
L
e
ctu
re
2
:
D
e
riva
tio
n
o
f
L
B
E
M
o
d
e
ls

L
i-S
h
i
L
u
o

E
m
ail:
l
u
o
@
n
i
a
n
e
t
.
o
r
g

U
R
L
:
h
t
t
p
:
/
/
r
e
s
e
a
r
c
h
.
n
i
a
n
e
t
.
o
r
g
/
~
l
u
o

N
atio
n
al
In
stitu
te
o
f
A
ero
sp
ace
(N
IA
)

H
am
p
to
n
,
V
irg
in
ia,
U
S
A



A

P
r
io
r
i
D
e
riva
tio
n
o
f
L
a
ttice
B
o
ltzm
a
n
n
E
q
u
a
tio
n

T
h
e
B
o
ltzm
an
n
E
q
u
atio
n
w
ith
B
G
K
ap
proxim
atio
n
:

@
t f
+
��r
f
=
�
1�

[f�
f
(0
)];

f
�
f
(x
;
�
;
t)
:

(1
)

T
h
e
B
o
ltzm
an
n
-M
axw
ellian
eq
u
ilibriu
m
d
istrib
u
tio
n
fu
n
ctio
n
:

f
(0
)
=
�
(2�
�)
�

D
=
2
ex
p ��
(��
u
)
2

2�

�
;

(2
)

T
h
e
m
acro
sco
p
ic
q
u
an
tities
are
th
e
h
yd
ro
d
yn
am
ic
m
o
m
en
ts
o
f
f
or
f
(0
):

�
= Z
f
d
�
= Z
f
(0
)d
�
;

(3a)

�
u
= Z
�
f
d
�
= Z
�
f
(0
)d
�
;

(3b
)

�
�
=
12 Z

(��
u
)
2f
d
�
=
12 Z

(��
u
)
2f
(0
)d
�
:

(3c)
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In
te
g
ra
l
S
o
lu
tio
n
o
f
C
o
n
tin
u
o
u
s
B
o
ltzm
a
n
n
E
q
u
a
tio
n

R
ew
rite
th
e
B
o
ltzm
an
n
B
G
K
E
q
u
atio
n
in
th
e
form
o
f
O
D
E
:

D
t f
+
1�

f
=
1�

f
(0
);

D
t �
@
t
+
��r
:

(4
)

In
teg
rate
E
q
.
(4
)
o
ver
a
tim
e
step
�
t
alo
n
g
ch
aracteristics:

f
(x
+
�
�
t ;
�
;
t
+
�
t )
=
e
�

�
t =
�
f
(x
;
�
;
t)

(5
)

+
1�

e
�

�
t =
� Z
�
t

0

e
t
0=
�
f
(0
)(x
+
�
t
0;
�
;
t
+
t
0)
d
t
0:

B
y
T
aylor
exp
an
sio
n
,
an
d
w
ith
��
�
=�
t ,
w
e
o
b
tain
:

f
(x
+
�
�
t ;
�
;
t
+
�
t )�
f
(x
;
�
;
t)
=
�
1�

[f
(x
;
�
;
t)�
f
(0
)(x
;
�
;
t)]
+
O
(�
2t )
:

(6
)

N
o
te
th
at
a
�
n
ite-vo
lu
m
e
sch
em
e
or
h
ig
h
er-ord
er
sch
em
es
can
also
b
e

form
u
lated
b
ased
u
p
o
n
th
e
in
teg
ral
so
lu
tio
n
.
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P
a
ssa
g
e
to
L
a
ttice
B
o
ltzm
a
n
n
E
q
u
a
tio
n

N
ecessary
step
s
to
o
b
tain
L
B
E
: 1
;2

1
.
L
ow
M
ach
n
u
m
b
er
exp
an
sio
n
o
f
th
e
eq
u
ilibriu
m
d
istrib
u
tio
n
fu
n
ctio
n
;

2
.
D
iscretizatio
n
o
f
velo
city
sp
ace
�
to
o
b
tain
n
ecessary
an
d
m
in
im
u
m
n
u
m
b
er

o
f
�
�
;

3
.
D
iscretizatio
n
o
f
x
sp
ace
accord
in
g
tof
�
� g
.

L
ow
M
ach
N
u
m
b
er
(u
�
0
)
E
xp
an
sio
n
o
f
th
e
eq
u
ilibriu
m
d
istrib
u
tio
n
fu
n
ctio
n

f
(0
)
u
p
toO
(u
2)
is
su
�
cien
t
to
d
erive
th
e
N
avier-S
to
kes
eq
u
atio
n
s:

f
(e
q
)
=

�

(2�
�)
D
=
2
ex
p ��
�
2

2� ��
1
+
��
u

�

+
(��
u
)
2

2�
2

�
u
2

2� �
+
O
(u
3)
:

(7
)

It
sh
o
u
ld
b
e
n
o
ted
th
at
m
an
y
d
efects
o
f
th
e
lattice
B
o
ltzm
an
n
m
eth
o
d
are

related
to
th
e
ab
o
ve
\
low
M
ach
n
u
m
b
er
exp
an
sio
n
o
f
th
e
eq
u
ilibriu
m
fu
n
ctio
n
.

H
ow
ever,
th
is
exp
an
sio
n
is
n
ecessary
to
m
ake
th
e
lattice
B
o
ltzm
an
n
m
eth
o
d

a
sim
p
le
an
d
exp
licit
sch
em
e.

1X
.
H
e
an
d
L
.-S
.
L
u
o,
P
h
ys.
R
ev.
E
5
5
:R
6333
(1997);
ib
id
5
6
:6811
(1997).

2T
.
A
b
e,
J
.
C
o
m
p
.
P
h
ys.
1
3
1
:241
(1997).
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D
iscre
tiza
tio
n
a
n
d
C
o
n
se
rva
tio
n
L
aw
s

T
h
e
co
n
servatio
n
law
s
are
preserved
exactly,
if
th
e
h
yd
ro
d
yn
am
ic
m
o
m
en
ts

(�
,
�
u
,
an
d
�
�)
are
evalu
ated
exactly:

I
= Z
�
m
f
(e
q
)d
�
= Z
ex
p
(�
�
2=2
�) 
(�
)d
�
;

(8
)

w
h
ere
0�
m
�
3
,
an
d
 
(�
)
is
a
p
o
lyn
o
m
ial
in
�
.
T
h
e
ab
o
ve
in
teg
ral
can
b
e

evalu
ated
by
q
u
ad
ratu
re:

I
= Z
ex
p
(�
�
2=2�) 
(�
)d
�
= X

j

W
j
ex
p
(�
�
2j =
2�) 
(�
j )

(9
)

w
h
ere
�
j
an
d
W
j
are
th
e
ab
scissas
an
d
th
e
w
eig
h
ts.
T
h
en

�
= X

�

f
(e
q
)

�

= X
�

f
�
;

�
u
= X

�

�
�
f
(e
q
)

�

= X
�

�
�
f
�
;

(1
0
)

w
h
ere
f
� �
f
�
(x
;
t)�
W
�
f
(x
;
�
�
;
t),
an
d
f
(e
q
)

�

�
W
�
f
(e
q
)(x
;
�
�
;
t).

T
h
e
q
u
ad
ratu
re
m
u
st
preserve
th
e
co
n
servatio
n
law
s
exa
ctly
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E
xa
m
p
le
:
9
-b
it
L
B
E
M
o
d
e
l
w
ith
S
q
u
are
L
a
ttice

In
tw
o
-d
im
en
sio
n
al
C
artesian
(m
o
m
en
tu
m
)
sp
ace,
set

 
(�
)
=
�
mx
�
ny
;

th
e
in
teg
ral
o
f
th
e
m
o
m
en
ts
can
b
e
g
iven
by

I
=
( p
2�)
(m
+
n
+
2
)I

m
I
n
;

I
m

= Z
+
1

�

1

e
�

�
2�
m
d
�
;

(1
1
)

w
h
ere
�
=
�
x = p
2�
or
�
y = p
2�
.

T
h
e
seco
n
d
-ord
er
H
erm
ite
form
u
la
(k
=
2
)
is
th
e
o
p
tim
a
l
ch
o
ice
to
evalu
ate

I
m

for
th
e
p
u
rp
o
se
o
f
d
erivin
g
th
e
9
-b
it
m
o
d
el,
i.e.,

I
m

=

3
Xj

=
1
!
j �
mj
:

N
o
te
th
at
th
e
ab
o
ve
q
u
ad
ratu
re
is
exa
ct
u
p
to
m
=
5
=
(2k
+
1).
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D
iscre
tiza
tio
n
o
f
V
e
lo
city
�
-S
p
a
ce
(9
-b
it
M
o
d
e
l)

T
h
e
th
ree
ab
scissas
in
m
o
m
en
tu
m
sp
ace
(�
j )
an
d
th
e
corresp
o
n
d
in
g
w
eig
h
ts

(!
j )
are:

�
1
=
� p
3=
2
;

�
2
=
0
;

�
3
= p
3=2
;

!
1
=
p

�
=6
;

!
2
=
2 p
�
=3
;

!
3
=
p

�
=6
:

(1
2
)

T
h
en
,
th
e
in
teg
ral
o
f
m
o
m
en
ts
b
eco
m
es:

I
=
2� "
!
22  
(
0
)
+

4
X�

=
1
!
1 !
2  
(�
�
)
+

8
X�

=
5
!
21  
(�
�
) #
;

(1
3
)

w
h
ere

�
�
= 8<:

(0;
0)

�
=
0
;

(�
1;
0) p
3
�;
(0;�
1) p
3�;

�
=
1
{
4;

(�
1;�
1) p
3�;

�
=
5
{
8:

(1
4
)
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D
iscre
tiza
tio
n
o
f
V
e
lo
city
�
-S
p
a
ce
(9
-b
it
M
o
d
e
l)

Id
en
tifyin
g

W
�
=
(2�
�)
ex
p
(�
2�
=2
�)
w
�
;

(1
5
)

w
ith
c�
�
x =�
t
=
p

3�
,
or
c
2s
=
�
=
c
2=3
,
�
x
is
th
e
lattice
co
n
stan
t,
th
en
:

f
(e
q
)

�

(x
;
t)

=

W
�
f
(e
q
)(x
;
�
�
;
t)

=

w
�
� �
1
+
3(e
� �
u
)

c
2

+
9(e
� �
u
)
2

2c
4

�
3
u
2

2c
2 �
;

(1
6
)

w
h
ere
w
eig
h
t
co
e�
cien
t
w
�

an
d
d
iscrete
velo
city
e
�

are:

w
�
= 8<:

4
=9;

1
=9;

1
=36;
e
�
=
�
�
= 8<:

(0;
0);

�
=
0
;

(�
1;
0)
c;
(0;�
1)
c;
�
=
1
{
4
;

(�
1;�
1)
c;

�
=
5
{
8
:

(1
7
)

W
ith
f
e
� j�
=
0;
1;
:::;
8g
,
a
sq
u
are
lattice
stru
ctu
re
is
co
n
stru
cted
in
th
e

p
h
ysical
sp
ace.
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B
o
ltzm
a
n
n
T
h
e
o
ry
fo
r
R
are
�
e
d
G
a
se
s
(1
8
9
0
')

T
h
e
B
o
ltzm
an
n
eq
u
atio
n

@
t f
+
��r
f
+
a
�r
� f
= Z
d
�
1
[f
0f
01 �
f
f
1 ]

(1
8
)

is
valid
in
th
e
B
o
ltzm
an
n
G
as
L
im
it
(B
G
L
):

P
article
N
u
m
b
er

N
!
1
;

(19a)

In
teractio
n
R
an
g
e

r
0 !
0
;

(19b
)

M
ean
-F
ree-P
ath

l�
(N
r
20 )
�

1!
C
o
n
stan
t
;

(19c)

In
teractio
n
V
o
lu
m
e

N
r
30 !
0
:

(19d
)

B
ecau
se
o
f
N
r
30

!
0
,
th
e
B
o
ltzm
an
n

eq
u
atio
n

can

o
n
ly

retain

th
e

th
erm
o
d
yn
am
ics
o
f
id
ea
l
g
ases.
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E
n
sk
o
g
's
T
h
e
o
ry
fo
r
D
e
n
se
G
a
se
s
(1
9
1
7
)

F
or
h
ard
sp
h
eres
o
f
rad
iu
s
r
0 ,
th
e
B
o
ltzm
an
n
eq
u
atio
n
is
m
o
d
i�
ed
d
en
se
g
ases

as
fo
llow
s
(by
E
n
sko
g
):

@
t f
+
��r
f
+
a�r
� f
=
J
;

(2
0
)

J

=

Z
d
�
1
[g
(x
+
r
0 ^r
)f
0f
01 (x
+
2
r
0 ^r
)�
g
(x
�
r
0 ^r
)f
f
1 (x
�
2r
0 ^r
)]

=

J
(0
)
+
J
(1
)
+
J
(2
)
+
���
;

(21a)

J
(0
)

=

g Z
d
�
1 [f
0f
01 �
f
f
1 ];

(21b
)

J
(1
)

=

r
0 Z
d
�
1 ^r�
r

g
[f
0f
01
+
f
f
1 ];

(21c)

J
(2
)

=

2r
0 g Z
d
�
1 ^r�[f
0r

f
01
+
f
r

f
1 ];

(21d
)
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E
n
sk
o
g
C
lo
su
re
o
f
f
2

(1
9
1
7
)

T
h
e
essen
tial
assu
m
p
tio
n
is
th
e
factorizatio
n
o
f
th
e
tw
o
p
article
d
istrib
u
tio
n

fu
n
ctio
n
|

th
e
E
n
sko
g
clo
su
re:

f
2 (x
1 ;
�
1 ;
x
2 ;
�
2 ;
t)
=
g
(jx
1 �
x
2 j)f
1 (x
1 ;
�
1 ;
t)f
1 (x
2 ;
�
2 ;
t)
;

(2
2
)

w
h
ere
g
is
th
e
rad
ial
d
istrib
u
tio
n
fu
n
ctio
n
(p
airw
ise
correlatio
n
).

T
h
e
B
o
ltzm
an
n
clo
su
re:

f
2 (x
1 ;
�
1 ;
x
2 ;
�
2 ;
t)
=
f
1 (x
1 ;
�
1 ;
t)f
1 (x
2 ;
�
2 ;
t)
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N
o
n
-L
o
ca
l
C
o
llisio
n
T
e
rm
s
in
th
e
E
n
sk
o
g
E
q
u
a
tio
n

W
ith
th
e
ap
proxim
atio
n
f
�
f
(0
),
w
h
ich
is
co
n
sisten
t
w
ith
th
e
C
h
ap
m
an
-

E
n
sko
g
an
alysis:

J
(1
)

=

�
f
(0
)b
�
�
0 �r
g
;

(23a)

J
(2
)

=

�
f
(0
)b
�
g �
2
�
0 �r
ln
�
+

2

(D
+
2)

�
0i �
0j
@
i u
j

�

+ �
1

(D
+
2)

�
20

�
�
1 �
r�u

+
12 �
D

(D
+
2)

�
20

�
�
1 �
�
0 �r
ln
� �
;

(23b
)

f
(0
)(�
;
u
;
�)
=
�
(2�
�)
�

D
=
2
ex
p ��
(��
u
)
2

2�

�
;

(2
4
)

w
h
ere
�
0

=
(��
u
)
is
th
e
p
ecu
liar
velo
city,
�
=
k
B
T
=m

is
th
e
n
orm
alized

tem
p
eratu
re,
an
d
b
=
V
0 =m
=
4�
r
30 =
3m
is
th
e
seco
n
d
virial
co
e�
cien
t.
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N
o
rm
a
l
S
o
lu
tio
n
s
o
f
th
e
E
n
sk
o
g
E
q
u
a
tio
n
(1
9
1
7
)

T
h
e
�
rst
an
d
seco
n
d
ord
er
n
orm
al
so
lu
tio
n
o
f
th
e
E
n
sko
g
eq
u
atio
n
,
o
b
tain
ed

via
C
h
ap
m
an
-E
n
sko
g
an
alysis,
are:

f
(0
)
=
�
(2�
�)
�

D
=
2
ex
p ��
(��
u
)
2

2�

�
;

(2
5
)

f
(1
)
=
�
f
(0
) 1g ��
1
+

2

(D
+
2) b�
g �
A
�r
ln
�

+ �
1
+

4

D
(D
+
2) b�
g �
B
ij @
i u
j �
:

(2
6
)

W
ith
b
=
0
an
d
g
=
1
,
th
e
so
lu
tio
n
s
red
u
ce
to
th
at
o
f
th
e
B
o
ltzm
an
n
eq
u
atio
n
.

N
o
te
th
at
r

�
d
o
es
N
O
T
ap
p
ear
in
f
(1
),
it
ap
p
ears
in
f
(2
)

|

th
e
B
u
rn
ett

so
lu
tio
n
(1
9
3
5
).
T
h
is
is
co
n
sisten
t
w
ith
th
e
d
im
en
sio
n
alan
alysis
o
f
th
e
N
avier-

S
to
kes
eq
u
atio
n
,
r

�
is
in
th
e
ord
er
o
f
O
(K
2n ),
w
h
ere
K
n

is
th
e
K
n
u
d
sen

n
u
m
b
er,
w
h
ich
is
also
th
e
sm
all
exp
an
sio
n
p
aram
eter
in
th
e
C
h
ap
m
an
-E
n
sko
g

an
alysis.
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T
h
e
N
a
vie
r-S
to
k
e
s
E
q
u
a
tio
n
s

T
h
e
N
avier-S
to
kes
eq
u
atio
n
s
d
erived
fro
m
th
e
E
n
sko
g
eq
u
atio
n
:

@
t �
+
r�(�
u
)
=
0
;

(27a)

@
t u
+
u
�r
u
=
�
1�
r

P
+
a
;

(27b
)

@
t �
+
u
�r
�
=
�
1�
r�
q�
1�

P
ij @
i u
j
+
a
�
u
;

(27c)

w
h
ere

P
ij
= Z
d
�
�
0
i �
0
j f
=
[�
�(1
+
b�
g
)�
�
2
r�
u
]�
ij

� "
2g �

1
+

4

D
(D
+
2) b�
g �

2
�
1
+

2D

(D
+
2) �
2 #
S
ij
;

(28a)

S
ij
=
12

[@
i u
j
+
@
j u
i ]�
1D
r�
u
�
ij
;

(28b
)

q
= Z
d
�
12

�
20
�
0 f
=
� �
1g

(1
+
b�
g
)
2�
+
D2

�
2 �
r

�
:

(28c)
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In
co
m
p
re
ssib
le
a
n
d
Iso
th
e
rm
a
l
F
lu
id
s

B
ecau
se
r

�u
=
0
an
d
r

�
=
0
:

J
(1
)
+
J
(2
)

�
�
f
(0
)b�
(��
u
)�[r
g
+
g
r

ln
�
2]

=

�
f
(0
)b�
g
(��
u
)�r
ln
(�
2g
)
=
J
0:

(2
9
)

T
h
e
m
o
d
i�
ed
B
o
ltzm
an
n
eq
u
atio
n
,
w
ith
B
G
K
ap
proxim
atio
n
:

@
t f
+
��r
f
+
a
�r
� f
=
�
g�

[f�
f
(0
)]�
f
(0
)b�
g
(��
u
)�r
ln
(�
2g
)
:
(3
0
)

T
h
e
eq
u
atio
n
o
f
state
d
erived
fro
m
th
e
ab
o
ve
m
o
d
i�
ed
B
o
ltzm
an
n
eq
u
atio
n

(by
co
m
p
u
tin
g
th
e
�
rst
m
o
m
en
t
o
f
th
e
n
o
n
-lo
cal
co
llisio
n
term
):

P
=
�
�
[1
+
b�
g
];

g
=
g
(b�
)
:

(3
1
)

P
h
y
sic
s:
T
h
e
n
o
n
-id
eal
g
as
e�
ects
co
m
e
fro
m
th
e
n
o
n
-lo
cal
co
llisio
n
term
,

w
h
ich
is
th
e
m
an
ifestatio
n
o
f
th
e
vo
lu
m
e
exclu
sio
n
e�
ect,
or
o
th
er
in
ter-p
article

in
teractio
n
s.
It
can
n
o
t
b
e
a
resu
lt
o
f
b
o
d
y
force.
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In
te
g
ra
l
S
o
lu
tio
n
o
f
C
o
n
tin
u
o
u
s
E
n
sk
o
g
E
q
u
a
tio
n

R
ew
rite
th
e
E
n
sko
g
B
G
K
E
q
u
atio
n
in
th
e
form
o
f
O
D
E
:

dfd
t
+
g�

f
=
g�

f
(0
)
+
J
0;

dd
t �

@@
t
+
��r
+
a�r
�
:

(3
2
)

In
teg
rate
E
q
.
(3
2
)
o
ver
a
tim
e
step
�
t
alo
n
g
ch
aracteristic
lin
e:

f
(x
+
�
�
t
+
12

a
�
2t ;
�
+
a
�
t ;
t
+
�
t )

=

e
�

�
t g
=
�
f
(x
;
�
;
t)

(3
3
)

+
e
�

�
t g
=
� Z
�
t

0

d
t
0e
t
0g
=
� h
g�

f
(0
)
+
J
0 i

(x
+
�
t
0+
12
a
t
02
;
�
+
a
t
0;
t+
t
0)
:

B
y
T
aylor
exp
an
sio
n
,
an
d
w
ith
��
�
=�
t ,
w
e
o
b
tain
:

f
(x
+
�
�
t ;
�
;
t
+
�
t )�
f
(x
;
�
;
t)
=
�
g�

[f
(x
;
�
;
t)�
f
(0
)(x
;
�
;
t)]

+
[J
0�
a�r
� f
]
�
t
+
O
(�
2t )
:

(3
4
)

T
em
p
oral
d
iscretizatio
n
is
co
m
p
leted
.
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T
h
e
E
xte
rn
a
l
F
o
rcin
g

T
h
e
forcin
g
term
m
u
st
satisfy
th
e
fo
llow
in
g
m
o
m
en
t
co
n
strain
ts:

Z
d
�
a�r
� f
=
0
;

(35a)

Z
d
�
�
a�r
� f
=
�
�
a
;

(35b
)

Z
d
�
�
i �
j
a�r
� f
=
�
�
(a
i u
j
+
a
j u
i )
:

(35c)

S
im
ilar
to
th
e
eq
u
ilibriu
m
,
th
e
forcin
g
term
is
exp
an
d
ed
in
term
o
f
u
,
an
d
w
e

o
b
tain

a
�r
� f
=
�
�
ex
p
(�
�
2=2�) �
1�

(��
u
)
+
(��u
)

�
2

� ��
a
:

(3
6
)

N
o
te
th
at
in
th
e
ab
o
ve
exp
an
sio
n
,
o
n
ly
th
e
term
s
u
p
to
th
e
�
rst
ord
er
in
u

h
ave
b
een
retain
ed
,
b
ecau
se
th
ere
is
an
o
verall
factor
o
f
�
t
in
th
e
forcin
g
term
.

If
th
e
seco
n
d
-ord
er
m
o
m
en
t
co
n
strain
t
E
q
.
(3
5
)
is
ig
n
ored
:

a
�r
� f
=
�
�
ex
p
(�
�
2=2
�)
1�

��
a
:

(3
7
)
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D
iscre
tize
d
E
n
sk
o
g
E
q
u
a
tio
n
:
L
B
E
N
o
n
id
e
a
l
G
a
s
M
o
d
e
l

T
h
e
L
B
E
m
o
d
el
for
n
o
n
-id
eal
g
ases
w
ith
extern
al
forcin
g
:

f
�
(x
+
e
�
�
t ;
t
+
�
t )�
f
�
(x
;
t)
=
�
g�

[f
� �
f
(e
q
)

�

]
+
(J
0�
+
F
�
)
�
t

(3
8
)

J
0�
=
�
f
(e
q
)

�

b�
g
(e
� �
u
)�
r

ln
(�
2g
)

(39a)

F
�
=
w
�
� �
3c

2 (e
� �
u
)
+
9c

4 (e
� �
u
)e
� ��
a

(39b
)

F
or
h
ard
-sp
h
eres:

g
=
1
+
58

b�
+
0:2869(b�
)
2
+
:::

T
h
e
E
n
sko
g
eq
u
atio
n
h
as
an
H
-T
h
eorem
an
d
a
co
n
sisten
t
th
erm
o
d
yn
am
ics.
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E
q
u
a
tio
n
o
f
S
ta
te
a
n
d
V
isco
sity

T
h
e
eq
u
atio
n
o
f
state:

P
=
�
�[1
+
b�
g
]

V
isco
sity:

�
=
13 �
�g �
12 �

c
�
x
= �
�g �
13 �

�
�
t

T
h
e
g
-d
ep
en
d
en
ce
in
�
can
b
e
elim
in
ated
by
settin
g
th
e
relaxatio
n
p
aram
eter

to
1
=
�
.
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S
u
m
m
ary

�
L
attice
B
o
ltzm
an
n
eq
u
atio
n
can
b
e
d
erived
(w
ith
o
u
t
referen
ced
to
L
G
A
);

�
L
attice
B
o
ltzm
an
n
eq
u
atio
n
is
a
�
n
ite
d
i�
eren
ce
sch
em
e;

�
L
B
E
preserves
co
n
servatio
n
law
s
rig
oro
u
sly
(co
n
servative
form
);

�
L
B
E
can
u
se
In
terp
o
latio
n
s
(w
ith
care);

�
L
B
E
m
o
d
els
for
m
u
lti-p
h
ase
an
d
m
o
lti-co
m
p
o
n
en
t


u
id
s
can
also
b
e
d
erived

fro
m
kin
etic
eq
u
atio
n
s.
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