pressure cor-

rection scheme to ensure divergence-free velocity fields, which re-

laxes CFL constraints and allows taking significantly larger time steps

comparing to those used in the weakly compressible SPH. To achieve

second-order accuracy in time and space, the ISPH method uses the

Crank–Nicholson scheme for time discretization and corrected differ-

ential operators for the space discretization. The use of the corrected

operators allows for smaller support h than that needed by the stan-

dard SPH method. 

ISPH simulations with two different resolutions were performed.

In these simulations, SPH particles were initially placed on Body-

Centered Cubic (BCC) lattice with grid sizes 40 μm and 20 μm. SPH

particles located inside the spheres were labeled as solid particles. 

Application of the Takeda/Morris no-slip boundary condition re-

quires the evaluation of the perpendicular distances to walls for

fluid particles interacting with dummy particles. In increasingly com-

plex boundary configurations this becomes cumbersome and in gen-

eral requires some sort of piecewise spline representation of the

boundaries. To circumvent this we have implemented the smoothed

perpendicular distance approximation introduced by Holmes et al.

[71] . 

Solid particle positions are fixed in space and used to impose the

Morris no-slip boundary condition [72] using area coordinates de-

scribed in [71] . The rest of the particles are labeled as fluid particles,

and their positions are advected in time with velocities found from

the ISPH solution of the Navier–Stokes equations. We prescribed pe-

riodic boundary conditions at the top and bottom of the sphere pack

and the flow is driven by a body force mimicking the constant pres-

sure drop predicted by Darcy’s law. Periodic boundary conditions are

more natural for Lagrangian methods. The presence of the two buffer
egions makes the solution in the sphere pack essentially unaffected

y this particular choice of boundary conditions. The initial velocity

s set to zero and the N–S equations are integrated with variable time

tep sizes (in each time iteration, a timestep size is adjusted with re-

pect to the maximum velocity of fluid particles) until steady state

verage velocity was reached. 

The simulations were run on the Edison supercomputer, Cray ®

C30, at the National Energy Research Scientific Computing (NERSC)

enter. A compute node consists of two sockets each of which has a

2-core Intel ® Ivy Bridge 2.4 GHz processor and compute nodes are

onnected via the Cray Aries interconnect. Table 3 shows weakly scal-

ble results; the largest problem for 20 μm takes less than 15 min to

each the steady-state solution. 

.4. Pore-network model (PNM) 

The University of Texas at Austin (UT-Austin) group used a pore-

etwork model (PNM) to simulate flow and transport through the

olumn. Pore networks are simplified representations of the compli-

ated pore space geometry with a topologically-equivalent network

f interconnected elements: pores and throats. Pores represent lo-

ally larger void spaces that are connected via narrower constrictions

r throats. Pores and throats are typically assigned simple shapes

 e.g. , spheres and cylinders, respectively) that make them amenable

o analytic expressions for flow and transport. The flow equation is

btained by imposing mass balance at every pore and since the fluid

s Newtonian and incompressible, this results in a linear system of

quations. Solving this system yields the pressure and velocity fields

eeded for subsequent solution of the transport equation. The details

re explained in [73] . 

Three PNM models were considered for the simulation of

ransport: a) the mixed-cell method (MCM) ( e.g. , [74,75] ), b) the

treamline-splitting method (SSM) [42] , and c) the superposing

ransport method (STM) [73,76] . All models are Eulerian or grid-

ased (no particles are tracked). MCM is the simplest and more com-

only used of the three. In it, solute balance is imposed on each pore,

esulting in a linear system of ODEs for pore concentrations. In MCM,

ll the void volumes are assigned to the pores, throats are assumed

o be volumeless, solute is perfectly mixed within the pores, and the

hearing of solute due to non-uniform velocity profiles within throats

hereafter referred to as “shear dispersion”) is ignored. It is therefore

omputationally very efficient. SSM is similar to MCM in all respects

xcept that it accounts for the partial mixing of solute within pores.

n the other hand, STM differs from MCM in that throats assume

 portion (a user defined quantity) of the void volume, and shear-

ispersion within throats is included in the modeling. Mehmani

nd Balhoff [76] showed that SSM and MCM produce practically
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Table 4 

Comparison of the pressure drop ( �P ) along the axial direction of 

the sphere pack. 

Numerical method �P (Pa) Permeability cm 

2 

[Eisfeld, Reichelt] 14 .29 3 . 93 × 10 −6 

Carman-Kozeny Eq. 13 .19 4 . 25 × 10 −6 

TETHYS (40 μm) 13 .32 4 . 21 × 10 −6 

TETHYS (20 μm) 13 .19 4 . 25 × 10 −6 

iRMB-LBM (40 μm) 15 .24 3 . 68 × 10 −6 

iRMB-LBM (20 μm) 16 .07 3 . 49 × 10 −6 

ISPH (40 μm) 13 .63 4 . 11 × 10 −6 

ISPH (20 μ m) 13 .72 4 . 08 × 10 −6 

STAR-CCM+ 13 .65 4 . 11 × 10 −6 

UT-PNM 13 .26 4 . 23 × 10 −6 
dentical results in disordered sphere packs, entailing that mixing as-

umptions within pores have seemingly negligible impact on longitu-

inal macroscopic dispersion in these media. Similarly, they showed

hat STM and MCM predictions are very close for the Péclet numbers

onsidered in this work ( Pe := Re p × Sc = 257 ). Additional tests on

he sphere pack considered herein confirmed these conclusions. We

herefore only present the MCM results in this work. Further details

f the transport models are omitted for brevity and can be found in

he references given. 

For compatibility reasons with the UT-PNM codes used herein, the

ylindrical sphere pack column was cropped into a cuboid with the

ame length in the y -direction, and a square-shaped cross-section

ith a diagonal distance equal to the cross-sectional diameter of

he cylindrical column. The pore-network was extracted from the

ropped domain using LSU’s Avizo module, which employs tech-

iques outlined in [77] . Briefly, a maximal ball algorithm is used to

ocate the centers of each pore. Throat hydraulic conductivities are

hen calculated using methods from [78] , whereby irregular throat

hapes are mapped onto triangular, square, and circular geometries,

epending on their shape factors. A constant pressure gradient was

mposed on the pore network in the y -direction to establish steady-

tate flow and compute the pressure/velocity fields. Solute was then

njected through the inlet by imposing a constant inlet concentra-

ion of 1 for the duration of 2.798 s, which was thereafter set to 0 for

he rest of the simulation. Zero concentration gradient was imposed

t the outlet. Breakthrough curves were obtained by computing the

ux-averaged concentrations of all throats at the outlet face of the

etwork. 

All simulations were run in series on a single desktop machine

ith an Intel ® Core TM i7-4790 CPU with a 3.6 GHz processor and

2 GB of Random Access Memory. The implementation of MCM is

n MATLAB 

® and makes effective use of vectorization and avoidance

f explicit loops. The transport equation is solved using the adaptive

ime stepping ode23tb solver in MATLAB 

®, which is an implemen-

ation of TR-BDF2, and the implicit Runge–Kutta formula. The wall-

lock times for solving the flow and transport equations for the en-

ire duration of the simulation ( i.e. , 40 simulation seconds or 2.5 pore

olumes injected) are 1 and 45 s, respectively. 

.5. Summary of the numerical models 

A total of four pore-scale models (five computational codes/

ackages), belonging to two classes of approaches, were used to sim-

late flow and transport in the benchmark sphere pack problem. As

escribed in the previous sections, the geometries of the computa-

ional domain, the flow/solute transport conditions and the bound-

ry/initial conditions were the same for class 1 models; while the

lass 2 model UT-PNM used a slightly different setup as explained in

ection 3.4 . In order to accommodate code differences while main-

aining consistency, different specific treatments have been applied.

or TETHYS, STAR-CCM+ and iRMB-LBM simulations, constant veloc-

ties were applied at the inlet to match the volumetric flow rate used

n the MRV experiment. However, in ISPH simulations, a gravitational

ody force was calculated using the computed pressure drop be-

ween the inlet and outlet and then applied to the computational do-

ain in order to match the same Reynolds number. UT-PNM imposed

 constant pressure gradient on the pore network in the flow direc-

ion to achieve the same Reynolds number as used in the other mod-

ls. In all the models, no-slip boundary conditions have been used

n the other solid surfaces including the surfaces of the spheres and

he bounding cylindrical walls. For each code, we conducted flow rate

hecks to insure mass balance and consistency; the discrepancies in

ow rate are all less than 5%. 

For the mesh and performance review, a summary is given in

able 3 , which includes the name of the code, the mesh used in

he simulation (mesh type, grid size and number of cells) and
omputing cost. It is obvious that UT-PNM runs the fastest due to

he relative simplicity of the model. On the other hand, the computa-

ional costs of the DNS were substantial, with run times up to several

ays on supercomputers to solve flow equations on the large mesh

eeded to fully resolve the complex pore geometry. With the imple-

entation of the modern GPGPU technique (CUDA), the computing

ime was significantly reduced in the iRMB-LBM runs (transient sim-

lations for both flow and solute transport simulations while TETHYS

nd STAR-CCM+ ran steady-state simulations for flow). Although the

ethods do not impose inherent limitations on transport simula-

ion, ISPH did not participate in the solute transport simulations due

o specific limitations of the code capabilities and high computing

osts. 

. Results 

In this section, we present a series of comparisons of flow and

ransport simulation results among the five considered pore-scale

odes/packages. First, several attributes of the simulated velocity

elds are evaluated including macroscopic pressure drop and per-

eability, contour plots of velocities, point-by-point velocity values

t selected locations and velocity distributions (histograms). Second,

or the transport simulations, breakthrough curves are presented fol-

owed by analyses of effective dispersion using both analytical solu-

ion fitting and a volume averaging method. 

.1. Flow field 

.1.1. Pressure drop and permeability 

The pressure drop across the sphere pack column is an important

easure of the macroscopic performance of the pore-scale models.

he intercomparisons consider the average pressure difference be-

ween the inlet and outlet of the column. For each simulation, the

alues of the pressure were averaged over the inlet and outlet faces

fter the flow field reached steady state (UT-PNM solves the steady-

tate flow equation directly). As verified by numerical tests, the buffer

egions had negligible impact on the simulated values of the pres-

ure drop since there was no porous medium to impede flow in the

uffer zones. For reference, the expected pressure drop across the

niform sphere pack is 14.29 Pa as estimated through correlations

resented in [79,80] and 13.19 Pa using the well-known Carman–

ozeny equation [81] . The simulated values of the pressure drop are

ummarized in Table 4 . Using a structured voxel mesh, the simulated

ressure drops from TETHYS simulations are 13.32 Pa (40 μm grid)

nd 13.19 Pa (20 μm grid), with a difference of less than 1% between

he two grid resolutions. Using the same grid resolutions and the cut-

ell approach, the pressure drops from iRMB-LBM simulations are

5.24 Pa and 16.07 Pa, which are higher than those computed from

ETHYS. The particle resolutions used in the ISPH simulations are the

ame as those in TETHYS simulations and result in very similar calcu-

ated pressure drops of 13.63 Pa and 13.72 Pa, respectively. Also giving
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Fig. 3. Color contour plots of velocity in slice 320 (in the middle of the packed-bed at y = 6 . 4 mm): (a) STAR-CCM+ simulation; (b) TETHYS 40 μm simulation; (c) TETHYS 20 μm 

simulation; (d) iRMB-LBM 40 μm simulation; (e) iRMB-LBM 20 μm simulation; (f) ISPH 40 μm simulation; (g) ISPH 20 μm simulation; (h) magnified visualization of velocity 

fields in the subregion of slice 320 indicated by a red frame in (b). 
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very similar results for the simulated pressure drop at 13.65 Pa was

the STAR-CCM+ code (using an unstructured body-fitted mesh). The

voxel meshes approximate the smooth surfaces of the micro-spheres

in a stair-step manner, which not only lead to differences between

the porosity of the model system and that measured by the MRI ex-

periments, but may also lead to artifacts in the computed flow field,

particularly at relatively coarse grid resolutions. For the class 2 model

UT-PNM, although the computational domain was modestly cropped

to accommodate code constraints, the simulated pressure drop along

the sphere pack is 13.26 Pa, which is very similar to results of several

of the other codes. 

Given the total flux and pressure drop, the permeability associated

with each simulation can also be calculated. The results are also listed

in Table 4 . The calculated permeabilities of the packed bed, based

on the simulated pressure drop for the class 1 models, are around

4 . 1 × 10 −6 cm 

2 . The corresponding estimate from the class 2 model

(UT-PNM) is 4 . 23 × 10 −6 cm 

2 , very close to the value simulated by

the class 1 approaches. This value is in the typical range observed for

clean well-sorted sand. Therefore the simulated macroscopic behav-

ior is consistent with that expected based on established empirical

relationships for packed bed systems. 
.1.2. Pore-scale velocity comparisons 

Contour plots of the simulated velocity magnitude along a se-

ected axial slice ( y = 6 . 4 mm) in the middle of the sphere pack, ob-

ained from all class 1 pore-scale models, are shown in Fig. 3 . This

lice has been chosen as a representative to show the characteristics

f the velocity field in the pore space. We find similar flow field pat-

erns in the pore space simulated using different models with either

tructured mesh (TETHYS), Cartesian mesh with cut-cell approach

iRMB-LBM), body-fitted mesh (STAR-CCM+), or meshless particles

ISPH). However, the magnitudes of the velocities are not identical.

e also note that higher velocities are observed in the near-wall re-

ion, where the local porosity is higher than average because of the

ffect of the wall on the arrangement of nearby grains. Differences

mong the local velocity values computed by the various models can

e seen more clearly in detailed views. Fig. 3 h shows an expanded

iew of the subregion of slice 320 indicated by the red box in Fig. 3 b.

ive locations in this subregion (around a pore with high velocity)

ere selected to compare point-to-point values. Table 5 provides a

abular listing of the actual values of three velocity components (ax-

al and two transverse directions) at all five points. We note that the

alues predicted by class 1 models are mostly similar, but in selected
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Table 5 

Comparison simulated values of axial and transverse velocity components at five selected locations in slice 320 indi- 

cated in Fig. 3 (h). 

STAR-CCM+ TETHYS LBM ISPH 

20 μm 40 μm 20 μm 40 μm 20 μm 40 μm 

v y (mm/s) 

Point 1 7 .142 7 .038 6 .622 7 .261 5 .288 6 .847 6 .035 

Point 2 5 .387 5 .942 5 .667 6 .487 4 .921 5 .323 5 .453 

Point 3 5 .186 5 .013 4 .774 4 .034 2 .788 5 .191 5 .213 

Point 4 1 .860 2 .042 1 .958 2 .358 1 .497 1 .862 1 .890 

Point 5 0 .425 0 .431 0 .407 1 .298 1 .100 0 .424 0 .432 

v x (mm/s) 

Point 1 –0 .550 –0 .566 –0 .584 –0 .629 –0 .447 –0 .541 –0 .562 

Point 2 –0 .542 –0 .539 –0 .514 –0 .684 –0 .505 –0 .539 –0 .548 

Point 3 –0 .636 –0 .641 –0 .622 –0 .706 –0 .424 –0 .635 –0 .642 

Point 4 –0 .096 –0 .094 –0 .102 –0 .082 –0 .059 –0 .089 –0 .092 

Point 5 0 .088 0 .093 0 .090 0 .091 0 .025 0 .086 0 .084 

v z (mm/s) 

Point 1 –1 .824 –1 .852 –1 .773 –1 .975 –1 .430 –1 .814 –1 .791 

Point 2 –1 .484 –1 .430 –1 .391 –1 .624 –1 .213 –1 .464 –1 .452 

Point 3 –0 .974 –1 .103 –1 .102 –1 .116 –0 .849 –0 .945 –0 .958 

Point 4 –0 .942 –0 .931 –0 .906 –0 .683 –0 .443 –0 .941 –0 .947 

Point 5 –0 .634 –0 .592 –0 .682 –0 .858 –0 .604 –0 .641 –0 .659 

Fig. 4. Comparisons of local velocity histograms: a) among class 1 models for results in a single slice extracted from the center of the column; and b) between STAR-CCM+ (class 1) 

and UT-PNM (class 2) models for results in the cropped domain. 
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ases the differences are significant, in particular in those models

hat employed different grid resolutions or mesh types. For global

easurements of the simulated velocity fields, comparisons of ve-

ocity histogram in slice 320 (using 300 bins) are shown in Fig. 4 a.

he conclusions are consistent with the comparisons of the velocity

ontour plots and point-to-point values. 

Since the class 2 model UT-PNM uses a geometrically simplified

ore structure, it is not feasible to directly compare local flow veloci-

ies with other models. However, a histogram plot of average veloci-

ies in the pore throats is useful for comparison purposes. Due to con-

traints of the UT-PNM code, the sphere pack was cropped into a box-

haped domain (shown in Fig. 4 b) with a rectangular cross-section

s explained in Section 3.4 . For consistency of comparison, a single

un using a class 1 model, i.e. , STAR-CCM+, was conducted to simu-

ate flow and solute transport in the same cropped domain. Fig. 4 b

hows the histogram plots of simulated flow fields for the cropped

omain using STAR-CCM+ and UT-PNM. The histogram plot for the

ntire cylindrical column simulated by TETHYS [30] is also shown

or reference. It is clear that most of the velocities are in the range

rom 0 to 2 mm/s for the cropped domain simulations. The veloc-

ty distribution in the cropped domain is significantly different from

hat in full column simulation but for the same cropped domain, the
istributions of the velocities computed by STAR-CCM+ and UT-PNM

ere very similar, demonstrating that PNM accurately represents the

ore-scale velocity distribution in a complex pore geometry. The sig-

ificant differences between the cropped and full domains are associ-

ted with high-velocity flows caused by differences in grain packing

ear the column walls, as illustrated in Fig. 5 . 

.2. Solute transport 

.2.1. Breakthrough curves 

In this section, computed results for solute transport are pre-

ented and compared between class 1 and 2 simulations. Fig. 5

hows three-dimensional visualizations of tracer concentration in the

phere pack at four selected times ( t = 5 , 15, 25, and 35 s), which

ere simulated by TETHYS (class 1 CFD-FVM). Since a pulse-type con-

tant concentration was imposed at the inlet, the highest concentra-

ions occur in the early stages of the transport simulation ( Fig. 5 (a)).

rom those images, it is clear that the pore geometry has a major im-

act on the character of the transport simulation. It is evident that

here is strong preferential flow along the column walls, which is an

rtifact that would not occur in the natural system. In the absence

f this wall effect, the porosity and effective hydraulic conductivity
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Fig. 5. Visualizations of tracer concentration at four selected simulation times simu- 

lated by TETHYS: (a) 5 s; (b) 15 s; (c) 25 s; (d) 35 s. 

 

 

 

 

 

 

 

 

Fig. 7. Computed breakthrough curves (concentration of solute tracer over time) at 

the outlet of the column versus the pulse-type incoming concentration. 
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would be smaller, and (given the same Darcy flux) the tracer break-

through would occur earlier. 

Fig. 6 shows the contour plots of the solute concentrations on

three selected slices ( y = 4 . 4 mm, 6.4 mm, 8.4 mm, respectively) at

time = 10 s, as simulated by the TETHYS code. The locations of the

selected slices are toward the inlet, in the middle and toward the out-

let of the domain. Fig. 6 (a) indicates that the highest tracer concen-

trations are closer to the inlet of the domain where the pulse was

imposed. It is clear from Fig. 6 (b) and (c) (and also Fig. 5 ) that pref-
Fig. 6. (a) Contour plot of simulated (TETHYS) tracer concentration at time = 10 s in slic

y = 6 . 4 mm; (c) Contour plot of tracer concentration at time = 10 s in slice at y = 8 . 4 mm. 
rential flow paths exist along the column wall; solute that travels

hrough the middle of the column moves more slowly. This behavior

f the solute could potentially lead to extended tailing in the corre-

ponding breakthrough curve. However, examination of the break-

hrough tails in logarithmic plots (not shown) indicates close to log-

inear behavior (no anomalous tailing), at least for the period simu-

ated (normalized breakthrough concentrations approaching 0.001). 

Fig. 7 shows simulated breakthrough curves at the outlet of the

phere pack column for the bromide tracer. Four pore-scale mod-

ls from both class 1 (TETHYS, STAR-CCM+, iRMB-LBM) and class 2

UT-PNM) approaches were used to simulate solute transport based

n the flow field solutions. As noted previously, ISPH was not in-

luded in the transport comparison due to code limitations. At the

nlet, we employed a pulse-type incoming concentration (duration

 2.78 s, 0.1 pore volume) as denoted in the figure. At the outlet,

reakthrough concentrations were calculated from the simulation

esults using a flux-weighted average at each time step. The break-

hrough curve results are consistent with the interpretations drawn

rom the visualizations ( Fig. 5 ). The peak of the breakthrough curves

ccurs at around 21 s, which includes the time for the solute trav-

ling through the extruded buffer regions added to the sphere pack.

he breakthrough curves computed from TETHYS using both 40 μm

nd 20 μm structured mesh are very similar to each other and to the

esults from STAR-CCM+ using the unstructured body-fitted mesh.
e at y = 4 . 4 mm; (b) Contour plot of tracer concentration at time = 10 s in slice at 
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a  
he iRMB-LBM tracer simulation based on the 40 μm-unstructured

esh (using the cut-cell approach) underestimated the maximum

olute concentration in the column, while using 20 μm-resolution

ed to results much closer to the other models, although the peak ar-

ival in the iRMB-LBM simulations was slightly delayed relative to the

ther models. Despite these minor differences, all the class 1 mod-

ls demonstrated similar solute breakthrough behavior. However, the

reakthrough curve simulated using the class 2 model UT-PNM dif-

ers significantly from those of the class 1 models. Since UT-PNM

sed a cropped rectilinear domain and did not include the buffer

egions, and because (as discussed above) the outer portions of the

odel domain have generally faster velocities due to the edge effects,

his comparison is not valid. Therefore, to support more consistent

omparison we ran a single STAR-CCM+ simulation using the cropped

omputational domain; the resulting breakthrough curve is also

hown in Fig. 7 . In this comparison, excellent agreement was achieved

etween the two models, although the particular PNM method used

 i.e. , MCM) appears to be slightly more dispersive leading to a slightly

ower peak. 

.2.2. Dispersion analysis 

The macroscopic longitudinal dispersion coefficient can be es-

imated from the simulations for comparison. Here we used two

ethods to analyze the dispersion. For the simulation methods that

erformed transport simulations, the resulting breakthrough curves

ere fitted with a standard one-dimensional advection-dispersion

odel using the general solute transport model in STAMMT-L code

82] . We also used the method of volume averaging (MVA), solved

umerically using the TETHYS code, to obtain estimates of disper-

ion coefficients corresponding to the simulated system. Richmond

t al. [45] modified the MVA that it could be applied to unsteady cases

 Section 3.1.1 ). The modified MVA has been previously validated for

he simple cases of flow between parallel plates and tubes and was

ubsequently applied to a sinusoidal wavy tube problem and suc-

essfully compared with transport simulations based on a particle

racking method [45] . In the current study, MVA calculation was im-

lemented in TETHYS and performed after flow and solute transport

imulations. 

The calculated Péclet ( Pe = Sc × Re ) number of the current sphere

ack problem is 257. The apparent dispersion coefficient ( D L ) com-

uted by the MVA method is 1 . 66 × 10 −6 m 

2 /s. The D L fitted by

TAMMT-L based on the breakthrough curves shown in Fig. 7 are

 . 72 × 10 −6 and 1 . 75 × 10 −6 m 

2 /s for Star-CCM+ and TETHYS-40 μm-

imulation (entire column). The results show good agreement be-

ween the modified MVA method and the values fitted to the 1D

dvection-dispersion equation. 

. Conclusions 

We have performed comparative flow and solute transport simu-

ations of an experimental porous medium using five different codes

epresenting four general pore-scale modeling approaches. This is

n extension of previous research that compared a single model ap-

roach with experimental data. This work also expands on previous

tudies by others in which multiple pore-scale simulators were com-

ared in the context of a 2D system. The character of 3D flow and

ransport is significantly different that 2D in that additional degrees

f freedom are available for flow and transport pathways, leading to

otential differences in velocity patterns, degree of solute mixing, etc.

he 3D complex pore geometry (randomly-packed spheres) used in

he current study poses several additional challenges to numerical

imulation, including: 1) accurate representation of the pore geom-

try; 2) meshing requirements; 3) convergence and stability issues;

nd 4) computing cost. Hence, it is a strong benchmark problem to

est different pore-scale models, improve the performances and ex-

end the capabilities of the computational codes. Although all the
odels represented the same model system to the degree possible,

he methods varied widely in the degree of complexity of represen-

ation of the porous media geometry, the numerical algorithms used,

esh resolution and geometry, and computational requirements. 

Quantitative comparisons are drawn in terms of microscopic mea-

ures (pore-scale velocities) and macroscopic measures (permeabil-

ty, breakthrough curves, effective dispersivity). All models and codes

ave broadly similar results in all categories, although there were

ome differences that may be deemed significant depending on the

odel context. Meshing and grid resolution were believed to be the

ajor source of the differences. Com parisons of simulated tracer

reakthrough were only performed for a subset of the codes that

ere capable of simulating solute transport. All obtained simulation

esults were in good agreement when differences in model configura-

ion were properly accounted for, although some minor discrepancies

ere observed. 

The computational demands of the various methods also varied

idely, with some methods running in seconds on a single proces-

or and others requiring hours or days on large supercomputers. The

NM in particular is highly computationally efficient, and therefore

ay be very well suited to rapid screening of alternatives or per-

orming very large simulations in cases where slight overestimation

f dispersive transport is not problematic. Of the class 1 models, the

RMB-LBM code executed on GPGPU was the most computationally

fficient. 

Additional analyses are needed to clearly identify the sources of

he observed discrepancies (especially in the effective permeability),

nd further work is needed to enhance code capabilities to allow

ommon comparison of transport simulations across the full suite of

ethods. However, in general we believe that this study provides a

trong foundation for further development and application of pore-

cale simulation methods to problems of porous media flow and

ransport. In order to share our knowledge and findings from the

urrent study with the porous media flow research community and

acilitate future extensions of this work, we will upload the bench-

arking problem and our results to the PoreScaleBenchmark web-

ite: http://porescalebenchmark.pbworks.com/ . 
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