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transformation of the velocity moments of the distribution functions between a moving
frame of reference and the one at rest is analyzed. The flow past a cylinder moving with a
prescribed motion is used to validate the proposed LBE-overset method. We show that the
proposed LBE-overset method does reduce the numerical noise generated by the relative
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1. Introduction

The lattice Boltzmann equation (LBE) [1-3] has been widely applied to simulate the moving boundary problem in fluid
dynamics for particulate flows with rigid particles [4-14] or deformable ones [15-19] and fluid-fluid interfacial flows
[20-25]. The present work concerns with the moving boundary problem of a rigid body moving in fluid. There are two
approaches in the LBE to treat such problem, i.e., the sharp-interface method based on the bounce-back scheme [26,27]
and the immersed-boundary method [28,22,29]. The present work concerns the sharp-interface method for the moving
boundary of a fluid-solid interface.

In the LBE, the sharp-interface treatment of a fluid-solid interface is similar to the cut-cell method (cf., e.g.,, [30,31]). The
LBE for flow fields is solved on an Eulerian Cartesian mesh, and the numerical boundary of a rigid body in fluid is defined by
the intersections of its geometric surface and the grid lines of the underlying Eulerian Cartesian mesh [26]. The boundary of
the body moves with respect to the fixed mesh thus the grid points on the Eulerian mesh move in and out of fluid domain
through the boundary as the body moves in fluid, and this movement of the body with the fixed mesh generates numerical
noises [32].

In this work, we propose to combine the overset or composite-grid technique [33-36] with the LBE to treat the moving
boundary problem. As we will demonstrate later, the LB-Overset approach can significantly reduce the numerical noise
seen in the LB-sharp-interface approach. The overset method has been adopted in the LBE previously to simulate rotating
flows and the term sliding mesh has been used (cf,, e.g., [37-39]). The overset approach has two essential ingredients: (a)
a composite of the meshes fixed with the local frame of reference which is attached to the bodies moving/rotating with
respect to the underlying fixed Eulerian mesh for fluid in the frame of reference at rest, and (b) the communications and
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matching information between the moving and fixed meshes. With a moving/rotating mesh, the forces due to the change of
frame of reference can be directly added to the distributions [37,38] in the LBE or the moments of the distributions [39]. In
the work of Li [37] and Zhang et al. [38], the matching between the moving and fixed meshes are achieved by passing only
the mass density and momentum density, i.e., the equilibrium information, via some volumetric boundary conditions which
amount to some interpolations [40]; while in the work of Far et al. [39], the interpolations are applied to all the moments
to ensure that not only the equilibrium information, but also the nonequilibrium one, are passing between to mesh systems
with sufficient accuracy.

The key contribution of the present work is the analysis of transformation of the moments between the frames of
reference with relative motion based on the theory of rigid-body motion, which has yet to be done within the context of
the lattice Boltzmann method, thus the approach proposed in this work differs from the previous ones (cf., e.g., [37-39]).
It should be emphasized that only when the theory of transforming moments between different frames of references are
fully understood, the numerical treatment of moving/rotating frames in the lattice Boltzmann method is assured to be
accurately realized and implemented so to ensure the fidelity of simulations using the lattice Boltzmann method. This
issue is particularly acute for simulating of flows with particulate suspensions [5,41,42,8,43,9,44,10,28,45,46,11]. As we will
demonstrate later in this work, one immediate benefit of the proposed overset-LBE approach is significant reduction of the
noise generated by movements of grid nodes in and out of a fluid domain in simulations of moving object [32].

The remainder of this paper is organized as follows. Section 2 discusses the numerical techniques used in this work,
including a brief description of the LBE model with nine discrete velocities in two dimensional (2D) space (the D2Q9
model) and the overset technique in the context of the LBE. The central part of this section is the analysis of transform
of the velocity moments of the distribution functions between a frame of reference at rest to a rotational one. Section 3
presents the numerical results of this work. A disc with given linear and rotational velocities in a rectangular domain is used
as a test to validate the proposed LB-Overset method. The results show that the proposed method is effective to reduce the
numerical noises generated by the relative movement of a rigid body with respect to the underlying fixed Cartesian mesh.
Finally, Section 4 concludes the paper.

2. The methodology

We will describe the theory and implementation of the lattice Boltzmann equation with overset meshes in this section.
In this work we will restrict ourselves to two dimensions (2D), although the method itself by no means is limited to 2D and
it has been implemented in three dimensions (3D). Section 2.1 provides a brief description of the lattice Boltzmann model
with nine discrete velocities in 2D (D2Q9 model), the collision is based on the multiple-relaxation-time model which is
carried out in moment space. Section 2.2 about the overset approach in the setting of the LBE is the theoretical core of this
work, which includes three parts. The first part is the data passing between a moving mesh and a fixed one in Sec. 2.2.1.
The second part concerns about the transformation of moments in a moving frame of reference. The third and last part is
about forces induced by a rotating frame of reference in Sec. 2.2.3.

2.1. The lattice Boltzmann equation

We will use the lattice Boltzmann equation with the multiple-relaxation-time (MRT) collision model [47-49]. An LBE
model of q discrete velocities, {&;]i =0, 1, ..., g — 1}, in d dimensions is denoted as DdQq model. In general, the lattice
Boltzmann equation on a lattice §xZ¢ of the lattice spacing 8 and with discrete time {t,|n € Ng} can be written concisely
in vector notation as the following:

£y + 86, ta+ 80 = £ tw) — M-S - [m(ry, tw) ~m@(rj, t0)] (1)
where up-right bold face symbols denote g-dimensional vectors in RY:

f(rj + 8t&, th +8t) == (fo(rj, tn +8¢), f1(rj+6e&q1, ta +380), ..., fg—1(rj +8e84_1, tn +50),
£(rj, tn) == (fo(rj, ta), f1(rj, tn)s ...\ fa1 (T, ta))T,

m(r;, tn) = (Mo(r}, tn), Mi(Fj, ta), ..., Mg_1(rj, ta))",
0 0 0
mO (. tn) == (my) (rj. tn). mP ). ta). ... m ). )

f(r;, tp), m(r;, ty), and m© (rj, ty) denote the vectors of the distribution functions, the moments, and the equilibrium
moments (which are functions of the conserved quantities and will be specified later), respectively; f(r;j + &:&, tn + &)
serves as a convenient notation which includes the distributions not at the same location, but about other lattice nodes
{rj+6&i=0,1, ..., (g —1)} about the node r;; | denotes transpose operator, M is the q x g projection matrix mapping
the distribution functions { f;} to their velocity moments {m;}:

m=M-f, f=M".m, (2)
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and S is the diagonal relaxation matrix whose diagonal elements are the relaxation rates which determine the dissipation
of the moments leading to the transport coefficients.

To be concrete, we will use the D2Q9 model in what follows. The discrete velocities are: &, = (0, O)c, &; 5 = (£1, O)c,
&,4=1(0, £1)c, and &5 g 7 g = (1, £1)c, where ¢ := 8/8. The ordering of the moments are

m:= (0, jx, jy, €, Pxx» Pxy> Qx> Qy, G)T, (3)

where j := (jx, jy) = p(ux, uy) is the momentum. With this ordering of moments (properly orthogonalized) and adequate
normalization, the projection matrix is

11 1 1 111 1 1
01 0 -1 0 1 -1 -1 1
o0 1 0 -11 1 -1 1
4 -1 -1 -1 -1 2 2 2 2

M=|0 1 -1 1 -10 0 0 © (4)
0 0 0 0 0 1 -1 1 -1
0 -2 0 2 0 1 -1 -1 1
0 0 -2 0 2 1 1 -1 -1

4 -2 -2 -2 =21 1 1 1

The labeling of the discrete velocities {&;} is uniquely specified by the second and third rows of M, the elements of which
are the x and y components of {&;}, respectively. The relaxation matrix is given by:

S =diag(1, 1, 1, se, Sy, Sv, Sq, Sq» Se)- (5)

For the model considered here, the only conserved quantities are the mass density p and the flow momentum j:=
pu = (jx, jy) := p(ux, uy). The equilibria of conserved moments, i.e., o, jx and jy, are themselves, and the equilibria of
non-conserved moments are given by

3,
e®=-2p+ 5(13{ +J3). (62
PO =Ly po-Lj; (6b)
P X y y P y
qioj)/ = _jx,ys (6c)
3, .
€W=p— Sty (6d)

In the equilibria of gy y, terms of the form j>3<.,y are not considered, even though they are necessary to eliminate the nu-
merical artifacts on the Galilean invariance of the LBE due to the terms of |u|3, which also appears in the form of the
velocity-dependence of the viscosity. To eliminate this cubic-term artifact on the Galilean invariance (cf., e.g., [50]), it
requires at least thirteen velocities — the D2Q9 model does not possess sufficient degrees of freedom for this purpose.
Therefore, the cubic terms in the equilibria are not considered in the D2Q9 model.

With the equilibria given by Eqgs. (6), the speed of sound is

1
Cs=—=C, (7)
s \/§
and the kinematic shear viscosity v and the kinematic bulk viscosity ¢ are given by
v—l 1 1 s ;—1 1 1 cs (8)
“3\s, 2/ “3\se 2)

2.2. LB-Overset method for moving boundary

There are two types of meshes in the LB-overset method. The first is a mesh “F” covering the entire flow domain  which
is the frame of reference at rest. The second one is a mesh “G” that carries a rigid body fixed with it and is moving with
respect to mesh F. The success of the overset method critically depends on the accuracy of data communication between
these two meshes, F and G. In what follows, for the sake of simplicity we will assume that both meshes, F and G, are square
Cartesian meshes with an equal grid spacings Jy. In general, the grid spacings in two meshes can be different, and the same
can be said for the time step size ;.

The LBE consists of two essential steps: collision and advection. Since the discrete velocity sets on both F and G meshes
are identical, the advections on both F and G are identical, too, thus need not to be elaborated. In order to carry out the
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Fig. 1. ID illustration of interpolations between two meshes F (fixed) and G (moving). Solid discs and squares are the grid points on mesh F and G,
respectively. The unfilled circle (unfilled square) is the location on G (F) where the data are transferred to a grid node on the mesh F (G), as indicated by
arrows of dashed lines. The data on these locations are obtained by interpolations indicated in the text.

collision process in both meshes F and G, exchange of data between two meshes are required. We shall decompose the
collision process into several steps. First, we must consider the data exchange between two meshes in a static situation
because the grids of two meshes do not coincide in general. Second, we must consider the transformation of data between
two different frames of reference. And third, we must consider additional forces due to the relative motion between two
meshes. After these three steps, the relaxation process can be carried out. We shall discuss all these steps in detail.

2.2.1. Data passing between two meshes with relative motion

Usually the mesh points of F and G do not coincide with each other. Thus the first step is to interpolate data on one
mesh to the locations which coincide with grid nodes on the other mesh so the data can be passed from the former mesh
to the latter one. It is assumed the entire domain covered by the moving mesh G is in the interior of the domain covered
by the fixed mesh F. The data passing from the fixed mesh F to the moving mesh G takes place at the boundary nodes of
G, 9G, while the data passing from the moving mesh G to the fixed mesh F takes place at a subset of interior nodes of G,
which will be explained later.

Fig. 1 illustrates a one-dimensional situation. To transfer data from the fixed mesh F to the moving mesh G, the data
have to be interpolated to an off-grid location on F, marked as xf, which coincides with a boundary node on G; similarly, to
transfer data from the moving mesh G to the fixed mesh F, the data have to be interpolated to an off-grid location on G,
marked as Xg, which coincides with a node on E. The off-grid information, i.e., the locations indicated by open square (0O0)
on fixed mesh F or open circle () on moving mesh G (cf. Fig. 1), is obtained by interpolations, which are to be discussed
next.

We emphasize that the data to be passed between two meshes should be the moments {m;} and {n;}, but not the
distribution functions {f;} and {g;}, because the moments have physical significance and tensorial properties which must
be preserved in the transformation from one frame of reference to another. Thus the data transformation between meshes
is carried out in moment space, so are the interpolations. If instead the distribution functions are used in the data transfer
between different frames of reference, the tensorial properties of the moments may not be preserved. To be consistent
with the second order accuracy of the LBE model, it is sufficient to perform second-order interpolations for the conserved
moments, ie., o, jx and j, (or @, Jx and Jy) and bi-linear interpolations for the remaining six non-conserved moments.

The second-order interpolation for a function ¢(r) on 2D plane r € R? is given by the following:

8
¢<rj+r>=%§wi(x, V)b + i), 9)
where r := (x, y) is the position with respect to the lattice node r; where interpolated information is needed (cf. Fig. 2),
and {W;(x, y)[i=0, 1, ..., 8} are the weights of the interpolation given by:
Wox. y):=4l1 — & +y)]12 — (¢ + y*). (10a)
Wix, y) :=2(1—y*)y? +2{4+[3 — 2+ x)x — 2y*Ix — 2y*}x, (10b)
Wax, ¥) =21 — )X +2{4+[3— 2+ y)y — 2x*]y — 2x*}y, (10c)
Wi(x, ¥):=2(1—yH)y? = 2(4— 3+ 2 —x)x — 2y*I]x — 2y%}x, (10d)
Wax, ¥) =201 —x)x* —2{4 — [3+ (2 — y)y — 2x*]y — 2x*}y, (10e)
Wsx, )= —[2—1+xx— 1+ y)ylIlA+x)x+ 1+ y)yl (10f)
We(x, y) =12+ (1 —x)x— 1+ yylld-xx— 1+ y)yl, (10g)
W, y) =12+ 1 —=xx+ 1 -yl -x)x+ 1 -yl (10h)
Ws(x, y):=—[2—1+xx+ 1= yyll1+xx— (1 -yl (10i)

and they satisfy the normalization condition (1/8)>; W;(x, y) = 1. We note that in the LBE setting, —1 <x, y < +1 in
(10). The stencil for the 2D interpolation is illustrated in Fig. 2. With the same nine-points stencil one can also construct a
bi-quadratic interpolation.
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Fig. 2. The nine-points interpolation stencil for computing the information on an off-lattice location, marked by an open circle 0. The solid discs mark the
locations where the data are used in interpolation to obtain the data at the location marked by (. The coordinates (x, y) are with respect to the origin
set at the lattice node r; marked with 0.

The bi-linear interpolation used to compute the non-conserved moments at an off-lattice position (x, y) involves only
four nearest lattice points surrounding (x, y). An arbitrary point (x, y) with —1 <x, y <1 may fall in one of four quadrants
of the 2 x 2 square (cf. Fig. 2), thus there always exist four points defining a unit square, a quadrant, in which the point
(x, y) locates, as illustrated in Fig. 2. Suppose the coordinate (x, y) is in the first quadrant, ie., 0 <x, y < 1, then the
bi-linear interpolation for a function ¢ (x, y) is given by:

pri+r=>0-x)0=-y)pj)+x(A1—=y)pT;j+551) + (1 —X)yp(r;j+5tkr) +xydp(rj+ 5&s). (11)

We should mention that the bi-linear interpolation (11) uses the stencil identical to the compact interpolation based on the
Taylor expansions of the distribution functions proposed by Far et al. [39] which seems to be able to deliver the desirable
accuracy [39]. The four-points compact interpolation proposed by Far et al. [39] may require less computation than the
interpolation with a nine-points stencil, especially when extending the present work in 3D, which may need a stencil of up
to 27 points.

The boundary dG of the moving mesh G is defined by a set of grid points on G, which are the point to receive data
from the fixed mesh F. A body B moving with respect to the fixing mesh F is covered by the mesh G, and the mesh G
should be large enough so that there is a buffer zone between the boundary of the moving body B, 9B, and the boundary
of mesh G moving with the body B, dG. The width of this buffer zone should at the least be two grid spacings, so that the
interpolations required for passing data from the moving mesh G to the fixed mesh F can be realized.

To ease the implementation, the boundary of G should be simple, either a rectangle or a polygon, while the boundary or
the shape of the moving body B can be rather complicated. Because of the simplicity of the boundary of moving mesh G,
data passing along its boundary dG can be realized in a straightforward manner. This thus avoids the difficulty to deal with
the data passing along a complicated moving body. Note however that the list of transfer nodes has to be large enough to
fully define the state of F or G on the boundaries.

2.2.2. Transformation of moments on a moving mesh
The data on meshes F and G are two sets of distribution functions, f and g, respectively, and the corresponding moments
m and n. The moments on the moving mesh G are denoted by:

n= (0, Jx, ]y, E, Pxx, Pxy, Qx, Qy, 5)T- (12)

We will consider a rigid body B, which may have a very complicated geometry, fixed on mesh G, which has a regular and
simple boundary geometry. Therefore, the problem of a moving complicated rigid body is simplified to the problem of a
moving mesh of simply regular boundary. In this setting, the crucial issue to be considered is the coupling between two
meshes: the moving mesh G and the mesh at rest F. The transformation of data depends on the state of motion of mesh
G and the tensorial properties of the moments, ie., o, e and € are scalars so they are transformed as such, (jx, jy) and
(gx, qy) are vectors, and pyx and pxy are components of a second rank tensor.

The motion of the moving mesh G is determined by its linear velocity V = (Vy, Vy) and its angular velocity w with
respect to a fixed point in space. Denote 6 as the angle between the X axis on the moving mesh G and the x axis on the
fixed mesh F. Since we do not consider the relativistic effect, the mass density p is not affected by the relative motion
between the two meshes. Obviously, the momentum on the mesh G is given by:

Jx = jx€cos6 4+ jysin6 + pVy, Jy=—jxsin® + jycos + pVy. (13)

The 2D rotational operator R(#) in the frame of reference at the rest, which is fixed with the mesh F, and its inverse
R~ 1(9) = R(—0) are given by
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(cos@ sin0> _1 <c059 —sin@)
R(®) := , RT():= ,

—sinf cos6 sinf  cos6

then Eqgs. (13) can be concisely written as the following:

J=R@®)-j+pV. j=R(=0)-(J—-pV). (14)

The non-conserved moments on the moving mesh G are split into two parts: zeroth- and first-order terms according to
the Chapman-Enskog analysis and are given in terms of the moments on F:

3
E=—20+ Ui+ I +oe=E® e, (15a)
1 .
pxx=5(jf - ]i) + 8P COS 20 + 8pxy 25in 26

=P,(£) + 8Pxx C0S 260 + 8pyy 25in 26, (15b)

1 1 .
Pyy =5]x]y —8pxx§ Sin26 + §pxy cos 26

PO _sp. Lsin20 48 26 (15¢)

= Lxy pxxz 1n 260 + dpxy €Os 26, C

Qx= — Jx+8qxcos6 +38qy sind = ,EO) +8qxcos® +8qy sinb, (15d)

Qy=—Jy—8qxsinf +38qy cosd = Qf,o) — 84y sin@ + éqy coso, (15e)
3

e=0— 5(1§+1§)+ae=s<o>+ae, (15f)

where &e, 8pxx, Spxy, 6qx,y and Se are the first-order parts of the non-conserved moments on the fixed mesh F:

8e=e—e(°)=e+2p—%(j,2<+jf,), (16a)
8Pax = Prx — Py = Pax — %(j,% - ). (16b)
8Pxy = Pry — Py = Pxy — %jxjya (16c)
8y =Gy — Gy =Gxy + Jxy- (16d)
5e=e—6<o>=€_p+%(j§+j§), (16e)

The above equilibria of the non-conserved moments define their transformation from one mesh to the other. In particular,
the formulas for the stresses, Pxx and Pyy, and the energy flux Q = (Qy, Qy)T are re-written as the following:

Pyx pY N cos20  2sin26 SPxx (17a)
= : ’ d

Py P —1sin20  cos20 Spxy
Q=Q?+R.sq. (17b)

The above formulas clearly indicate that Pyx and Py, obey the transformation of components of a second-rank tensor, while
Q obeys the transformation of a vector.

It is interesting to note that, without the constant factors 2 and 1/2 in its off-diagonal elements, the transformation
matrix for §pxx and 8pyy is in fact equal to R(20) = R%(9), indicating that the pair (Spx«, 8pxy) does behave like the
components of a second-rank tensor, such as uu. The factors 2 and 1/2 are due to choices of the equilibria (6) or their
normalizations, i.e., the row vectors in M are not normalized.

2.2.3. Forces on a moving mesh

Because mesh G has a relative motion with respect to mesh F which is fixed to the frame of reference at rest, G is
subject to some forces due to the relative motion, including linear accelerating force QV, centripetal force ow?r, Coriolis
force —2pw x V, and Poincaré force ow x r, where the vector r is originated at the center of rotation on G. Thus the total
force on F and G are:
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F = pa=og, (18a)
G:QA:Q(g+V+w2r—2wxV+d)><r), (18b)

where pg is a body force (for instance due to gravity).
The computational procedure for the LBE+Overset scheme can be summarized as the following. At the time t =t;:

1. Compute moments on both meshes:

m=M-f(t;) on the fixed mesh F,
n=M-g{t,) on the moving mesh G;

. Interpolate moments on both F and G on locations where data passing are required (cf. Fig. 1);
. Transform moments between mesh F and mesh G according to Egs. (15);

. Compute Forces on both mesh F and mesh G according to Egs. (18);

. Add one half of the total force to the momentum:

[S2E SNV I ]

j*=j+F/)2 on the fixed mesh F,
I =J+G/2 on the moving mesh G,

where j* and/or J* are the resulting values of the corresponding flow fields at the time t, (cf, e.g, [51,52]);
6. Use j* and J* to compute the equilibria according to Egs. (6) on both meshes F and G, respectively, then compute the
post-collision moments:
m* =m-S-[m-m?], on the fixed mesh F,
n“=n-S.[n-n?), on the moving mesh G;

7. Add another half of forces to the momentum:

JF=j*+F/2 on the fixed mesh F,
I =J"+G/2 on the moving mesh G;

8. Map moments to distributions on both F and G using j** and J**:

f=mM""1.-m@") on the fixed mesh F,
g=M".n(J*) on the moving mesh G;

9. Carry out advections on both F and G to obtain f(t;+1) and g(th+1);
10. Return to Step 1.

3. Numerical results
3.1. Flow configuration and implementation

To test the effectiveness of the proposed scheme for moving boundary problem, we design the following flow consisting
of a rotating disc moving in a bounded domain 2 of size L x H. The disc is subject to both a linear and a rotational motion.
Its center moves horizontally with a prescribed velocity U = (Ux(t), 0), where

t
—Ug, 0<ty<To,
Ust)=1{ To (19)

Uy, th > Tp.

To = 200068, and Ug = 0.05c, that is, the disc accelerates with a constant acceleration along the horizontal direction, then
moves with the constant velocity attained during the acceleration phase. Simultaneously, the cylinder also rotates with a
constant angular velocity wo = 0.001/8; about its center as seen from a fixed reference frame.

The flow domain 2 of size L x H is covered by a mesh “F” of size Ny x Ny. We choose L/H =4, so Nx/N, =4. We will
use Ny =2048 and Ny = 512. The boundary conditions for the vertical boundaries at x =0 and x = L are “free-flow” (or
fully developed) boundary conditions. For the horizontal boundaries at y =0 and y = H, the periodic boundary conditions
are applied. The four corner points of the mesh belong to the vertical boundaries. These boundary conditions are realized
as follows:
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F Periodic BCs
[SRp— .,
¢ N 3
s} y \' \ s}
3 { y ( =
i3 N i3
Periodic BCs
Fig. 3. A schematic of flow configuration and meshes F and G.
f(ix, 1) =f(ix, Ny) V&k’.i’>0» 2<ixy<Ny—1, (20a)
f(ix, Ny) =1(ix, 1) VE -§<0,2<iy<Ny—1, (20b)
f(1,1y) =12, iy), V& -x<0, 1<i, <Ny, (20c)
f(Ny, iy) =f(Ny — 1, iy), VE,-&>0,1<iy,<Ny. (20d)

Within the flow domain, a sub-domain ¢ is covered by a mesh “G” of size 63 x 63. A solid disc of radius of R = 15.88y
sits at the center of mesh G.

The communication between the two meshes G and F is carried out at the nodes on G within the ring concentric to
the cylinder and with the inner and outer radius of 21.68x and 24.68, respectively. Fig. 3 illustrates the flow domain and
meshes.

The Dirichlet boundary conditions at the boundary 9B of the rigid body B on mesh G are realized as follows. The
boundary 9B intersects with a group of links between two adjacent nodes on mesh G. The locations of the intersects define
the boundary 0B on mesh G. Because the rigid body B does not move on mesh G, its boundary 9B is fixed with respect to
G, so are the intersections and the fluid nodes whose link or links intersect with dB. These nodes are the boundary nodes,
and the set of them is denoted by:

B:={rj, &lrj € Q\Qc; &, rj + 8:&, ¢ 2\Qc}, (21)

where Q¢ is the domain occupied by the disc or other solid object moving in a flow. The information about the set 1B,
including the positions of the intersects and the boundary nodes, is obtained in the pre-processing stage, and needs to be
done only once. It should also be noted that this scheme is independent of the geometric complexity of the boundary 9B,
thus can be implemented for arbitrary complicated geometries, provided that the mesh resolution is sufficient to maintain
the geometric accuracy.

With the velocity ug at the boundary 0B given, the Dirichlet boundary conditions on mesh G are realized through the
linearly interpolated bounce-back scheme at the boundary nodes in B [26]. In particular, when the rigid body B rotates
about its center of mass with an angular velocity wc, then the linear velocity at a point xg on its boundary 9B is ug(xg) =
wc X r, where r is the vector from the disc center to the point xp.

The initial position of the disc center is (xo, yo) = (L/4, H/2), i.e., the center of the disc is set at the center line of the
flow domain and one-fourth of the domain length from the left initially. The initial conditions for the distribution functions
{fi} are of a quiescent one. The mean density is po = 1, the fluctuating part of the density is §p = 0, and the velocity is
up = 0 throughout the entire flow domain. The distribution functions are set to be the equilibrium distributions with the
initial values pp and ug.

The initial conditions on mesh G are that the density is uniform as on mesh F and the velocity is equal to that of a
rigid body rotating about the center of the disc with the angular velocity —wg, so the absolute velocity field with respect
to mesh F is zero initially.

The Reynolds number of the flow is based on the diameter of the cylinder D = 2R = 31.66y, and speed Uy i.e.,

_U()D
==

The relaxation rate s, for the second-order moments related to the stresses is to be determined by the Reynolds number in
the simulations. Other relaxation rates, which are not critical to the results of the simulation, include: s, = 1.4, sc = 1.3, and
sq = 1.5 for the second-order moment e, the fourth-order moment ¢, and the third-order moments (qx, qy), respectively.

Re: (22)

3.2. Hydrodynamic forces

During an LB simulation, the distribution functions g on the boundary nodes in the set B on mesh G are used to compute
the momentum exchange between fluid and the disc occurring at the boundary 9B (cf,, e.g., [26,53]):
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F(tn)z_ Z [fi(rja tn)+fi*(rj+8f£i7 tn)]éh VerQaV8f§i+rj¢Qv (23)
&, rjcB

where Q denotes the flow domain and the set of boundary nodes B is defined in (21), f*(r; 4 8:&;, ty) is the distribution
function of &; := —&; bounced from the boundary and stored in the location r; 4 §:&; outside the fluid domain (or oth-
erwise). When the boundary is located at the mid-point between two lattice nodes so the bounce-back scheme is exactly
applicable, then f*(r; + 6:&;, ta) = fi(r;, t;). When boundary location is not located at the mid-point, f(r; + &:&;, ty) has
to be reconstructed by, e.g., interpolations [26].

The momentum exchange at the entire boundary is the total force F of (23) on the disc, which can be decomposed as
the drag force Fp, the lift force Fi, and the force tangent to the disc boundary Fy, all normalized by the Stokes drag force
of the disc:

_ ere]B Fx(rj) = erEIB Fy(rj) Fo_ ere]B Fo(rj)

, FL= , Fi= , (24)
6 povUoD 6 povUoD 6 povUoD

where Fx(rj) and Fy(r;) are the x and y components of the force on the disc near a boundary node rj, which is a fluid
node near the boundary of the disc, and Fy(r;) is the force tangent to the circumference near a boundary node r;. All the
forces are computed from the momentum exchange at boundary nodes, given by (23).

To test the effectiveness of the proposed scheme for a moving body with rotational motion, we design the following set
of simulations. Given a rotational rate wg of the disc in a fixed reference frame at rest (mesh F), we choose several values
of the rotation rates of mesh G, w¢, and the disc, wc, such that wg + wc = wp. In what follows, we fix wy = 0.001/8;, and
carry out four tests by varying both wg and wc: (1) wg =0 and wc = wo, (2) wg = wo and wc =0, (3) wg = 0.002/8; and
wc =—0.001/6, and (4) wg =0.003/8; and wc = —0.002/3;.

We first simulate the flow with a Reynolds number Re = 30.0, i.e., s, = 1.52, v = 0.0526 cdx. In Case (1), mesh G does
not rotate; it only moves horizontally according to the prescribed velocity U(t) given by (19). The velocity at the disc
circumference is wg x R + U(t), where R is the radial vector from the disc center to a point on its circumference. Since
mesh G does not rotate in this case, there is no time dependent numerical artifact induced by the rotation of mesh G, thus
it is used as the baseline solution for other cases to be benchmarked with.

The simulations are carried out for 16000 time steps. The evolution of the normalized drag force Fp(t,), the normalized
lift force Fy(t;), and the normalized tangential force Fy(t;) are shown for the Case (1) vs. Cases (2), (3), and (4) in Figs. 4.
The following observations can be made. First of all, the variations of the forces shown in Fig. 4 exhibit three different
underlying frequencies. The slowest variation is due to the hydrodynamic evolution of the initial conditions. This frequency
is related to the Strouhal number in the system. The Reynolds number Re = 30.0 is in fact below the critical value beyond
which the flow past a cylinder becomes unsteady. This variation is physical and is clearly seen in the inserts in the figures
of the lift force Fi(t;), which are shown in the middle row of Fig. 4.
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Fig. 5. Same as Fig. 4. Re = 60.0.

The other two faster frequencies manifest the numerical artifacts in the simulation. The slower frequency among the two
is 2wg/m, which is generated by the rotation of mesh G. Because the mesh of the LBE is square and the zone on mesh
G where the data communication between two meshes is circular, so the relative configuration of mesh G with respect to
mesh F is invariant when mesh G rotates 7 /2 about its center, hence the frequency is 2w /7. The oscillation with the
frequency 2wg/m can only be seen clearly from Fp(t) for Cases (3) and (4), as shown in the inserts of the top row of Fig. 4.
From the inserts in the drag force Fp(t), on the top row of Fig. 4, it can be seen that the frequency due to the rotation of
mesh G doubles as wg doubles. The fastest frequency is Ug/dx due to the linear motion of mesh G, and is the consequence
of grid points in mesh F moving in and out of the zone in mesh G where the data communication between two meshes
take place. This artifact has been magnified in the insert of Case (1), in the top figure of left column in Fig. 4. It should
be stressed that the overset approach has drastically reduced the magnitude of this numerical artifact by several orders
compared the previous approach without the overset [32]. As can be seen in Fig. 4, the magnitude of the numerical artifact
due to the linear movement of mesh G is about 0(10~%) or less, compared to the magnitude of Fp(t) of 0(10~1). The
magnitude of the numerical artifact due to the rotational movement of mesh G is about 0(10~3) or less.

We also simulate the flow with the Reynolds number Re = 60.0, i.e., s, = 1.727. The flow past a stationary cylinder
becomes unsteady at the critical Reynolds number Re. ~ 47.0 (cf., e.g., [54]) with the Strouhal number of ca. 0.135, corre-
sponding to a period about 47005;. At Re = 60.0, the flow past a rotating cylinder is expected to be unsteady.

In the lift force Fi(t;) shown in the middle row of Fig. 5, one can clearly see the slowest variation due to the unsteadiness
of the flow, i.e., the frequency of the von Karman vortex street behind the cylinder determined by the Strouhal number of
the system. We note that the magnitudes of the numerical artifacts due to both linear and rotational motions of mesh G
remain the same, as in the case of Re = 30.0, the differences between the final value of the tangential force Fy(t) for the
cases with wg # 0 and that for the baseline case with wg = 0 have increased slightly.

To analyze the numerical artifact due to the rotation of mesh G, we define the mean and fluctuating part of the tangential
force after the initial acceleration of the disc:

T,
_ _ _ _ 1 _
SFg(t) := Fo(t) — (Fo(O)t, <Fe(t)>r:=ﬁ/Fe(t)dt, (25)
Tq
where T1 = 60005; and T, =2.5T1 = 150008; have been used, and T, — T is about two periods of the hydrodynamic os-

cillation determined by the Strouhal number, which is about 0.13 at this Reynolds number. We then compute the tangential
force difference with respect to the case of irrotational mesh G, i.e., the case with wg =0:

AFy(t; wg) :=8Fy(t; wg) — 8Fq(t; 0). (26)

The results of AFy(t; wg) for Cases (2), (3), and (4) with Re = 60.0 are shown in Fig. 6.

For Case (2) of wg =0.001/8; and Case (3) wg = 0.002/6;, the magnitude of the fluctuating component of the tangential
force, AFq(t; wg), is at the level of 0(10™%), thus this part of the artifact is negligible. For Case (4) of wg = 0.003/5;, the
component with the frequency of 2wg/m has the magnitude of O(10~%). In Case (4), however, it also has the component
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differences are of 0(10~%).

Table 1

The dependence of the mean tangential force (Fy(t; wg)): on wcg, the an-

gular velocity of mesh G. wg + wc = wp =0.001/5;. Re = 60.0.

WG (Fo (t; we))e (Fo(t; wg))e/(Fa(t; 0))¢
0.003 9.468-1073 1.0881

0.002 9.246-1073 1.0417

0.001 9.094-1073 1.0169

0 8.879-103 1

—0.001 8.879-1073 0.9764

—0.002 8.462-1073 0.9309

—0.003 7.721-1073 0.8496

—0.004 6.518-1073 0.7170

11

with the hydrodynamic frequency determined by the Strouhal number of the system, as seen in Fig. 6. In all cases, the mag-
nitude of the fluctuating component of the numerical artifact in the tangential force, AFy(t; wg), is of the order 0(10~%),
as opposed to the order of 0(10~!) in our previous work [32].

We next study the mean tangential force (Fy(t; wc)): and its dependence on the rotational velocity of mesh G, wg. The
results of (Fy(t; wg)); and the ratio (Fy(t; wg))e/(Fs(t; 0)); are compiled in Table 1 for a number of values of wg. We note
that the mean tangential force (Fy(t; wg)), varies significantly as wg varies, although it should not change in principle.
However, the magnitude of the variation of the mean tangential force is of 0(10~%), therefore, this error does not affect the
simulation much.

3.3. Flow fields

We now show the flow fields. Fig. 7 shows the contours of the normalized fluctuating pressure §p and the normalized
vorticity @ defined as the following:

c2so(x, y)
poUZ/2
where 8p is the density fluctuation computed from the LB simulation, and w := dxuy — dyuy is computed from the velocity
field u = (uy, uy) with a finite difference. The results shown in Fig. 7 demonstrate that the flow fields computed with

different values of w¢ are very close to each other, indicating that the numerical artifacts are indeed negligible.
We compute the L, differences of the velocity fields defined as the following:

_w®.y)

81_)()(5 J/) = ’ &)(Xv y) = UO/D ’ (27)

1/
[Zrjeer [up — o]
€21l ’

where u is the velocity field normalized by Uy, the reference velocity field u, is the one obtained with wg =0 and
wc = 0.001, ie., Case (1). Domain @’ is a part of mesh F; its outer boundary is a rectangle of the size of 200 x 100, and
its inner boundary is a circle of radius R + 38y = 18.88y and concentric with the disc in the flow (cf. Fig. 3). Domain Q' is
chosen because most flow activities take place within it. Similarly, we also compute the L, differences of the normalized
fluctuating pressure §p and vorticity @, which are defined in Eqs. (27). The results are compiled in Table 2.

lu—up:= p=2, (28)
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(red lines). The dashed circle indicates the middle of the data-passing zone.

Table 2
The L, differences of the flow fields obtained at t, = 80005;, with different values of w¢g and
wc, wg + wc =wo =0.001. Re = 60.0.

g —0.002 —0.001 0.001 0.002
wc 0.003 0.002 0.000 —0.001

lit — ity |l2 8.99.1073 3.58.1073 4.89.1073 9.10-1073
16 — 8Pxll2 2.47-107% 1.17-1074 1.42-1074 2.56-10%
| — 42 8.06-1072 3.46-1072 4.68-1072 8.31-1072

It should be noted that the differences between the flow fields are due to the numerical artifacts of the rotating mesh.
As can be seen from the data in Table 2, the differences grow with the angular velocity of the rotating mesh, wg. For
|wg| < 0.002, the differences in the velocity, the fluctuating pressure, and the vorticity due to the rotating mesh are of the
order 0(10~3), 0(10~%), and 0(10~2), respectively.

4. Conclusion

In this work we propose to adopt the overset technique in the LBE for moving boundary problem in 2D. The objective
is to reduce the noise generated by the relative motion of a moving body and the underlying Cartesian mesh. The trans-
form of the moments between two meshes with relative rotation has been derived and all the forces due to rotational
frame of reference have been considered. The proposed LB-overset scheme is validated with the flow of a disc moving in
a rectangular domain with prescribed linear and rotational motion. The numerical results show that the numerical noise
due to the motion of a rigid body relative to the underlying Eulerian mesh has been reduced by several orders of magni-
tude.

The proposed LB-overset scheme has only been applied to simulate the flow with one moving body in this work.
However, it can be extended to include multiple moving bodies. For flows with multiple moving objects, adaptive
mesh refinement has to be considered in order to simulate closing-up of moving bodies. This is to be our future re-
search.
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