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ABSTRACT.  We s t u d y  t h e  a s y m p t o t i c  b e h a v i o r ,  a s  t h e  d e g r e e  a p p r o a c h -  

e s  i n f i n i t y ,  o f  t h e  C h r i s t o f f e l  f u n c t i o n  a t  a f i x e d  p o i n t  z c o r r e -  

s p o n d i n g  t o  a w e i g h t  f u n c t i o n  o f  t h e  t y p e  e x p ( - ] z [  k )  o n  t h e  s e t  

[ a r g  z [  = ~ + a .  T h e  m e t h o d  g e n e r a l i z e s  t h a t  o f  R a k h m a n o v  a n d  a l s o  

M h a s k a r  a n d  S a f f .  

1 .  I n t r o d u c t i o n  

I n  Q u a n t u m  M e c h a n i c s  t h e r e  i s  a c l a s s  o f  p r o b l e m s  f o r  w h i c h  t h e  

r e q u i r e d  e n e r g y  E ( ~ )  m a y  f o r m a l l y  b e  e x p r e s s e d  i n  t e r m s  o f  a p a r a -  

m e t e r  ~ b y  m e a n s  o f  a p o w e r  s e r i e s  w i t h  z e r o  r a d i u s  o f  c o n v e r g e n c e .  

E x a m p l e s  i n c l u d e  t h e  a n h a r m o n i c  o s c i l l a t o r  a n d  t h e  h y d r o g e n  a t o m  S t a r k  

e f f e c t .  We h a v e  s h o w n  [ 2 ]  t h a t  t h e s e  s e r i e s  m a y  b e  s u m m e d  w i t h  t h e  

h e l p  o f  p o l y n o m i a l s  Q n ( Z )  e x t r e m a l  w i t h  r e s p e c t  t o  t h e  w e i g h t  

p ( z ) e x p ( - [ z [ h ) ,  h > 1 ,  o n  t h e  s e t  r ( a ) ,  w h e r e ,  w i t h  - ~ < a 5 ' 

( 1 . 1 )  7r 
r ( ~ )  = { ~ e ¢ :  l a r g  z l  = ff + ~ ) .  

We a s s u m e  t h a t  p ( z )  i s  a r e a l  p o s i t i v e  l o c a l l y  i n t e g r a b l e  f u n c t i o n  

f o r  z E F ( a ) ,  t h a t  l o g  p ( z )  i s  a l s o  l o c a l l y  i n t e g r a b l e ,  a n d  t h a t  

( 1 . 2 )  l i m  I z l - X l o g  pCz) = o.  
Izl-~ 

We a r e  h e r e  p r i n c i p a l l y  c o n c e r n e d  w i t h  t h e  q u a n t i t y  K n ( Z ) ,  
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s u p  lPn(Z) t2 

( 1 . 3 )  K n ( z )  = d e g  P n-<n J ' r l a ) i  P n ( Y ) 1 2 p ( y ) e x p ( - I Y  I ) ' ) l  d y [ 

Q n ( Z )  i s  t h e  p o l y n o m i a l  ( u n i q u e  up to  a m u l t i p l i c a t i v e  c o n s t a n t  

f a c t o r )  f o r  w h i c h  t h e  sup  i s  a t t a i n e d .  I f  Hn(Z ) i s  t h e  o r t h o -  

n o r m a l  p o l y n o m i a l  o f  d e g r e e  n c o r r e s p o n d i n g  to  t h e  w e i g h t ,  i . e .  

( 1 . 4 )  fr(a)Hn(Z) Hm(Z ) p ( z ) e x p ( - l z [  X) [dz[  = 6nm, 

then 

n 

( 1 . 5 )  Kn(Z  ) = j=o]Hj~ ( z ) l  2 .  

T h u s  K n _ l ( Z  ) i s  t h e  r e c i p r o c a l  o f  t h e  C h r i s t o £ f e l  f u n c t i o n  a s  d e -  

f i n e d  by  N e v a i  [ 7 ]  ( s e e  a l s o  S z e g o  [ 9 ] ) .  

H e r e  we a n a l y z e  t h e  a s y m p t o t i c s  o£ Kn(Z ) a s  n ~ ~ f o r  f i x e d  

z w i t h  m e t h o d s  t h a t  c l o s e l y  f o l l o w  t h o s e  o£ Rakhmanov  [ 8 ]  a n d  t o  a 
l e s s e r  e x t e n t  M h a s k a r  a n d  S a f f  [ 3 , 4 ] .  We r e f e r  t h e  r e a d e r  t o  
R a k h m a n o v ' s  p a p e r  a t  many p l a c e s  w h e r e  t h e  a r g u m e n t  i s  t h e  same o r  i s  
b u t  s l i g h t l y  m o d i f i e d .  

Our r e s u l t  i s  p r e s e n t e d  i n  t h e  fo rm o£ T h e o r e m  4 . 5 .  

2.  Minimum p r o b l e m  i n  p o t e n t i a l  t h e o r y  

S u p p o s e  M i s  t h e  s e t  o f  a l l  p o s i t i v e  m e a s u r e s  a s u c h  t h a t  
n 

s u p p  a C r(a)  a n d  t d a ( t )  = n ,  a n d  d e f i n e  t h e  l o g a r i t h m i c  
O r(~) 

p o t e n t i a l  

(2 .1)  

With 

( 2 . 2 )  

Vo(z) = -~ l o g l z - t l  do( t ) .  

Vo(Z)  = Izl x, zer (~) ,  we d e f i n e  

J ( a )  = f ( V a ( t )  + V o ( t ) )  d a ( t ) .  
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M h a s k a r  a n d  S a f f  [ 4 ]  h a v e  d i s c u s s e d  t h e  p r o b l e m  o f  m i n i m i z i n g  

J ( a )  f o r  a c M n i n  t h e  c a s e  w h e n  F ( a )  i s  r e p l a c e d  b y  t h e  r e a l  

l i n e .  As  f a r  a s  p a r t s  ( a )  t o  i f )  o f  t h e i r  T h e o r e m  2 . 3  a r e  c o n c e r n e d ,  

t h e i r  p r o o f s  a p p l y  w i t h  t r i v i a l  m o d i f i c a t i o n s  t o  o u r  c a s e  F ( a ) .  I n  

t e r m s  o f  t h e  n o t a t i o n  u s e d  h e r e ,  p a t t e r n e d  a f t e r  R a k h m a n o v  [ 8 ] ,  we m a y  

t h e r e f o r e  a s s e r t  t h a t  t h e r e  e x i s t s  a u n i q u e  m e a s u r e  ~ E M w i t h  com- n 

p a c t  s u p p o r t  a n d  o f  n o n - z e r o  c a p a c i t y  s u c h  t h a t  

( 2 . 3 )  J ( ~ )  = j = i n f  J ( a )  > - ~ .  
~CM 

n 

I £  we define 

(2.4) 

then 

m = 2 j  - ~ Vo(Z)dv(z ) 

(2 .5 )  

and 

2 V v ( z )  + Vo(Z) ~ m. 

c a p a c i t y  z e r o ,  

z e r ( a ) ,  e x c e p t  p o s s i b l y  f o r  a s e t  of  

(2.6) 2 V u ( z  ) + V o ( Z  ) < m, z E s u p p  v .  

F r o m  t h i s  i n f o r m a t i o n  we h a v e  

Lemma 2 . 1  

( 2 . 7 )  ( i )  s u p p  . = A i R )  = { z e r ( a )  : Izl  ~ R } .  f o r  s o m e  r e a l  

p o s i t i v e  R .  

( 2 . 8 )  ( i i )  2V ( z )  + Vo(Z ) > m. z c r ( a ) \ a ( R ) .  

Proo{ ( i ) .  The m e a s u r e  u must  be s y m m e t r i c  a b o u t  t h e  r e a l  a x i s  f o r  

o t h e r w i s e  r e f l e c t i o n  i n  t h e  r e a l  a x i s  w o u l d  l e a d  t o  a n o t h e r  m e a s u r e  

w i t h  t h e  s a m e  v a l u e  o f  J ,  w h i c h  w o u l d  c o n t r a d i c t  u n i q u e n e s s .  T h e  

f u n c t i o n  f ( r )  g i v e n  b y  

• ° 

( 2 . 9 )  f ( r )  = 2V ( r e  l a )  + V o ( r e l a  ) ,  0 < r < ~ ,  
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i s  c o n v e x  d o w n w a r d s ,  w h i c h  m a y  b e  s e e n  b y  c h e c k i n g  t h a t  

( 2 . 1 o )  - l o g l r e i a - s e i a  I - l o g l r e i a - s e - i ~  I.  0 ~ r < 

i s  c o n v e x  i n  r .  T h e  a r g u m e n t s  o f  R a k h m a n o v  [ 8 ]  a n d  M h a s k a r  a n d  S a f f  

[ 4 ]  t h e n  s h o w  t h a t  s u p p  u m u s t  b e  c o n n e c t e d  s o  t h a t  ( i )  f o l l o w s  b y  

symmetry. 

( i i )  I f  t h e r e  w e r e  r ° > R f o r  w h i c h  f ( r o )  < m, t h e n  c o n v e x i t y  

s h o w s  t h a t  f ( r )  < m, R < r < r , w h i c h  c o n t r a d i c t s  ( 2 . 5 ) .  D o 

3. B o u n d a r y  v a l u e  p . r o b l e m  

We n o w  o u t l i n e  t h e  u s e  o f  s t a n d a r d  m e t h o d s  t o  f i n d  a r e a l  f u n c -  

t i o n  V ( z ) ,  h a r m o n i c  f o r  z 6 c X h ( R ) ,  a n d  c o n t i n u o u s  f o r  z 6 C,  

w h i c h  s a t i s f i e s  t h e  c o n d i t i o n s  

(3.1) V(z) = 1/2(m-Vo(Z)), z 6 h(R) 

( 3 . 2 )  VCz) = - n  l og lz l  + o(Izl-1), Izl--, ~. 

With ~ = 2a/~ it may be shown that there is a unique ~, 

0 < 7 < v for which 

( 3 . 3 )  fl (t_e)(t_c-1) ft-1]" 
- 1  t 2 L t + l  j d t  = O, 

where the path of integration lies in the upper half-plane, and 

e = e This can be seen by regarding (3.3) as an equation for 

cos ~. We set 

f c  . . ( . . t _ c ) ( t _ e - 1 )  [ t _ l ] ~  (3.4) z ° = 
1 t 2 L t + l  j dt 

w h e r e  t h e  p a t h  o f  i n t e g r a t i o n  i s  o n  t h e  u n i t  c i r c l e  i n  t h e  u p p e r  

h a l f - p l a n e ,  a n d  d e f i n e  

(3.5)  Z(w) = lZo l-1 fwl (t-a)(t-c-1)t 2 tt+ljft-l]~ dt ,  twl _> 1 

w i t h  i n t e g r a t i o n  p a t h  i n  ] t ]  > 1 .  
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The t r a n s f o r m a t i o n  w ~ z = Z(w)  c o n f o r m a l l y  maps  

z e ¢ \ A ( 1 ) .  

P r o o f .  T h i s  i s  s i m i l a r  t o  a S c h w a r z  t r a n s f o r m a t i o n .  

Now w r i t e  

(3 .6)  g(w) = - i / 2 1 Z C w )  l x, 

a n d  d e f i n e  

( 3 . 7 )  

lwl = 1 

QCw) = - ( i ~ )  -1  ff I g(t)Ct-w) -I d t  + Q 
J itl= 1 o 

Qo = (2~i ) -1  ;itl=l g(t)t-1 dr. 

w h e r e  

(3.s) 

a n d  s a t i s f i e s  [ 6 ,  p . 1 0 7 ]  

lw{ > 5 .  

T h e n  Q(w) i s  a n a l y t i c  i n  Iwl > 1 

( 3 . 9 )  Re Q ( w )  = g ( w ) ,  Iwl = 1 

w h e r e  Q(w) m e a n s  t h e  l i m i t  f r o m  

Lemma 3 . 2  The  s o l u t i o n  o f  ( 3 . 1 ) ,  ( 3 . 2 )  i s  

[ 5 ,  p . 3 6 3 ] .  

( 3 . 1 0 )  V ( z )  = R e ( R k Q ( w ) - n  l o g  w + 1 / 2  m) ,  z = R Z ( w ) ,  lwl a i ,  

i f  a n d  o n l y  i f  

( 3 . 1 1 )  m = 2[n l o g ( I z o l / n  ) - RXQo ] .  

P r o o f .  The  f u n c t i o n  g i v e n  i s  h a r m o n i c  a n d  s a t i s f i e s  ( 3 . 1 ) .  S i n c e  

Z(w)  ~ I Z o I - l w  a s  lwl ~ m, ( 3 . 2 )  w i l l  h o l d  i f  ( 3 . 1 1 )  i s  t r u e  [ 1 ] .  

It must be possible to represent V(z) as V (z) for some 

s i g n e d  m e a s u r e  ~ w i t h  s u p p  ~ C h.  On h ( R ) ,  V ( z )  = Vv(Z ) e x c e p t  

p o s s i b l y  f o r  a s e t  o f  c a p a c i t y  z e r o ,  a n d  s i n c e  A(R) h a s  no i r r e g u l a r  

p o i n t s ,  t h e  u n i q u e n e s s  t h e o r e m  s h o w s  t h a t  p m v [ 1 ,  p . 2 4 5 ] ,  i . e .  



110 

v (~) ~ v ( ~ ) .  

Now in the vicinity of the point c, for [w I = I, 

arg Z(w) = ~ + a, so that we may write IZ(w) I = Z(w)exp(-i(~ + a)), 

which shows that g(w) has an analytic continuation in a neighborhood 

o£ w = c ,  a s  d o e s  Q ( w ) .  We a l s o  h a v e ,  w i t h  B = be  - 2 i x ,  b r e a l  
and p o s i t i v e ,  

• 7r 

( 3 . 1 2 )  Z(w) -- e ' ( ~ + ~ ) ( l  + BCw-c)  2)  + o ( l w - c l ~ ) ,  w -, o ,  

so that 

VCz) - V C R Z ( c ) )  = R e [ ( R X Q ' ( c ) - n / c ) ( w - c )  + o ( l w - c l 2 ) ] ,  w - e 

( 3 . 1 3 )  
• "ff Ot 

= R e [ e l  (~ - 5 ) ( B R ) - I / 2 ( R X Q '  ( c ) - n / c ) ( z - R Z ( c ) ) l / 2 ]  

+ o ( l z - R Z ( c ) ] i / 2 ) ,  

z ~ R Z ( c ) .  

As i n  [ 8 ] ,  we a r g u e  t h a t  t h e  c o n v e x i t y  o f  V v ( z  ) o u t s i d e  ~ ( R )  a n d  

t h e  n e e d  t o  satisfy (2.8) mean t h a t  

( 3 . 1 4 )  R E = n / A .  h = c Q ' ( e ) .  

Of course, this quantity must be real and positive, and we have found 

R. 

Lemma 3 . 3  It i s  p o s s i b l e  t o  w r i t e  d r ( z )  = v ( z ) l d z  [ , z E ~ ( R ) ,  
w i t h  

( 3 . 1 5 )  v ( z )  = g a , z e A ( R ) .  

The  f u n c t i o n  [z [  a ( z )  i s  c o n t i n u o u s ,  

P r o o f .  The  f u n c t i o n  v ( z )  
o f  f (t-z)-Idv(t) 

A(R) 

z e A ( 1 ) .  

is proportional [6] to the discontinuity 

a c r o s s  A ( R ) .  W i t h  ( 3 . 1 0 )  t h i s  may b e  r e l a t e d  
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t o  Q ( w ) ,  w h i c h  i s  a n a l y t i c  e v e r y w h e r e  o n  [w] = 1 

w = E l .  [ ]  

e x c e p t  a t  

4 .  B o u n d s  o n  K n ( Z  ) 

F o l l o w i n g  R a k h m a n o v  [ 8 ] ,  we f i r s t  o b t a i n  i n  Lemma 4 . 3  b o u n d s  i n  

t h e  c a s e  p ~ 1.  T h e  l o w e r  b o u n d  i s  c o n s t r u c t e d  b y  e v a l u a t i n g  ( 1 . 3 )  

f o r  a p a r t i c u l a r  p o l y n o m i a l  P ( z )  o f  d e g r e e  n ,  r e l a t e d  t o  t h e  

m e a s u r e  v d e f i n e d  b e l o w .  

ir F o r  x , y  w i t h  a r g  x = a r g  y = : + = .  I x l  < I Y l ,  d e f i n e  

(4.:) 
i ( 5 + ~ )  

6 ( x , y )  = {zEG:  z = r e  Ixl~r~lYl}. 

S u p p o s e  t h a t  n i s  o d d ;  t h e  a r g u m e n t  i s  s i m i l a r  f o r  n e v e n .  

p o i n t s  z j ,  j = 1 . . . .  ( n  + 1 ) / 2  s u c h  t h a t  a r g  z j  = ~ + a ,  

I Z l l > l z 2 1 >  - - -  > l Z ( n + l ) / 2 l  = O. a n d  

C h o o s e  

d o ( t )  = 1 / 2 ,  
5 ( Z l . R Z ( c ) )  

(4.2) 

d o ( t )  = 1.  
5 ( Z k + l , Z  k ) 

k = 1 . . . .  ( n - t ) / 2 .  

( N o t e  t h a t  t h e  s y m m e t r y  o f  u e n s u r e s  t h a t  
m 

z k = Z n _ k +  1 k = ( n + l ) / 2  . . . . .  n .  

D e f i n e  t h e  m e a s u r e  u a s  

n 
( 4 . 3 )  o = ¢ a ( z j )  

j - -1 

Z ( n + l ) / 2  = 0 . )  We d e f i n e  

a n d  

(4.4)  
n 

V * ( z )  = V o . ( z )  = - ¢ l o g l z - z j l .  
j = l  
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1-U ] l o g  Cn ,  z e ¢ ( 4 . 5 )  ( i )  v ( z )  - V~(z) < t -2n 

for some positive constant C. 

( 4 . 6 )  ( i i )  V ( z )  - V ~ ( z )  ~ - l o g [ I + R / D ( z . E ( R ) ) ] .  z E C X A ( R ) .  

f o r  f i x e d  z a n d  s u f f i c i e n t l y  l a r g e  R. ( T h e  q u a n t i t y  D ( z , A ( R ) )  

m e a n s  t h e  d i s t a n c e  f r o m  z t o  A ( R ) .  

P r o o f ,  ( i )  S u p p o s e  x 6 A(R)  l i e s  i n  t h e  i n t e r i o r  o f  t h e  i n t e r v a l  

5 ( Z k + l  Z k ) ,  k ~ ( n - l ) / 2 .  T h e n  j u s t  a s  [ 8 ,  p . 1 7 1 ]  we d e d u c e  t h a t  

(4.7) V ( x ) - V ~ ( x ) ~ l o g 2 R  - f loglx-tt d . ( t ) .  
6 ( Z k + l , Z  k )  

We o b t a i n  t h e  u p p e r  b o u n d  t a k i n g  k = ( n - l ) / 2 ,  

Lemma 3 . 3 .  

( i i )  The  p r o o f  i s  a s  i n  [ 8 ,  p . 1 7 1 ] .  

x = O, a n d  u s i n g  

0 

One m o r e  p i e c e  o f  i n f o r m a t i o n  i s  r e q u i r e d  b e f o r e  we c a n  c o m p u t e  

t h e  l o w e r  b o u n d .  D e f i n e  W(z )  b y  

( 4 . 8 )  W(z )  = e x p ( m  - 2 V u ( z ) ) .  

T h e n  we h a v e  

Lemma 4 . 2  

(4.9) 1 f ix lim ~ W(z)exp(-[z )[dz[ = I. 
n-~ F(a) 

P r o o f .  S i n c e  W ( z ) e x p [ - [ z [  k ]  = 1,  z 6 A ( R ) .  we h a v e  

( 4 . 1 0 )  f W ( z ) e x p ( - I z I X ) I d z ]  = 2R. 
A(R) 

F o r  z 6 F ( a ) \ A ( R ) ,  we w r i t e  

w ( ~ ) e x p ( - I ~ l  ~) = e~p[2n{Re( log  ~-Q(w)/A) - 1 / 2 1 z c ~ ) I X / A } ] .  
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z = R Z ( w ) ,  

( 4 . t l )  = e x p ( 2 n h ( w ) )  s a y .  

On a c c o u n t  o f  Lemma 2 . 1  ( i i )  we k n o w  t h a t  h ( w )  ( 0 f o r  

z e r (a )XA(R) .  T h u s  [ W ( z ) e x p ( - I ~ I X ) l d z l  can be a p p r o x i -  
O rCa)XA(R) 

m a t e d  f o r  l a r g e  n b y  t h e  c o n t r i b u t i o n  f r o m  t h o s e  z n e a r  A ( R ) .  

F o r  z n e a r  R Z ( c ) ,  i . e .  w n e a r  c ,  we h a v e  

(4 .12 )  h(w} = Re[C l (W-e}2  ] + o{Iw-c l  3} 

f o r  s o m e  c o n s t a n t  C 1 .  We c o n c l u d e  t h a t  

(4.13) f W(z)exp(- lz lX) ldzl  = R(eonst.n -1 + O(n-2)) 
rC~)XACR) 

a n d  t h e  Lemma f o l l o w s .  

Lemma 4 . 3  I n  t h e  c a s e  p ~ 1 ,  f o r  l a r g e  n ,  a n d  z 

c o m p a c t  s u b s e t  o f  C \ A ( R ) ,  

(4. I4)  Iwtw(z)/[-D(z,ACR))] ~ Kn(Z ) 

2 C n - C 3 / X + ( 2 - 2 n ) / ( 1 - 2 n ) ) W ( z ) ,  

in a fixed 

z = R Z ( w ) .  

P r o o f .  F o r  t h e  l o w e r  b o u n d  a s  [ 8 ,  p . 1 7 2 ]  we u s e  t h e  p o l y n o m i a l  

m/2 n 
P ( z )  = e R ( z - z i ) ,  s o  t h a t  

i = l  

( 4 . 1 5 )  IPCz)l = e x p [ 1 / 2 m  - V * ( z ) ]  

a n d  

(4.16) I P ( z ) l  2 = W ( z ) e x p E 2 ( v  ( z )  - v ~ ( z ) ) ] .  

We u s e  L e m m a s  4 . 1  a n d  4 . 2  t o  e s t i m a t e  



1t4 

( 4 . 1 7 )  IP(z)l 2 
J 'F(a)  l P ( z ) [ 2 e x p ( - l z l X ) l d z [  

The p r o o f  o f  the  u p p e r  bound i s  a s  in  [8 ,  p . 1 6 0 ] .  

Lemma 4 . 4  

[z[  > O, we have  

( 4 . 1 s )  

7r 
As n -)~o for z fixed, [arg z[ (- 5 ' 

1 1 

log W(z) = C3 nl  X(~+I )  [ R e z ~ - - + ~ ] ( I _ A - 1 Q ' ( 1 ) ) ( I + o ( 1 ) I  

where 

1 1 
-~" r -1 

2 - ~ ( q + 1 ) - 1 ( 1 - c )  ( 1 - c - 1 )  ] 
~+1 

( 4 . 1 9 )  c 3 = 2A tlzol 

Proof. We have from (3.10), (4.81 

( 4 . 2 0 )  l og  W(z / = 2 n R e [ l o g  w - A-1Q(w) ] ,  

Near  w = 1, ( 3 . 5  / g i v e s  

( 4 . 2 1 )  Z(w) = C2(w-1 )V+ I (1  + O ( I w - l [ )  ) ,  

z / R  = z ( w ) .  

where  

-1 
( 4 . 2 2 )  C 2 = ]Zo] 2 - r / ( 7 ? + 1 ) - 1 ( l - c ) ( l - e - 1 ) ,  

so t h a t ,  s i n c e  R ~ m, 

1 
W+I 

( 4 . 2 3  / w-1 = (z /CRC2)  / (1+O(Iz/Rl)). 

Writing 

( 4 . 2 4 )  log w - A-1Q(w) = (1-A-IQ'(1))(w-I) + o(lw-ll) 

l e a d s  to  the  r e s u l t .  D 
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T h e o r e m  4 . 5  S u p p o s e  p ( z ) ,  z ¢ F(a), i s  r e a l ,  p o s i t i v e  a n d  

i n t e g r a b l e  a n d  l o g  p ( z )  i s  l o c a l l y  i n t e g r a b l e ,  a n d  

( 4 . 2 5 )  l i m  I z l - X l o g  p ( z )  = 0 ,  z e r c a ) .  
Iz[-~ 

W i t h  Kn(Z ) d e f i n e d  by  ( 1 . 3 ) ,  

log Kn(Z ) 1 
( 4 . 2 6 )  lim 1 - C 3 ( I - A - 1 Q ' ( 1 ) )  Re[z~--~] 

n-~° I- X(~+I) 
n 

f o r  f i x e d  z ,  ] a r g  z I < a ,  I z [  > O, a n d  - ~ < a < ~ , h > 1. F o r  

h = 1 the result holds for 0 < a < 
' 2 ' 

P r o o f .  F o r  p ( z )  m 1 we u s e  ( 4 . 1 8 )  i n  ( 4 . 1 4 ) .  The c a s e  p ( z )  ~ 1 

f o l l o w s  a s  i n  [ 8 ,  S e c .  4 ] .  

We n o t e  t h a t  t h e  a b o v e  r e s u l t  i n  t h e  c a s e  a = O, k > 1, a g r e e s  w i t h  

t h a t  o f  R a k h m a n o v  [ 8 ] .  
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