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Theorderingof critical periodicpoints in coordinatespace
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In this paper,westudythesymbolicdynamicsequippedwith theDGPproduct“*“ andtheshift operator~ conjugateto the
unimodalmappingf~:IF-.Iover theinterval I= [— 1, 1]. We prove two theorems,andgive an explicit formula for therule of
orderingthepointson then-tupling periodictrajectory{ço’~(i”~(p+I)) } in coordinatespacewith arbitrarilylargep andn.

Until recently,to calculatethefractaldimensionof criticalperiodicpointsof unimodalmapswith significant
largeperiodhasbeenadifficult task,becausethecomputingtimefor theorderingof thepointson then-tupling
periodictrajectoryincreasesexponentiallywithn. Suchacalculationisjustifiedbecauseit isbelievedthatthere
mayexista newglobal regularityoffractal dimensionson critical points [1]. Moreover,thethermodynamical
formalismof dimensionof complicatedobjectshasreceivedmuch attention [2—71.In this formalism,oneof
theimportantandessentialaspectsis howto calculatethepartition functionof a complexsystemby usingthe
orderingof pointson trajectoriesin the coordinatespace.Eventhoughthis canbe donenumericallyfor tra-
jectorieswith relatively shortperiod,their analyticalorderingpresentsseriousdifficulties asshown in ref. [1].
First of all, thesequenceof coordinatepointsfor anarbitrarytrajectoryis aninfinite onein general.Second,
eachcoordinatepointon a trajectoryis representedby an infinite sequenceof “symbols” in general,asex-
plainedlater.

In this work, we obtain an analyticmethodto revealthe rule of the orderingof the pointson arbitraryn-
tupling periodictrajectoriesof unimodalmappingin the coordinatespace.Our work in this paperis an ex-
tensionof a work of Feigenbaum[2] wherethe rule of orderingpointson the period-doublingtrajectories,
i.e.,trajectorieswith period2”, n = 0, 1, 2, ..., hasbeenderived.We extendtheresultto trajectorieswith period
k” for arbitraryk= 2, 3, ..., andn =1, 2, ..., andproviderigorousproofs. Ourapproachin thiswork involves
symbolicdynamicsandsomeelementaryresultsin numbertheory.

Considera unimodalmapping [81f,4:Ii-~Iover the interval I = [— 1, 1] dependingon a parameter~i. The
locationof theuniquemaximumoff~ canbenormalizedtobe theorigin. For anarbitrarypointx0eI, the set
O,.(xo)=f~(xo)}~{x~}is calleda trajectorywith initial point x0. Thesymbolicdynamicscanbe easily in-
troducedby discriminatingamongthe threepossiblecasesx~<0, x,, = 0 andx~>’0.Therefore,eachtrajectory
canbe associatedwith an infinite sequenceof threesymbols,L, C andR:

a=a1a2...a1..., (1)

whereac{L, C, R} is determinedby the following rule:

Permanentaddress:Departmentof Physics,YunnanUniversity,Kunming, YunnanProvince,China.
2 Centerfor NonlinearStudies,MS-B258,LosAlamosNationalLaboratory,LosAlamos,NM 87545,USA.

0375-9601/91/S03.50 © 1991 — ElsevierSciencePublishersBy. (North-Holland) 345



Volume153, number6,7 PHYSICSLETTERSA Il March1991

o,=L, ifx,<O,

=C, ifx1=0,

=R , ifx1>0 . (2)

Thissequenceais referredto as a word, or an itineraryof the correspondingtrajectory.All wordswith ssym-
bolsform a symbolicspaceI~,in particular,~2 = { a= [I ~°= a, a,e { L, R} }. A periodictrajectoryoff,, with pe-
riod p correspondsto a periodicword a(p) with the sameperiod, i.e.,

(3)

Sincea(p) hasa repeatedpatternwith p bits, one canrepresenta periodicword a(p) by thep-bit sequence

a(p)=a1a2...a,,_1a~ (4)

without losingany information.Thus, a periodicword is sometimesreferredto as a finite word. For any non-
periodicword, we adoptthe notationa=a(oo).

It is obviousthat the symbolC canonly appearin someperiodicwordsat mostoncewithin one period.A
periodicword with a symbolC is referredto as a superstableword [8]. We will denotea superstableword by
a(p+1 )~a(p)Cin sucha way that the symbolC is alwaysplacedat the endof the word a(p+ 1). It is also
a conventionthat superstablewordsalso belongto ~

Thedynamicsof a unimodalmappingf,,:h-.Iisclosely relatedto the dynamicsof a shiftoperatorq:~2i-~2.

Roughlyspeaking,mappingf,,andshifttp aretopologicallyconjugate[9,10]. Therefore,to studythedynamics
of a unimodalmappingf,,: Ii-~I is equivalentto studyingthe dynamicsof the conjugateshift ç: ~2 ~ with

~(a)=a2a3...a (5)

A periodicword remainsperiodicunderthe shift operation:

(6)

Therefore,it canbe rewritten as

~(a(p))=a2a3...a~a1. (7)

Now it is obviousthat the shift operatorq becomesa cyclic shift operatorfor periodicwords.We also define
a truncationoperator~ for a word a

c~k(a)aIa2...aklak (8)

with the conventionthat ~°(a)=Ø.
Theorderingon a trajectory{x~}in coordinatespaceis naturallyimplied by theorderingof therealnumbers.

We introducea correspondingorderingbetweenwords in thespace~2 — the Metropolis—Stein—Stein(MSS)
order [8, 11].However,the MSS orderbetweenwordscorrespondsto the orderingof realnumberson the pa-
rameterspaceof the mappingf,, [11]. But, if one looksat an inverseperiodicword

o~(p)=a~a~_1...a2a1, (9)

the MSS orderis actually the orderin coordinatespaceof mappingf,, [12]. Therefore,for all periodicwords
a(p),the MSS order also reflectsthe orderingbetweenwordson coordinatespace,becausethe mappingbe-
tweena(p) and5(p) is one-to-oneandonto, and5(p) needsnot to be mentionedat all later.

In order to makean ordering,a referencepoint is needed.Sucha referencepoint, with respectto a given
periodictrajectory, is the maximal word definedasfollows: if thereexistsan integerr<p and

aM(p)=c~(c7(p)) (10)

346



Volume 153,number6,7 PHYSICSLETTERSA 11 March 1991

for a given word a(p) suchthat

cM(p)>-~’(a(p)) Vkc{0, 1,2,...,r—l,r+l,...,p—l} , (11)

thenthe word aM(p) iscalledthe maximalword onthe trajectory{q~(a(p))}.Wherethe ordering>.. is in the
senseof the MSS order.In a similarfashion,we candefinea minimal word Cm (p).

It is our objectiveto studyperiodicwords in thespace~ It is thusimportantto obtainbifurcationperiodic
words,which havefinite bits. For this reason,we must introducea compositionrule betweenfinite words,
which is the Derrida,GervoisandPomeau(DGP) productdenotedby “*“ [13]. To give a formaldefinition
of the DGP product,we needsomeusefulauxiliary functions.For any integerd> 1 and n, onecanalways
representn in mode (d):

n=mrdr+mr_id~+...+mjd1+...+mid+mo. (12)

Let us definethe functions

(13)

and

.~2~(n)=nmod(ds), (14)

with the notation .ll.~(n)m.~(n).
TheR-parity numberof a word a(p),J(a(p)), is the numberof appearancesof the symbolR in the word

a(p). The R-parity ô(a(p)) is definedas

ö(a(p) ) =0, if J(a(p)) is even,

=1, ifJ(a(p))isodd, (15)

i.e.,

(16)

with theconventionthatö(Ø)=0. Theparity inverseoperatort reversessymbolsL, C andR in thefollowing
way:

L’=R, C=C, R’=L. (17)

It is understoodthat a = ci’s a~...a~....We canalso makethe operatort dependon a word cr(p) suchas

(18)

that is

t(a(p))=t, ifd(a(p))=l

=1, ifö(a(p))=0, (19)

where 1 denotesthe identity operator.
Thedefinitionof the DGPproductbetweentwo superstablewordsa(p+ 1) a(p) C andw(q + 1) w(q)C

is

p(r+l)=a(p+l)*co(q+l)=p1p2...p~..1p~C, (20)

wherer+l=(p+l)(q+l)and
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if~+1(i)=j~0,

=w~’,fl, if4,+1(i)=0and~1),÷(i)=k,

ifi=(p+l)(q+l). (21)

We shouldmentionsomeimportantpropertiesof the DGP product.First, the productis not commutative;
second, it is associativesothat thepowerof any (superstable)periodicword a(p+ 1), denotedas a*I((p+ 1),
k=2, 3 is well defined;third, for anymaximal wordsCM(p+ 1) and WM(q+ 1), their product is preserved
as a maximal word.

Wealso need to use the order inverse operator T [12] andtheinvariantcoordinate0 [14]. Givenanordered
sequence of words: w, K p, ~, then

~ (22)

The operatorTcandependon a word a(p) similarly as the parity inverseoperatorI does,i.e.,

T(a(p))=T~’~°~~. (23)

The /th invariantcoordinateof a worda is definedasthe following:

(24)

Thelth invariantcoordinateO(~’(a))is sometimesabbreviatedas 0(1) whenno confusioncanarise.
From hereafter,we shall only considerperiodic words in ~2, which form a subspacein ~2 denotedas~.

To avoid confusion,a word ameansa periodicword unlessdeclaredotherwisehereafter.Also, we will insist
on usingthe notationa(p) anda(p+ 1) to denotea periodicword with periodp anda superstableperiodic
word with periodp+ 1, respectively.

Lemma1. The parity of any powerof a (superstable)word a~a(p+ 1) is determinedby

ö(a*n)=ö(a)5(Rn) , (25)

whereR” denotesa word with n R’s.

The immediateconsequenceof lemma 1 is that the parity of any evenpowerof a word ais zero, namely,

(26)

andthe parity of any odd powerof a word adependson J( a) as follows,

iff(a) is odd,

=0, ifJ(a)iseven, (27)

i.e.,

(28)

Given any two periodic words on the sameperiodictrajectory,a(p) andw(p), supposea(p)>-w(p), a(p)
and o(p) aresaid to beadjacentor consecutiveif there exists no otherwordp(p) on thesametrajectorysuch
that a(p)>-p(p)>.. w(p). A set is said to be anadjacentor consecutiveset of orderp if it only consistsof ad-
jacentperiodicwordswith periodp belongingto the sametrajectory.The set is denotedasF(p). Considering
two non-intersectingadjacentsets,we definedthe orderingof two maximal (or minimal) wordsof the two
sets is the ordering of the two sets, namely, if ~M to) c F’ (p), G’M (p) e F” (p) and CM (p) >- C’M (p), then
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r’(p) >- F’ (p). Also, two non-intersectingadjacentsetsaresaidto beadjacenttoeachotherif theunionof them
is still an adjacentset.

Lemma 2. For a given periodic word ama(p+1) and ke{0, 1, 2, ..., (p+ 1 )“_ l}, the set
{~k(a*n)I~+i(k)m} is an adjacent set, with fixed n, randm, where nc{2, 3, ...}, rE{l, 2 n—i) and

me{0, I, ..., (p+ 1 )~_1)

The set

(29)

with a fixed m and ke{0, 1, ..., (p+ 1)”— l}, is calledthe m-congruenceset (on the trajectory{~(o*n(p+
1)))) in modular(p+ l)r. What lemma2 statesis thatan m-congruenceset is an adjacentset.Themaximum
numberof adjacentsetson thetrajectory{~( a*n(p+ 1))) is (p+ 1 )“~‘, andtheminimumnumberis (p+1).
Thenumberof adjacentsetscanbe variedby adjustingr.

Theorem1. For a given periodicword a(p+1) and0<i, j<p+ 1, if

(P+l)k(a*fl(p+l))>_cDJ(P+l)k(a*fl(p+l)) (30)

for fixed n andk, with ne{2, 3, ...} andke{0, 1, 2, ..., n—l}, then

(31)

A set l1~ {we~2 = a1,w2= 02, ..., ai,, = a~}witha specifiedword 0=0102... iscalleda cylindersetof order
n, centered at a.

Theorem2. For a given periodicword a(p) and0~<i,j<psuchthat q’(a(p)), q~(a(p))efl~with n fixed,
and

(32)

the orderingbetweenç~
m(o(p))and ço~~m(a(p))is determinedby

[ço’~m(a(p))>9’~m(a(p))]T(cD’”.~D’(a(P))) , (33)

where m<n.

Theorems1 and2 can be thoughtof as the multiplication andaddition rules for orderingof pointson a
periodictrajectorywhich is producedby the shift operation.Accordingto theabovetheorems,we canobtain
anexplicit expressionfor the orderingof the pointson the trajectory{cok(a*n(p+ 1 ))}, with arbitrary large
period(p+ 1) andn. Supposewearegivena (superstable)periodicworda=a(p+ 1), we canestablishamap-
ping~z:Nl-J’1,by the MSS order,suchthat the set

(34)

is orderedas

(35)

where,r(0) =0becausetheword aisalwayschosento bea maximalword 0M~Also,it can be shown that ir (p) = 1.
Theset {q”( ~ ) } representsthe trajectory of the nth order bifurcationof {q~(a)}. It follows directly from
theorems1 and2 that the orderingon the nth order bifurcationtrajectory {qik( a*~~)} canbe establishedre-
cursively from the orderingon the original periodic trajectory{q”(a)}. Supposethat the mapping~~:!NE-~l’~
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(with ,r~(0)=0 and m~((p+1)”— 1) = 1) orders the trajectory {~(a*n)}, with arbitrary n, such that
~ for 0i~i<(p+ 1)”— 1, andthe trajectory {cok(a*n)} is divided into p+l adjacent

setsas the following:

F’0((p+ l)n)={ç~o)(a*n)(a*n)>~...>~_I )(0*n)}

>-F’1 ( (p+ 1)”) {~((P+l))(0*fl).~7E~~((P+l )~_I+l)(O*fl)>-... .~7~(

2(P+l)~~~-I

>-...

>-F,( (p+ 1 )fl) I)”-’) (

0*n) ~n,,(~(p+ I )“-‘ + I) (C*n)>- ~ (,+1 )(p+ I )“~ — ) (0*fl)}

>-...

>-F~((p+l)n)~{~~~(P(P )‘_)(c*n) P(P+’ ~ +I)(a*n)>- ~ . (36)

Thenthe orderingon the trajectory{çok(a*n~)} canbe reducedas the following:

F~((p+ 1 )“~I) { [~,1r~(O)(P+ 1)+1r~(O)(0*n+ 1 )>-~7r~(l )Cü+ I )+7r(O)(0sn+

>-...

>.-F( (p+ 1 )fl+ I) { [~f~(O)(P+ I )+ir,,(i) (a*~~+I ~ I )(p+ I )+~r,,(,)(C*fl+ I) >

>-...

~ I)”— I )(p+ I )+1r~~(P)(C*n+I)] T(~’~.(P)(a))} (37)

We can illustratethis recurrencerule of orderingthe trajectory{~(a*t1)}by the exampleof the first order
bifurcationtrajectoryof aperiod-Sworda=RLRRC.Themappingir~:I~-+Nis: m1(0)=0,m1(1 )= 3, it1 (2) =2,
ir1(3)=4 and ir1(4)=1. Namely, the trajectory ~ç~~c(a=RLRRC)}is ordered as

ç~(a)>-ç~(a)}. Then,accordingto therule, it isstraightforwardto write downthe orderingon thefirst order
bifurcationtrajectory{q~(a*

2)}explicitly:

= {Q,O(a*2) >-~l5(a*2) >-~lO(a*2) >-~2O(a*2) >-~5(a*2)}

>-Q~

>-Q
2 ~

>-~3 ~

>-L~4={c(a)>-4~(a*
2)>- l(o*2)>-~Io(a*2)>-c~I(a*2)} . (38)

Note that because of ô(~Y~°~(a))=O,ô(

4Yn1~)(a))=0, ô(~3”~
2~(a))=1,o(r’~3~(a))=l and

ô(~”’~4~(a))=1, thereforethe orderingon the set ~I
2,~ andc�,~hasbeenreversedby the operatorT. It is

worthwhile to pointout that the orderingon the adjacentsetson the (n + 1 )th order bifurcationtrajectory
I)) hassomesimilarity tothe orderingon the nthorderbifurcationtrajectory{coI.(a*P2)}. Thisreflects

the self-similarstructureof the bifurcationtree. In fact,we have
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Corollary 1. Themappingit~: O~Ji-+ENhas thefollowing property:

ir~((m+ 1) (p+ 1 )~. 1) —ir~(m(p+1 )~) = (p+ 1 )~ (39)

wherere{l,2,...,n—l}andmc{0, 1,..., (p+i)~~_r_l}.

Also, becausetheworda is alwayschosentobea maximumword, it canbe shownthat ~i(0M) is a minimum

word. Thisleadsto it( 0)= 0 andir(p) = 1. In consequence,immediatelya moregeneralresultfollows: ir~ (0) = 0
and ir~((p+l)”—l)=l.

Accordingto eq. (37), the mappingir~~
1canbe expressedin termsof ira. Therefore,the mapping ito, with

arbitrary largen, canbe written in termsof it it1 in generalby usingthe recurrencerule. Namely,for a given
wordama(p+ 1) with arbitraryperiodp+ 1, theorderingon trajectory{~i”(a)}canbeeasilyestablished;con-
sequently,the orderingon the nth order bifurcationtrajectory{q,~(a*n)}canbe expressedin termsof the or-
deringon the original trajectory{~‘(a)}. In orderto obtain an explicit formula of it,, in termsof tm it1, we

needto introducea sequencenumberinverseoperatort:

n~(i)=it,,( (p+ 1)”— i—i) . (40)

The operatorr candependon the invariantcoordinatei9(1) O(~’(a))asthe following:

r(6’(l))=r, if0(/)=+l

=1 , if6l(/)=—l (41)

where 1 denotesthe identity operator.The productof two operatorst(&(l~))and r(9(12)) is

if&(12)=+l

if0(12)=—l . (42)

Notethat the productis left-handed,i.e.,

r(9(l, ) )r(9(12))r(9(13) ) =—r(9(l~) ) (r(9(l~))r(O(/3) )) . (43)

Theideabehindthe introductionof the operator~ is that it convertstheoperationon an orderedsequence
of words to the operationon the mappingit,,, which is an operation of numbers. Therefore,the orderingon
the sequencebecomesa simple calculationof m~.

Now we cangive a generalformula of m,,÷~in terms of it to concludethis section.Given a=a(p+ 1) and
an integer i, 0s~i<(p+ l)”~’ for a fixed n, then

~(i) = (p+ 1 )“it(lo)”~” T(92~~,)) + (p+ 1 )“ lit(l )T(ø(/2))T(ø(13))...T(ø(I~)).f

+ (p+ 1 )n_kit(lk)r(
8(lk+t ) )T(&(lk+2) )...r(~(6,) + ...+ (p+ 1 )it(1,,_ i )~8(1~))+ it(l,,) , (44)

where ‘k = ~

1(i), i.e., the integer i is written in mod(p+1) as

i=1~+1~(p+ 1) +l2(P+ 1 )
2+...+lk(p+1 )k~•••~/,,(p~1)”. (45)

This explicit formula for the orderingof the pointson the nth level bifurcationtrajectorywill simplify the
calculation of the fractal dimensionof critical periodicpointswith arbitrary largeperiod.

Theorderingof pointson a periodictrajectoryof a map is directly relatedto the topologicalentropyof the
dynamicalsystemdescribedby themap,becausetheeigenvaluesof theordercorrelationmatrix, i.e.,theStefan
matrix,determinethetopologicalentropy.Thus,havingobtainedtheorderingofpointson periodictrajectories
of unimodalmapping,the topologicalentropyandsomeassociatedquantities,which are believedto be im-
portantfor investigatingchaoticbehaviorof the dynamicalsystems[61, canbe calculated.Indeed,in a pre-
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viouswork [1] by PengandCao,theorderingof pointson a periodictrajectoryof a unimodalmap hasbeen
appliedto accomplishthe numericalcalculations.
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