Dr M.Amarian

Introduction to Particle Physics

1 Special Relativity

Thishandout containsabrief review of the principal propertiesof relativistic four-vectorsasderivedin
the course on Relativity and Electrodynamics. For the course the relativistic
treatment of energy and momentum is of primary importance, and some examples illustrating the
properties of four-momenta are therefore included.

1.1 4-vectors

A generic 4-vector a can be written in contravariant form, a*, with an upper index, or in covariant
form, a,,, with alower index.

Examples of contravariant 4-vectorsinclude (with i = ¢ = 1)

spacetime coordinates: ot = (2% 2t 2% 2%) = (t,2,9,2) = (t,7)
4-momentum:  p* = (p°,p".p*p*) = (E,ps.py.p:) = (E.p)
4-vector potential: Al = (A" A AR AP) = (¢, A Ay, A) = (6, A)
4-vector current: =% 0%0") = ety i) = (p.3)-
The corresponding covariant four-vectors are
T, = gur’ = (t,—7r)
Py = guupy = (E7 _p)
Au - g,uVAV - (¢a _A)
ju - gul/jy - (pa _.7)
where g,,,,, the metric tensor, is taken to be
1 0 0 0
w0 -1 0 0
Iw =9 =109 0 -1 0|
0 0 0 -1

and the Einstein summation convention is in use for repeated indices, namely that any Greek index
appearing once as a subscript and once as a superscript should be summed over the values 0,1,2,3.
Thus, for example:

3
gt =Y gut” = guor” + gt + guar® + gar’

v=0
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The partial derivativesd/dx* transform as a covariant 4-vector:

0 0 0 0 0 0
On %Z(a%a—ya—>—<av)

The corresponding contravariant 4-vector is
0 0 0 0 0 0
= _— e _ Y —— —— = _ —
o= ox,, (81?’ oz’ 0y’ 82) (3t’ V> '

The standard quantum mechanical operator relations (with 2 = 1)

%
——iV; E=i-
b (A Zat

are both encompassed by the single 4-vector equation

pt =10" .

1.2 Energy and Momentum

The energy, E, and momentum, p, of a particle of massm and velocity u are given by

E = y(u)me?, p = y(u)mu 1)

where v = |u| and
1

= e

The energy and momentum are connected by the relation (with ¢ = 1)
E? = |p|* +m”.
In the relativistic limit £ > m, or if the particle is massless, we have simply
E=|p|.

In this limit, a particle travelling in the +2z direction for example has a four-momentum of the form
p* = (F,0,0, FE). A particle of massm at rest has 4-momentum p#* = (m, 0,0, 0).

Note that, from Equation (1), the speed of a particle is given in terms of its energy and momentum
simply by

In particle interactions, such as a scattering processa +b — 1+ 2+ 3 +. .. + n, the total energy and
momentum are conserved:

Ei+Ey,=FE +Ey+...+E,
Pot+Pob=DP1+P2+...+DPn.



This can be expressed more compactly as conservation of 4-momentum:

Do +Ppb=pP1+pP2+t...+DpDn.
The energy E of aparticleisthe sum of its rest mass energy mc? and itskinetic energy 7':
E=mc+T.

A scattering process is said to be elastic when the total kinetic energy of the incoming particles is
the same as the total kinetic energy of the outgoing particles. Since the total energy (kinetic plus rest
mass) is always conserved, the sum of the masses of the incoming particles must then be the same as
the sum of the masses of the outgoing particles. In particular, this will be the case when the particle
content of the initial and final states is the same. For example, the scattering processe~p~ — e~
isaways elastic, while the processete™ — 1t~ isawaysinelastic.

1.3 Products of 4-vectors

The scalar product of two four-vectorsa and b is defined as
a.b=a,b" = g,,a"b" = a"b, .
Written out explicitly in terms of the components a” = (a°, a) and o* = (b°, b), the scalar product is
a.b = a’t°’ — a'd' — a?? — *V?

=a’® — a.b

= a’by + a'by + a®by + a’bs .

Scalar products of 4-vectors are invariant under Lorentz transformations. For example, if p# is the
4-momentum of a particle of rest mass m then

p°=pp=(E,p).(E,p) = E*>— |p]*> =m?,

which is a constant and therefore manifestly Lorentz invariant. Similarly, for pi' = (Fy1,p,), pb =
(Es, py), We have

p1-p2 = E1Ey — py.py = E1Es — |py||py| cos

where 6 is the opening angle between the p, and p, directions. The expression on the right hand side
of this equation takes the same value whether it is evaluated in the laboratory, the centre of mass, or
any other frame:

E\Ey — |py||pa| cos = E1E; — |ph||ph| cos 0"

The scalar product of afour-momentum p#* = (E, p) with the spacetime four-vector z# = (t,r) is
p.x = (E,p).(t,r) = Et — p.r.
The phase factor ¢/(P+" =% describing the propagation of a plane waveistherefore Lorentz invariant:

ez(p.’l"fE't) — o T



As another example, the scalar product 0,,j* is

0

. Op )

Ouj" = gu0"j" = ( T

The continuity equation, dp/0t + V - j = 0, expressing conservation of electric charge or particle
number for example can therefore be expressed in the manifestly covariant form

9,5" =0,

Finally, the d’ Alembertian operator (12 is also a Lorentz invariant:

0 0 0?
2 = ory — \v/ v = _V?
0" =00, (at’ )'(c’)t’ ) ot2 '

1.4 Systemsof Particles

Consider the decay of a particle a into afinal state containing » particles:
a—14+2+3+...4+n.
Working in the rest frame of particle a, conservation of energy gives

m,=F +F,+...+F,
=(mi+me+...4+my)+ (N +To+...+1,),

where E; = m; + T; isthe total energy of the i'th particle. Since the kinetic energies 7; must all be
positive, we immediately obtain

, (2)

i.e. the sum of the final state masses must be less than the original mass m,. Thisresult involves only
Lorentz invariant quantities (particle masses) and so must hold in any Lorentz frame, not just the rest
frame. Thus, accelerating particle a to arbitrarily high energy does not alow particles heavier than a
to be produced in its decay. Instead, in such aframe, the final state particles gain extrakinetic energy
to maintain overall conservation of energy and momentum.

[mg > my +mo+ ...+ my

In general, the total four-momentum p of a system of n particlesis simply the sum of the individual
four-momenta p;,
pP=Dp1+p2t+...+pPp,

and the invariant mass M of such a system is defined as
M2:p2: (p1 +p2+...pn)2.

The same argument as used above for the decay processa — 1 + 2 + ... + n and which led to
Equation (2) can be applied equally well to the centre of mass frame of this general » particle system
to show that

M>mi+me+...4+m, .

4



In the collision of two particles with incoming four-momenta p; and p,, auseful invariant is

s = (p +p2)2 .

In the centre of mass frame of the two particles, with the particle motion chosen to be parallel to the
z-axis, the four-momenta p, and p, are of the form

b1 = (Efaoaoap*)a P2 = (E;,0,0, _p*) .

Hence
s = (B} + E3,0,0,0)* = (E} + E3)°

and \/s (= E} + E5) therefore represents the total energy of the collision in the centre of mass frame.
In the lab frame, choosing particle 2 to be at rest, we can take
b1 = (Elaoaoapl)a b2 = (m2707070)

which gives
s = (p1 +p2)? = P2 4+ P34+ 2p1.py = M2 +m3 + 2E1m, .

At very high energy, where the masses m, m» can be neglected, we obtain s ~ 2FE;m,.
1.5 Lorentz Transformations

Under a pure velocity transformation, with aprimed frame S’ (¢', 2, /', 2’) moving at constant velocity
v adong the x axis of frame S(¢, z, y, z), acontravariant 4-vector a* transforms as

v =By 00

NI A oV noo_ _/87 Y 00
(a" ) = A" a where  AF = 0 0 10
0 0 01

with 3 =v/candy =1/4/1 — /32. For example, if a* isa4-momentum p* = (E, p., py, p-), then

E' =~(E — Bp.) P, = Dy
Py =v(ps — BE) P, =ps
Y Y B=uv/c
ul
(£, p)
m
T ZL‘I



Thevelocity 5 = v/c of the primed frame relative to the unprimed frame should not be confused with
the velocities w and v’ of the particle in each frame. The energies E, E’ and the momentap = |p|,
p' = |p'| of theparticlein S and S’ are

2 2

E' = ~(uYmce
p = y(u)mu P =y(u)mu

E = ~(u)me

and the particle velocitiesin each frame (with ¢ = 1) are

uw=2
E B



2 TheDirac Equation

In 1928, Paul Dirac proposed a relativistically-covariant wave equation for the electron which suc-
cessfully accounted for its intrinsic angular momentum (spin) and intrinsic magnetic moment. The
Dirac equation also predicted the existence of a particle with the same mass as the electron but with
opposite electric charge, namely the positron. This prediction was soon confirmed by Anderson’s
observation in 1933 of the production of positronsin cosmic ray interactions.

In this handout, we consider the Dirac equation and its predictions in detail. To motivate the intro-
duction of the Dirac equation, we first consider briefly the non-relativistic Schrodinger equation and
its straightforward relativistic generalisation, the Klein-Gordon equation.

2.1 Non-Relativistic Quantum Mechanics

For anon-relativistic free particle, with V'(r) = 0, the operator replacements (with 7 = 1)

p——V, E— z% Q)
applied to the equation
Ipf® _
2m

give the time-dependent Schrodinger equation for the wavefunction ¢ (r, t):

1, 0v

(2)

Thisis not a Lorentz-covariant equation, being first order in 9/0t but second order in 9/0x. Trans-
forming the right hand side of Equation (2) to another reference frame, for example, would introduce
terms containing thefirst order spatial derivativesdi/ox', 0y /0y, 9 /0=', which have no equivalent
in the original (untransformed) equation.

Taking the complex conjugate of Schrodinger’s equation gives

(. N
Ty VT

: 3)



Forming the linear combination «* x Eqn (2)—v x Egn (3) then gives

1 * 72 2% __ *a_w ad}*
—%[wvw—ww]—z[w 5 T V5

0,
| =i wo.
Using the identity
VIV — VYT =V - (VY — V) (4)
we obtain | 3
5.,V (V*Vp = V) = 5 (1)
A comparison with the continuity equation,

. Op
. _— 5
V.3+ o 0, )
expressing conservation of particle number, leads to the following expressions for the probability

density and current:

p= = P ©
§= 5 V-6V U

Schrodinger’s equation admits plane wave solutions of the form
1/) _ Nei(p.?"fEt)

where p and E' are constants, as can be checked by direct substitution into Equation (2). These plane
wave solutionsare easily seen to be eigenstates of the momentum and energy operators of Equation (1)
with eigenvaluesp and £':

wem (i2)o e

and hence correspond to free particles of definite energy, £, and momentum, p. Substituting into
Equations (6) and (7), the probability density p and current 5 for the plane wave v are found to be

. b
p=INE, = INPE = NP,

Thefirst of these relations shows that the number of particles per unit volumeis | N|2. For particles of
number density | N|? travelling with velocity v, the number of particles per unit time passing through
unit area (the particle flux) at any fixed point along the particletrajectory is| N |?v. Hence the current 5
isavector pointing along the particle's direction of motion with magnitude equal to the particle flux.



2.2 TheKlein-Gordon Equation

Applying the replacementsp — —iV, E — i0/0t to the relativistic equation
pl* +m” = £

(with i = ¢ = 1) in place of |p|?/2m = E givesimmediately the Klein-Gordon equation

0%4)
Vi —mip = . (8)

Introducing the partial derivative 4-vector
0 g o0 0 0 0
On %r(a@mﬂaywﬁﬁ)

2
0% =049, = (%,V).(%,V) :a——VQ

allows the Klein-Gordon equation to be written in the manifestly L orentz-covariant form

with the property

(0,0 +m*)y =0].

For plane waves of theform ¢ = NeP-T—F% with p and E constant, we have
Y _
o2
The wave function v therefore satisfies the Klein-Gordon equation, Equation (8), provided that p and

E arerelated via |p|* + m? = E? (as expected). Unlike the non-relativistic case, where the energy
E = |p|*/2m isunambiguously positive, we now face the problem that £ can be of either sign:

Vi = —|p|*y, —E*).

E=+/|p|*+m*,

so that there exist negative-energy as well as positive-energy solutions to the Klein-Gordon equation
for afree particle. An equivalent viewpoint isthat, as well as plane wave solutions of the form

1/) — Nei(p.?"fEt) , (9)
the Klein-Gordon equation also accepts solutions of the form
1/) — Nef’i(p.’r'fE't) ’ (10)

where now, in Equations (9) and (10), itisto beunderstood that £ = +/|p|? + m? isalways positive.
Solutions of the form Ne~“P-T—F) have negative energy in the sense that they are eigenstates of the
standard energy operator i0/0t with energy eigenvalue —FE. Such solutions do not exist for the
Schrddinger equation, where they would result in the non-physical relation E = —|p|?/2m.



The plane wave solutions of Equations (9) and (10) are Lorentz covariant, asiseasily seen by consid-
ering the four-vector scalar product p.x = Et —p.r, wherep” = (E, p) and 2* = (¢, r). The positive
and negative energy solutions can therefore be written in the manifestly covariant forms

¢ — Ne—ip.x; ¢ — Ne—i—ip.a: )

The negative energy solutions to the Klein-Gordon equation cause further problems when the proba-
bility density and current are evaluated. Taking the complex conjugate of Equation (8) gives
B 62 ¢*

VI -yt = (11)

Taking ¢* x Eqn (8)—1 x Eqn (11), we then obtain

aQw aQw*
* 2,0 .2 - 200% 0200k — ¥ T
O (VR = mPy) = (VP —mPy) = "o —
Applying the identity in Equation (4) to the left-hand side of this equation then gives
Vo (Ve Ww—at(w 5 wat).
Thus we again arrive at the continuity equation, Equation (5), with
(0 v
=i (o)
J=1i({VyT =9 V) (13)

where the arbitrary overall normalisation factors of i are chosen to give a probability density p which
isreal, as we now see. Substituting the plane wave solution ) = Ne*P-T—FY into Equations (12)
and (13) gives

p=2NPE,  j=2INp. (14)

The probability density p therefore has the same sign as the energy E. In particular, if the energy E
is negative the probability density p is also negative.

The Klein-Gordon equation therefore suffers from the presence of negative energy states and negative
probability densities. The presence of negative energy states is an inevitable consequence of the
relativistic relation E? = |p|? + m?, and indeed such states exist also in classical (non-quantum)
relativistic dynamics. Inaclassical context however, the negative energy states can simply beignored,
since no continuous transitions can bridge the gap between the positive energy states, with E > mc?,
and the negative energy states, with £ < —mc?. In a quantum theory, however, radiative transitions,
for example, can continuously connect the two, and the negative energy states must be retained.

The negative probability densities associated with solutions to the Klein-Gordon equation led Dirac
(1928) to search for an alternative relativistic wave equation. The resulting Dirac equation not only
provided a full account of the intrinsic spin and magnetic moment of the electron, but also led Dirac
to propose that the negative energy solutions be interpreted as positive energy antiparticles. The ex-
perimental observation by Anderson in 1933 of positronsin cosmic ray interactionswas a remarkable
verification of this prediction.



It was shown later by Pauli and Weisskopf (1934) that the problems with the Klein-Gordon equation
could be resolved by treating () as afield operator rather than a single particle wavefunction. The
resulting quantum field theory naturally described systems of spin O particles and antiparticles. Field-
theoretic ideas were subsequently extended to particlesand antiparticlesof other spins, including spin-
half particles and antiparticles described by the Dirac equation, and are the bedrock of the Standard
Model of electromagnetic, weak and strong interactions.

Before leaving the Klein-Gordon equation, we demonstrate that the vector 5 of Equation (13) again
represents the particle flux. The expression for p in Equation (14) shows that the wavefunction ¢ =
Ne'PT=E) corresponds to a density of 2| N|?E particles per unit volume. For abeam of particles of
this density travelling with velocity v, the number of particles per unit time passing through unit area
at any point (i.e. the particle flux) is 2| N |? Ev. But the momentum and energy of arelativistic particle
of velocity v are given by (withc = 1)

p = ymuv, E=~ym,

where y = 1/4/1 — v?, so that Ev = p. The particle flux istherefore 2| N|?Ev = 2|N|*p, which is
indeed equal to the vector 5 in Equation (14).

Equations (12) and (13) can be combined into a single covariant equation by introducing the current
four-vector j* = (p, 5):

J =i (oMY — oY)
(Setting 1« = 0 recovers Equation (12) while setting i = 1, 2, 3 recovers Equation (13)). Similarly, in
covariant notation, Equation (14) is equivalent to

" =2|N*p",
while the continuity equation, Equation (5), can be expressed in covariant form as

9" =0.

2.3 TheDirac Equation

Dirac attempted to avoid the negative probability densities associated with the Klein-Gordon equation
by looking for an alternative equation which wasfirst order in both 9/0t and 9/0x, namely the Dirac
equation

G = (oup + ) = 100 (15)

where H isthe Hamiltonian operator, p = —i'V isthe momentum operator, and o and 3 are constants
which remain to be determined. Writing Equation (15) explicitly in terms of its components, we have

.0 .0 . 0 .0
(—zam% — zaya—y — zaza + Bm) Y = <z§> (1



“Squaring” this equation by operating on the left with (—ia,0/0x — . .. 4+ fm) and on the right with
i0/0t gives

<_iO‘I% T +5m> (—iama% — .. +Bm> )= (i%) (i%) Wb

This equation can be expanded as

IO TR
¥ 02 Y 0y? “ 022

01 0?1 01
— (Oég;Oéy + OéyOéI)ax—ay — (OémOéz + azam)% — (OéyOéz + azay)m
. oy . oy . oY
i+ 50@)771% — (oS + Bay)ma—y —i(a, B+ 60zz)m%
0?1
But afree particle (with E2 = p? + m?) must also satisfy the Klein-Gordon equation:
o Py Y, O
8x2+8y2+822_m1’/)_ﬁ' (17)
For Equations (16) and (17) to be consistent, we must have:
52:a§:a22a§:1 (18)
Boj +a;f =0 (29
e71e%3 + QR = 0 (] 7§ k) (20)

Hence the constants «; and 3 can not simply be numbers; they must be (at least) 4 x 4 matrices. This
in turn implies that the wavefunction vy must be a four-component object, known as a spinor (not to
be confused with a four-vector):

U

Vs

V3

(N

We shall see below that the four spinor degrees of freedom correspond to the two spin states of a
spin % particle plusthe two spin states of the associated spin % antiparticle.

For H to be Hermitian, o and 8 must also be Hermitian:
Oél = Oy, O‘L = Qy; O‘I = Oy, 5Jr = 5 . (21)
A convenient choice for the matrices o and § which satisfies Equations (18)-(20) and Equation (21)

IS s
0 0 o
5_<0 —I)’ = <aj 0])

where I isthe 2 x 2 unit matrix and the o; arethe 2 x 2 Pauli spin matrices:

R N () T A B

It can be shown that all physical quantities are independent of the particular representation of the
matrices « and j3.



2.4 Probability Density and Current

Writing out each component explicitly, the Dirac equation is

oYy . oy 0y 0
ey 7 _ - — i
10 . 10y ; 100, . + Bmy =1 : (23)

Taking the Hermitian (rather than just complex) conjugate of this equation, remembering that AT =
(A*)" s0 it = —i, and that (AB)" = BT AT, we obtain

T T T
’%CYT + i%oﬂ + 7’%

or * oy Y 0z

of +iptm = —i o (24)

Taking the combination ¢/ x Eqn (23) — Eqn(24) x ¢ and using the fact that « and 3 are Hermitian
then gives

Pl (—mxaw i W _ mza—w + Bmw)
0z

or ayﬁy
ot opt oyt i _ gt OO0
- (l oy O TGyt i as K UIBm J U = Wies ity = i ().
Using the identity
oy ot 0
T — (ot

(and similarly for y, z) we arrive at the continuity equation

V- (Way) + %(W) =0|. (25)

The probability density p and current 5 can therefore be identified as

p =0T =07 + o] + [1s]° + 1ha? (26)
i=va (27)

where Equation (26) follows from the fact that /T isthe 1 x 4 matrix
W = (W)T = (7/);77/);77/);:77/)2) :

The probability density p is therefore guaranteed to be positive (for both positive and negative energy
solutions), in contrast to the situation for the Klein-Gordon equation alone.

25 Spin

Consider the commutator [H, L], where L = r A p isthe orbital angular momentum operator:

[H, L] = [a.p + Bm,r A p] = [a.p,? A p] + [fm,r A p].



Since fm isaconstant matrix, independent of  and p, we have [sm, r A p| = 0. Hence
[H,L] = [oe.p,r A p].
Consider first the z component of this equation:

[H, L] = [a.p, (r A D),]
= [ampx + Qiy Py + QP2 YDz — Zpy]'

The various operators in this expression al commute with each other except thet [z, p,| = [y, p,] =
[2,p.] = i. Hence

[H, Lm] = QyP, [pya y] — QzPy [pza Z]
= —i(oyp: — zpy)

=—i(a Ap), .
Similar expressions hold for the y and z components, giving overall the vector relation
[H,L| = —iaaADp. (28)

Hence the angular momentum operator L = »r A p does not commute with the Hamiltonian H,
showing that the angular momentum L is not a constant of the motion.

(7 )

where o represents the three 2 x 2 Pauli spin matrices. Explicitly, we have

Now introduce the operator 3 defined as

0100 0 — 0 0 1 0 0 O
1 000 ¢ 0 0 0 0 -1 0 O
o = 000 1} By = 0 0 0 —z)’ e = 0 0 1 O
0 010 0 0 2 0 0 0 0 -1

The commutator [H, X] is given by

[H,X] = [a.p + fm, X] = [a.p, ] + [fm, X] .

=0 ) E ) (o) (0 )=

[H,X] = [a.p, X] .

But

and hence

The 2 component of thisequationis

[Ha Ex] = [ampx + QyPy + a.p,, Em]
= px[aaza Ex] + py[aya Ex] + D, [Oéz, Ex] .



Evaluating each of the commutators on the right-hand side in turn gives
0 o, o, 0 o, O 0 o\ _
|2, Xa] = (09; O> (0 O'x) B (0 O'x) (0,; O> =0
(0 oy o, O (0 0 0 oy
o, K] = (01/ 0) ( 0 093) ( 0 093) (Uy 0)
B 0 OyOy — 050y
- \oy0, — 0,0y 0

(0 2o,
~\—2ic. 0

= -,

(a, 2] = 2ia,
where the commutation relations [0, 0| = 2io, etc. have been used. Hence

[H,X;] = —2ipya, + 2ip,ay
=2i(a A p),.

A similar result holds aso for the y and = components, giving altogether
[H,X] =2ia A p. (29)

Combining Equations (28) and (29), we obtain the result

[H,L+3X]=0|.

Thus, the combined operator
J=L+3i%

commutes with the Hamiltonian and is therefore conserved. The operator %E can beidentified as the
intrinsic angular momentum or spin of the electron:

S=:3].

1
2

The components of .S obey the standard angular momentum commutation relations [S,, S,] = iS,
etc. The operators S? and S, are both diagonal:

1000 1 0 0 0

0100 0 -1 0 0
2 1/y2 2 2y _ 3 _1
=i+ =010 01 07 %T3lo 0 1 0

000 1 0 0 0 -1

Thus S? and S, commute and have eigenvalues S(S + 1) = 2 and S. = +1, respectively. The
operator S therefore corresponds to a spin angular momentum S = % Such an intrinsic electron
angular momentum had been postulated by Goudsmit and Uhlenbeck in 1925 to account for various
features of atomic spectra; the Dirac equation (1928) finally provided a proper justification from first

principles for the spin of the electron.



2.6 Covariant Notation: the Dirac v Matrices

The Dirac equation can be written more elegantly by introducing the four Dirac gamma matrices
7°,7',7?, 7* defined as

V=8 v =PBa Y =Pay; 7 =Pas. (30)
Premultiplying Equation (23) by — /3, the Dirac equation can be written
T L SN ]
1Py o +iBay, ay +iba, P B*myp = —i 5

In terms of the Dirac gamma matrices, and using 32 = I, thisis

e, NG
wla—f + wza—z}

g (2 9 9 90
B\ ot 0z’ 0y’ 0z

0 0 0 0
i 0 1 2 3 0 1 2 3 )
YO, =700+ 81+782+783—7—5t+7—5x+7—y+7—z

0

5 (31)

30 :
+W38_f —miy = —iy

Introducing the 4-vector

we have

Hence Equation (31), the Dirac equation, can be written compactly as

(iv*0, —m)y =0].

From Equations (18) and (30), we have (7°)? = 3? = 1. Similarly, for (v})?, we have

(71)2 = Baa: : Baaz = _axﬁﬁax = —Oéi = -1

where we have used o, = —fa, from Equation (19). Continuing in thisvein, it is easily seen that
the anticommutation relations (18), (19), (20) for a and 5 become
(")? =1
(V)= ()= (") = -1
P’y + 9790 =0
YA+ =0 (G#k).

The above relations are all contained within the single expression

{7} ="+ = 29" (32)

Since 3 is Hermitian and ~° = 3, then clearly +° is Hermitian. Similarly, since the o matrices are
Hermitian, we have

’VIT = (Bam)Jr = O‘lﬁJr = axﬁ = _50% = _’yl

10



and similarly v2f = —42, 43" = —+%. In summary, 7° is Hermitian while v',~2,~+? are anti-
Hermitian:

=0, =92 =

Pt =70

It isoften convenient to work with aparticular representation of the v matrices, such asthe Pauli-Dirac

representation:
I 0 0 o
0 _ k_ k
=l h) = 9)

where [ isthe 2 x 2 unit matrix and the o, arethe 2 x 2 Pauli spin matrices of Equation (22). In full,
we have

10 0 0 0 0 01
o o1 0 o . o 0o 10
TZ1oo -1 ol TTlo —10 0]
00 0 -1 1 0 00
0 00 —i 01 0
, [0 0 o0 . 00 —1
T=lo io0o o] TT|l=100 o
i 00 0 0 10 0

As before, all physical quantities can be shown to be independent of the particular represntation of
the Dirac y-matrices.

Equations (26) and (27) for the probability density and current, p = 1 and 5 = ¥ ar), can be
written in the form

* = iy Py
where j* = (p, j) isthe 4-vector current, while the continuity equation, Equation (25), becomes

a,j" = 0.
It is useful to define here the adjoint spinor
P =91
Thisisal x 4 row matrix which, in the Pauli-Dirac representation, has components
10 0 0
A 1.0 *\T _ 0 * * * * 0 1 0 0 * * * *
¢:¢7 :(¢) Y :(¢17¢27¢37¢4) 00 —1 0 :(¢17¢27—¢37—¢4)-
00 0 -1

In terms of the adjoint spinor 1, the current j# can be written

3=y

We shall encounter many constructions of this form when evaluating transition matrix elements for
scattering and decay processes.

11



Note that, despite the suggestive notation, the Dirac v matrices by themselves do not constitute a 4-
vector; they are simply constant 4 x 4 matrices, and so remain invariant under L orentz transformations.
However, it can be shown that, for any Lorentz transformation = — «', there exists a corresponding
transformation ¢’ (z') = St (x), with S a suitable 4 x 4 matrix, which keeps the form of the Dirac
equation invariant. It can also be shown that the current 1)*1) doesindeed transform as a four-vector.
A (non-examinable) proof of these statementsis provided in the Appendices, Sections 2.18 and 2.19.

2.7 Plane Wave Solutions
2.7.1 Derivation of Plane Wave Solutions

We now look for free particle (plane wave) solutionsto the Dirac equation of the form

= u(E,p)e'PT=E |

where the coefficient u(E, p) is a constant 4-component spinor, and E and p are constants. The first
order derivatives d,,¢) are:

0 0 0 0
doth = a—i’ = —iEY; O = a—f = ipgth;  Oh) = a—z =ipyY;  O3p = a—f = ip,1) .

Substituting into the Dirac equation, Equation (31), and cancelling the phase factor ¢*®-T~£%) then
gives
iyt ipgu + i*yZ.ipyu + ivip,u — mu = —iy’. —iFu.
This can be rearranged as
(V’E —=v'pe = ¥’py = ¥’p: —m)u =10,
or, more compactly, as

(Ypy —m)u=0]. (33

Thefactor in bracketsis

Yoy —m=7"E—~yp—m
(I 0 o 0 o) I 0
—\0 -1 —o 0) P70 1
_(E-m —o.p
~\op —-E-m)]’
Equation (33) can therefore be written in terms of 2 x 2 matrix subcomponents as
E—-m —o.p uag\ (0
op —-E—-m/)\ug) \O

where v, and u g are two-component spinors known as Weyl spinors. We thus obtain two coupled
equationsfor u 4, and u g:

—~

o.p)up = (E — m)ua (34)
(0-p)ua = (E +m)us . (35)

12



which can be solved to yield four linearly-independent plane-wave solutions.

Before solving Equations (34) and (35), we first check that the constants £ and p appearing in the
phase factor ¢*(P-T-"%) obey the relation £? = |p|> + m? expected for a relativistic particle. The
matrix o.p is given by

O.P = 03Pz + 0ypy + 0P,

_ (0 1y, (0 =i (10
“\1 0P\ o )P 0 —1)P"

— 2 Pz — ipy (36)
Pz + ipy —P2z .

Hence

(0.p)? = ( p- px—ipy> ( P: px—ipy) _ <|%|2 0 ) _ipPr. (37

Petipy  —p: ) \patiny  —D: p|®
Operating on Equation (35) with o.p gives
(0.p)°us = (E + m)(o.p)us .
Using Equations (34) and (37), this becomes
p|*ua = (E +m)(E —m)us = (E* —=m®)ua,

s0 that we indeed obtain
E” = |p* +m’.

Thisis to be expected since ) was required to satisfy the Klein-Gordon equation, Equation (17), as
well asthe Dirac equation, Equation (15). Just asfor the Klein-Gordon equation, both positive energy
(F > 0) and negative energy (E < 0) solutionsto the Dirac equation are therefore possible.

We now obtain explicit solutions to Equations (34) and (35). Two independent solutions can be
obtained with the simple (arbitrary) choices

(1) @ w=(0)

The corresponding two-component spinor u g is then determined by Equation (35):

o.p 1 p- Pz — Zpy
= = . Up .
BEE " T E+m (px +ipy,  -p. )

Taking each choice of u 4 in turn then gives

1 0
0 1
WENL gm0 TN i) (B m) )
(b2 + i)/ (B +m) ~p:/(E+m)

where N isanormalisation factor, determined below.

13



Two further solutions can be found by choosing

we(l) @ ()

In this case, u 4 is determined by Equation (34):

o.p 1 - e — @
s = up = (p’ P py>u3

E—-—m Dz + LDy —Dz
giving
p:/(E —m) (P — ipy)/(E —m)
us = N (pl" + ipy)l/(E - m) : u, = N _pz/(gj - m) ‘ (39)
0 1

We have thus determined four seemingly independent solutions ¢; = u;(E, p)e!P-T-F4, In fact, as
we show next, the above solutions are only independent if the energy E is chosen to be positive for
two of the solutions (conventionally «; and u5) and negative for the others (conventionally u3 and u,).
First, however, we need expressions for the normalisation factors, V.

2.7.2 Normalisation of Plane Wave Solutions

For a multi-component spinor v, the normalisation is determined by the value of ¢y = ()7, the
straightforward generalisation of the usual product ¢)*v appropriate to a single-component wavefunc-
tion. For a plane wave of the form ¢ = u(p)e’*, we have T = u(p)Te=* and hence ') = u'u.

For the basis spinor «; of Equation (38), we have

2 2 2 2 2
p Py +D (E+m)*+p
N2 1 4 Y — N2
ujur = | |<+(E+m)2+(E+m)2> N —F Ty

Using the relation £? = p? + m?, this can be written

2FE% + 2Em 2F
uluy = |[NP=———— = [N|’ :
(E +m) E+m
A similar calculation for ubusy, ulus, ulu, givesoverall
2F 2F
wluy = uluy = |NJ? ; ubug = uluy = |N|2

E+m’

For reasons which will be explained later, it is conventional to normalise to 2|E| particles per unit
volume and choose

wluy = uluy = uluy = wluy = 2|E|.

14



For u; and u,, depending on the sign of F, we therefore have

N=V(E+m) (E>0); N=V(CE-m) (E<0),

while for u; and w4, we have

N=V(E-m) (E>0); N=V(E+m) (E<0)|.

Note that, since the energy E isin fact restricted to either £ > +m or E < —m, the square root is
real in all cases.

2.7.3 Negative Energy Solutions

We now consider the consequences of choosing the positive energy option, £ = ++/p? + m?, simul-
taneoudly for al four solutions u;. We introduce spherical polar coordinates ¢# and ¢ and write the
three-momentum p as

b= (pxapyapz) = (psin 6 cos ¢, psin @ sin ¢, pcosh) .

Taking N = E + m for u; and uy, N = v/E — m for uz and uy, using p,, + ip, = psin fe**, and
noting that p = VE2 — m? = VE — m/E + m, the u; can then be written in the form

(E +m) 0
_ 0 . _ (E+m)
= (E—m)cosf |’ 2= (E — m)sinfe "

V/ (E — m) sin fe'® —v/(E —m) cosf

V (E 4+ m) cosf V/ (E + m) sin e~
g — V(E +m)sinfe | g = —v/ (E +m) cosf

(E —m) ’ 0
0 (E'—m)

In thisform, the spinors u3 and u, are easily seen to be just linear combinations of «; and wu5:

and

u3 = cos Quy + sin fe'®uy

uy = sin fe"Puy — cos Ous .

We conclude that it is therefore not possible to choose the positive energy option £ = + +/p? + m?
simultaneously for all four solutions ;. To obtain four linearly independent solutions, we are obliged
to consider both positive and negative energy solutions together. A conventional choice is to retain
E > 0 for u; and us, and to flip the sign of F for us and u4. At this point, for the negative-energy
solutions, it becomes more convenient (and standard) to work with plane waves of the form

Y = (B, p)e PV (40)

where it isto be understood that F is now always positive: E = ++/|p|? + m2. Note that, although
we now have F > 0, solutions of the form of Equation (40) are nevertheless still negative-energy
solutions, in the sense that the eigenvalue of the energy operator i0/0t is —E.
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For solutions of the form ¢ = v(E, p)e*P-T-F1) Equation (33) is replaced by

(Ypu+m)v =0, (41)

while Equations (34) and (35) become
(o.p)up = (E +m)ua (42)
(o.p)va = (F —m)vp . (43)

These equations are identical in form to Equations (34) and (35), with u 4 replaced by v and up
replaced by v4. Solutions for v(F, p) can therefore be written down directly from those already
obtained for u(E, p) simply by interchanging the upper and lower components of w(E, p). Applying
thistransformation to the spinors«; and u, of Equation (38), for example, givesthe standard solutions

(b — ipy)/ (B +m) p./ (B +m)
w=vEFm | P EEm e v | Pt E R
1 0

Thereason for labelling v; asthe spinor with vz = (0, 1) and v, asthe spinor withwvg = (1, 0), rather
than the other way round, will become clear shortly.

We note that the spinors »; and v, could also have been obtained directly from the spinors u; and u4
of Equation (39) by reversing the signs of £ and p:

v1(E,p) = uy(—F, —p), v2(E,p) = uz(—E, —p) ,

provided a normalisation factor N appropriate to negative energy is used for us and u,. From now
on, we shall work entirely in terms of v; and v, and make no further reference to u3 and uy.

274 Summary

In summary, the Dirac equation possesses four linearly independent plane wave solutions; two pos-
itive energy solutions plus two negative energy solutions. A standard choice for the positive energy
solutionsis

w = u (E, p)ei(p.’r’fE‘t), 1/) — UQ(E, p)ei(p.?"fEt) :

with u;(E, p) and uy(E, p) given by Equation (38), while a standard choice for the negative energy
solutionsis ' '
¢ =V (Eap)e_Z(p.r_Et)a ¢ = UQ(Eap)e_Z(p.r_Et) )

with v, (E, p) and v, (E, p) given by Equation (44). For all these solutions, it is to be understood that
the quantity F isaways positive: £ = +./|p|? + m2.
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2.8 Interpretation of Plane Wave Solutions

Stiickelberg (1941) and Feynman (1948) suggested that the negative energy solutions of the form
Y = v(E,p)e 'P-T-E" pe interpreted physically as antiparticles with momentum p and positive
energy F = +./|p|?> + m?. Schematically, these solutions can be obtained from solutions of the
form ) = u(E, p)e!P-T—"1 py reversing the sign of the energy and three-momentum:

v(E,p) =u(—E,—p) .

The Stiickel berg-Feynman approach therefore amounts to reinterpreting particles of momentum —p
and negative energy £ = —./|p|?> + m? as antiparticles of momentum p and positive energy F =

+V/Ipl* +m?. !

Under the transformation (E, p) — (—FE, —p), the position vector r remains unchanged and hence
the orbital angular momentum L = r A p must change sign: L — — L. Conservation of angular
momentum, [H, L + S| = 0, can then only be maintained if S — —.S also. Thus we have

F—-F, p—-p 8S—-8,

so that, similarly to the energy and three-momentum, the physical spin of an antiparticle is obtained
by reversing the sign of the spin given by the spin operator S.

For afree particle or antiparticle travelling along the z axis, withp, = p, = 0andp = (0,0, p,), the
spinorsuy, us, v, v Of Equations (38) and (44) become

0 Pz

0 (1) » E+m
. 5
u; =N . i Uy =N o =N|Etm |, v=N
0 N 1 0

E+m

These spinors are easily seen to be eigenstates of the spin operator

1 0 0 0
o, 0 0O -1 0 O
SZ:%EF%(O az):% 0 0 1 0
0O 0 0 -1
with eigenvalues +1:
S,up = +%u1 S,v; = —%vl (45)
SZUQ = —%Ug SZUQ = +%'U2 (46)

Thus, for the particular case of motion along the z-axis, the standard solutions uq, us, v1, vo become
eigenstates of spin, with the spin vector aligned in the +z direction. For antiparticles, because of the
transformation S — — S discussed above, the physical spinisthe opposite of that given by the action
of the S, operator. The physical antiparticle spin istherefore S, = +% forv,and S, = —% for vs.

1In Feynman diagrams, a common convention (which we shall follow) is that the arrows drawn on lines representing
spin-half particles or antiparticles indicate the particle direction. For antiparticles, the arrow therefore points in the
opposite sense to the actual direction of the antiparticle.
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These results can be represented schematically as

......... part|c|e ant|part|c|e
U1 U9 U1 U2
=> <= => <=
_— _— _— _—
+— +—— +-— +-—

Note that the antiparticle spin S, = +% associated with the spinor v, isthe same as the particle spin
associated with the spinor «;. Similarly, the antiparticle spinor v, has the same spin, S, = —%, as
the particle spinor u,. This was the reason for labelling the spinors v; and v, in the order given in

Equation (44), rather than the other way around.

It should be emphasised that Equations (45) and (46) hold only for motion in the 42 directions, with
p. = py = 0. For motion in any other direction, with p, # 0 and/or p, # 0, it is easily checked that
the spinors «; and v; are not spin eigenstates. We consider this further below.

In an Appendix, Section 2.17, it is shown that an antiparticle has the same mass but opposite electric
charge to its corresponding particle. Thisis done by considering the equation of motion of a spin-half
particle in an electromagnetic field and by introducing the charge conjugation operator, C'. Asits
name suggests, the operator C' reverses the sign of all electric charges and hence transforms particles
into antiparticles and vice-versa. The correspondence between u; and v, and between u, and vs,
emerges formally from this analysis.

2.9 Hédlicity

The helicity operator h measures the projection of the particle spin along the direction of motion. For
aparticle (or antiparticle) of three-momentum p, the helicity is defined as

h=28p=3.p= ("(')p O_%)

where p isaconstant unit vector along p, and X = 2.5. For afree spin % particle or antiparticle there
are two possible helicity eigenstates: one with spin eigenvalue S, = +3 with respect to an axis 2’
oriented along the direction of motion (helicity eigenvalue h = +1), and one with spin eigenvalue
Sy = —% (helicity eigenvalue h = —1). Schematically, the helicity eigenstates can be pictured as:

Sy =+3 p Sy =—3 p
% 7 ’
h=+1 h=-1 /
(right-handed) (Ieft-handed)
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A particle or antiparticlein ahelicity eigenstate with h = +1 issaid to be right-handed, while onein
an eigenstate with h = —1 issaid to be left-handed.

For aparticle or antiparticletravelling forwards or backwards along the z-axis, withp* = (E, 0,0, p.),
the helicity eigenstates are given by the spinors«; and v;. For motioninthe +z direction (p, > 0), the
helicity eigenvalues corresponding to the spin states uq, us, v1, vo &e +1, —1, +1, —1, respectively:

Uy U9 U1 (]
—> — —> —
_— —_— _— —_—
h=+1 h=-1 h=+1 h=-1

For motion in the —z direction (p, < 0), the spin direction remains unchanged and the helicity
eigenvalues are reversed:

Uy U9 U1 (]
—> — —> —
-— -— -— -—
h=-1 h=+1 h=-1 h=+1

In generd, i.e. for particle motion not directed along the = axis, the spinors u; are not helicity eigen-
states. In the next section, we construct the helicity eigenstates for free particles and antiparticles
moving in an arbitrary direction.

2.10 Construction of Helicity Eigenstates

For a particle of three-momentum p, the positive and negative helicity eigenstates u+ and u, are
defined by the equations

(E.p)ur = +up (47)
(E.ﬁ)U¢ = —Uy. (48)

In terms of two-component Weyl spinorsu 4 and u g, thisis
(% o) () == (03)
0 o.p up up
which gives two identical decoupled equations

(o.p)us = tuy (49)
(o.p)up = tup . (50)

For a particle moving at an angle ¢ to the z axis and with azimuthal angle ¢, the unit vector p is

P = (sin  cos ¢, sin fsin ¢, cos ) .
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Using Equation (36) and denoting the two components of the spinors u 4 or up by a and b, Equa-

tions (49) and (50) are then both equivalent to

cosf sinfe "\ (a) L (o
sin e’  —cosf b b) -
Thefirst row (or equivalently the second row) of this matrix equation gives
b +1-—cosh ,,
—Y— €.

a sin 6
For the positive helicity solution u, with h = +1, we have

b 1—cosf ;,,  2sin®f)/2

= = @ = €' tan /2
a sinf 25in9/20059/26 e tan /2,

and we can therefore take

cos 6/2 > ‘

(ur)a OF (up)p o <6i¢ sin 6/2

For the negative helicity solution « |, with h = —1, we have instead

2

b _ —ln—cosﬁewz .—2cos 6/2 ¢ = et cot /2

a sin 0 2sin 6/2 cos 6/2
and can take ’

—sin /2
(uaor (o ()
Once u 4 ischosen, up isgivenin termsof u 4 by Equation (35):
up = TP Ug = b (o.p)us ==+ b Ug -
E+m E+m E+m

(51)

(52)

Using the two possible choices of u 4 given in Equations (51) and (52) in turn then gives the helicity

eigenstates as
cos 62 —sin /2
€' sin 62 e'? cos /2
ut(p) = N A cosf2 |’ uy(p) = N T Sin 0/2
e’ sin /2 — 5-€' cos /2

where the normalisation condition (u4)Tuy = (u;)'u; = 2F fixesthe constant N as N = E + m.

Instead of choosing u 4 and then determining 5 via Equation (35), it would be equally possible to
choose u 3 and then determine u 4, via Equation (34). It is straightforward to verify that this resultsin

precisely the same expressions for u+ and | as found above.

Turning now to antiparticles, and remembering that the spin operator changes sign (S — —S), the

positive and negative helicity eigenstates v+ and v are defined by

(
(

Jup = —vy

>.p
E.ﬁ)m = —|—U¢ .
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Thisisthe same as Equations (47) and (48) for particles, but with «+ replaced by v, and «, replaced by
vy. Inaddition, for antiparticles, we have Equations (42) and (43) in place of Equations (34) and (35),
which effectively replaces u4 by vp and up by v4. The antiparticle spinors v+ and v, can therefore
be written down directly by interchanging the upper and lower components of the particle spinors w4
and u, and then interchanging 1 and |

EJersinH/Q E:;mcos 0/2
—+L—¢' cos )2 —L—¢i? sin 62
- N E+m — N | Bm
ur(p) — sin 6/2 ’ v(p) cos 6/2
e'? cos /2 €' sin 62

Here, the energy £ > 0 isthe physical energy of the antiparticle, and the normalisation factor can
againbeshowntobe N = VE + m.

Schematically, the helicity eigenstate spinors can be pictured as:

e

Note that when ¢ = 0 (and hence p, = p, = 0, p, = p) the spinor u; becomes equal to uq, u
becomes equal to u,, v+ becomes equal to v, and v; becomes equal to v, as expected.

Similarly, when § = 7 (and hence p, = p, = 0, p, = —p), the spinor u; becomes equal to u,, u,

becomes equal to —u;, v+ becomes equal to —v,, and v; becomes equal to v;, again as expected, the
arbitrary overall normalisation factors of —1 being of no physical consequence.
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211 Summary of Plane Wave Solutions

For afree particle, with 4-momentum (E, p), the plane wave solutions are

¥ = ui( B, p)e T

up =vVE+m

1
0
p./(E+m)
(pz + ipy) /(E + m)

uy =vVE+m

0
1

(pz — ipy)/(E +m)
—p./(E + m)

For afree antiparticle, with physical 4-momentum (E > 0, p), the solutions are

b = vi(E, p)e—i(p.’l"—Et)

'Ulz\/E—l—m

(px —ipy)/(E +m)
—p./(E +m)
0
1

02:\/E—|—m

p-/(E +m)

(pe + Zpy)/(E +m)
1

0

For a particle or antiparticle travelling (forwards or backwards) along the z-axis, the spinors «; and v;
are eigenstates of the spin operator S, i.e. they are helicity eigenstates. In this case, the physical spin

of the particle or antiparticleis S, = +% for uy, vy and S, =

—% for U9, Va.

In general, the spinors uy, us, vy, vo ae not helicity eigenstates. For a particle moving at an angle 6
to the = axis, with four-momentum p#* = (E, psinf cos ¢, psinfsin ¢, pcosf), the h = +1 (right-
handed) and h = —1 (left-handed) helicity eigenstates are

ur(p) = VE +m

cos /2
€' sin /2
Tom cos/2 |7

p y .
€' sin /2

w() = VE+m

— sin /2
' cos /2
T Sin 0/2

Hrm
— €' cos 02

For an antiparticle, the helicity eigenstates are (with £ > 0)

T Sin 0/2

P_¢i? cos )2

vi(p) =VE +m

T E+fm
—sin §/2
' cos /2

b

wip) = VEFm

T €08 02

Frme'? sin /2
cos 6/2

€' sin /2

(53)

(54)

Either of thetwo setsof basisstates (uy, us, vy, v2) OF (ut, uy, v+, v;) can beused equally well in matrix
element calculations. In general, however, we shall tend to prefer the helicity eigenstate spinorsin
order to bring out more clearly the underlying spin structure of the electromagnetic, weak and strong

interactions.
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The spinors above are all normalised to 2 E particles per unit volume:

p =0T (p)y(p) = v(p) Y (p) = 2E .

It is shown on the examples sheet that the current j# = 1 (p)~y*+(p) for afree (anti)particleis propor-
tional to the physical four-momentum of the (anti)particle:

i* = u(p)y*ulp) = v(p)y*v(p) = 2p"|,

and that the (anti)particle flux is given by the three-vector current 5 = 2p.

2.12 Hélicity and Chirality

Inthe extremerelativisticlimit £ > m, where particle masses can be neglected, the factor p/(E +m)
in Equations (53) and (54) tends to unity and the helicity eigenstate spinors become
C —S S C
€i¢8 €i¢C —€i¢C €i¢8
UJT:\/E c , Uw:\/ﬁ s , UT:\/E . ) Uiz\/ﬁ c (55)

s —e?e e s

where ¢ = cos /2 and s = sin /2. Introducing the matrix ~° defined by

0010

s o125 |000 1] (01

TETTTYY =01 00 0] A1 oo
0100

it is straightforward to check that the helicity eigenstate spinors are eigenstates of ~5:

Yur = uy, Yuy = —uy, Yo = —uy, Vv, =, (56)

These equations do not hold for the general case where the mass m cannot be neglected, asis seen
immediately by applying +° to the spinorsin Equations (53) and (54). Thus, in the extreme relativistic
limit, and only inthislimit, the helicity eigenstatesu+, u, vy, v, become eigenstates of the~° operator.
For a particle, the v° eigenvalue gives the helicity of the particle state while for an antiparticle ~°
gives minus the helicity.

We now define the left-handed and right-handed projection operators Py, and Py to be

1 0 -1 0
0 1 0 -1

P=30-"=3|21 o 1 o
0 -1 0 1
1010
0101

Pe=3014+7)=3]] 0 1 o
0101
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Any spinor ¢ can trivially be decomposed as

Y =YL+ ¢Yr (57)
where 1, and i are the left-handed and right-handed chiral components of «, defined as
U, = %(1 - 75)@/) =Py (58)
Ur = 5(14+9°)¢ = Pryp (59)
Using Equation (56), we have
Poup = 3(1—9")up =0 Prur = 5(1+7°)uy = uy
Pup = 31— )u, =u Pruy=1(1+~")uy =0.

A general particle spinor » can always be expressed as a linear combination of the basis spinors u 4
and u, for exampleasu = ayuy + aju; where o and a) are constants with |a; |2 + |y |2 = 1. The
chiral components of this general spinor are:

Pu=11-9)u=au, (h=-1)

Pru=1(1+7°)u = aquy (h=+1).

Thus, the operators P, and Py project out the negative (left-handed) and positive (right-handed)

helicity components, respectively, of ageneral particle spinor. Specifically, for any particle spinor u,

the projection PLu = (1 — 7°)u is always a negative helicity (left-handed) eigenstate 2, while the

projection Pru = %(1 + ~v°)u is aways a positive helicity (right-handed) eigenstate.
For an antiparticle, we have

PLUT: %(I_VS)UT:UT PRUT:%(1+75)UT:0
PLUi:%(l_VE))Ui:O PRU¢:%(1—|—’YS)U¢:U¢.

The operator P;, now projects out the positive (right-handed) helicity component while Pr projects
out the negative (left-handed) component.

In summary, in the extreme relativistic limit, for any particle spinor « or antiparticle spinor v we have:

L eft-handed Right-handed
(h=-1) (h=+1)

Patide | 4(1—+")u (= F) | 4(1+97)u (= Pru)

Antiparticle | L(1++%)v (= Pro) | 2(1 —+%)v (= Pru)

It should be emphasised that the definition of the left-handed and right-handed chiral components ¢y,
and vy in Equations (58) and (59) applies quite generally to any spinor . In the extreme relativistic
limit £ > m, and only in this limit, the chiral components become states with definite helicity, i.e.
left-handed or right-handed helicity eigenstates. Note that, for antiparticles, the left-handed projec-
tion operator P, projects out the right-handed helicity eigenstate, while the right-handed projection
operator Py projects out the left-handed helicity eigenstate.

2except for the special case that u is a pure right-handed state, in which case PLu = £ (1 — 7°)u =0
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2.13 Summary: helicity, handedness and chirality

A particle or antiparticlein an eigenstate of spinwith the spin directed along (oppositeto) the direction
of motion has helicity +1 (—1) and is said to be right-handed (left-handed).

The left-handed and right-handed chiral components of a particle or antiparticle spinor ¢ are defined
asyy, = 5(1 - 7" )Y and yr = (1 + %)

In the relativistic limit, the chiral components v/;, and ¢r become helicity eigenstates. For a particle,
1, becomes aleft-handed helicity eigenstate and )y becomes a right-handed eigenstate, while for an
antiparticle, v;, becomes right-handed and vy becomes |eft-handed.

2.14 Propertiesof Spin 1/2 Particles and Antiparticles

The Dirac equation makes several predictions concerning the properties of spin-half particles and an-
tiparticles, beyond thefact, already considered above, that they possessan internal angular momentum
of magnitude S = 17

e A pointlike spin % particle or antiparticle of charge ¢ and mass m possesses an intrinsic mag-
netic moment g proprtional to the spin S":

q
= g8
P 92m

where S = 1 and the gyromagnetic ratio ¢ = 2. An intrinsic magnetic moment of this magni-
tude had been postul ated by Goudsmit and Uhlenbeck in 1925 together with the introduction of
intrinsic spin. The Dirac equation successfully accounted for this hypothesis. In particular, it
explained why the internal spin angular momentum gave rise to a magnetic moment which was
twice asbig (¢ = 2) aswould have been expected for a classical angular momentum.

e Spin-half particles and antiparticles at rest are eigenstates of the parity operator P which re-
verses the sign of the spatial coordinates (z, y, ). In this case, the eigenvalue of P isknown as
the intrinsic parity of the particle or antiparticle. The intrinsic parity of aspin 1 antiparticleis
opposite to that of the corresponding particle, the conventional assignment being P = +1 for
the particleand P = —1 for the antiparticle;

e A spin ; antiparticle has the same mass as the corresponding particle but the opposite electric
charge.

Formal proofsof theseresults, and aformal treatment of the interpretation of negative energy solutions
as positive energy antiparticles, are given in the remainder of this handout. The Lorentz covariance
of the Dirac equation is aso formally demonstrated. This material is al non-examinable.
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2.15 Magnetic Moment of a Dirac Particle (non-examinable)

In the Part Il course on Relativity and Electrodynamics, it is shown that the equation of motion for a
particle of charge ¢ in an electromagnetic field A* = (¢, A) can be obtained by making the minimal
substitution

p—p—qA; E — FE —qo.

Applying this prescription to Equations (34) and (35), the plane wave solutions for a spin 1 particle
in an electromagnetic field become

(o.p — qo.A)up = (E — m — qp)uy (60)
(o.p —qo.A)us = (E+m — qp)up. (61)

Multiplying Equation (60) by F + m — q¢ gives
(o.p — qo. A)(E +m — qp)up = (T +2m — q¢)(T — qp)ua

where T = E' — m isthekinetic energy of the particle. Taking the non-relativistic limit 7" < m, and
assuming that the electric potential energy is small compared to the rest mass energy, |q¢| < m, we
obtain

(o.p — qo.A)(o.p — qo.A)us =~ 2m(T — qp)uy .

Multiplying this out gives
[(o.p)* — q(0.A)(0.p) — q(o.p)(0.A) + ¢*(0.A)*| us = 2m(T — q¢)ua . (62)

Using Equation (36), for any two vector operators A and B we have

(A A, —iA) ( B, B,-iB,
”'A_<AI+¢Ay A, ) U'B_<Bm—|—iBy B, )

Straightforward matrix multiplication then shows that
(0.A)(0c.B)=A.B+ioc-ANB.
This contains the special cases
(e.p)*=Ip*,  (0.A4)* =|A]".
Hence the operator on the left-hand side of Equation (62) becomes

p’—q[Ap+ic - AANp+p.A+ioc-pA A+ A
p—qA)’ —igo - [AANp+p A A

p—qA)? —igo - —i[AANV +V A A]

p—qA)? —igo-—iVAA

p—qA)’ - ¢o.B

=
=
=
=

wherewe havesetp = —iV, B = V A A, and made use of the identity
(VANA)WY=VAAY)+ AN (VY).

26



Substituting into Equation (62) gives the Schrodinger-Pauli equation describing the motion of a non-
relativistic spin % particle in an electromagnetic field:

1 q
%(p —qA)? - 50 B +q0| ug=Tua|.

Since the energy of a magnetic moment . in amagnetic field B is — . B, we can associate with the
Dirac particle an intrinsic (or spin) magnetic moment

/J,:ia
om

In terms of the spin, S = %0', this can be expressed as

q
=918
K 92m

where the gyromagnetic ratio is ¢ = 2. This reflects the fact that the magnetic moment associated
with the spin angular momentum is twice as large as would be expected classically.

2.16 Intrinsic Parity of a Dirac Particle (non-examinable)

The parity operation P is defined as spatial inversion through the origin:
T — —T, Yy — =1, Z— —Z.

In terms of transformed coordinates

¥ = —x, Yy = —y, 7=z, t=t,
the Dirac equation
oY L0 0 . 0OV
109 2 OY 0¥ _ .00 ,
"5 + 1y 5 + iy P ma " (31)
becomes ,
_m18_7/) — z’yQa—T/} — z’y3a—w —my = —woaw .
ox' oy’ 0z ot

Now define the spinor )" as
(@' 1) =7, 1) (63)

Since (7°)? = I,, thiscan be inverted to give
Y(w,t) =" (2" 1)
The Dirac equation then becomes

LG, O O 2 O
—wlvoa_qf;/ - w”oa_z - 273706_15, = i (1) 2

ot~
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Since7° anticommutes with v, 72, 3, we obtain

0,100 0,200 0 33_@/)'_

: . . oY
Y g T s H Y G my’y =

—i
ot

Premultiplying both sides by ~° then gives

Lot oyt oY o0
199 2 3 _ I 0
1y B —+ 1y oy + 1y 5 ma vy TR

This is of the same form as the original equation, Equation (31), but now in terms of the primed
coordinates.

In summary, under a parity transformation, the form of the Dirac equation remains unchanged pro-
vided that Dirac spinors are transformed as

Y= ¢ =Py ="

Equivalently, if 1 isasolution of the Dirac equation in the original frame, then ¢y’ = ~% isasolution
of the Dirac equation in the space-inverted frame.

For a particle or antiparticle at rest, the free particle solutions to the Dirac equation in the original
frame are

w _ ulefimt; u267imt; U16+imt; U2€+imt
where
1 0 0 0
0 1 0 0
UlzN ol’ UQZN ol’ U1:N 0 , UQZN 1
0 0 1 0

and N = +/2m. For the spinor u;, for example, from Equation (63), the solution 1) = wu;e~"
transforms under parity to ¢’ = P where

1/)/ _ ,_YOw — ,Youlefimt — efz'mt =N efz'mt — w )

o O O =
o O O
o O O

Thusy' = Py = 1), or equivalently u| = Pu; = +u,: aparticleat rest in the state «; isan eigenstate
of parity with eigenvalue +1.

A similar treatment of the remaining solutions u,e= ™, v,e™™*, v,e'™ gives altogether
1 r_ I r__
Uy = +uq, Uy = +Usg, vy = —Uq, Uy = —Ug .

Hence an antiparticle at rest (vq, vo) has opposite intrinsic parity to a particle at rest (u1, u»):

Py =+ for uy, usy
P@/} = —w for U1, Usg.
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In fact, it isonly the relative intrinsic parities of particles and antiparticles which can unambiguously
be determined; the absolute parities are assigned by convention to be +1 for particles and —1 for
antiparticles. For example, we could equally well have chosen /' = —~%) in place of Equation (63),

which would have given parity eigenvalues —1 for u;,u, and +1 for v, ,v,. 3

2.17 Charge Conjugation

Sincept = (E,p) = io* and A" = (¢, A), the minimal substitution
p—p—eA; E—FE—ep
of Section 2.15 can be written more compactly as
Oy — Oy +ieA,.

The equation of motion for a Dirac particle in an electromagnetic field isthen *

V(8 + ieAL) Y +imyp = 0].

The complex conjugate of thisequation is
(0, — ieA )" —imy* = 0.
Premultiplying by —i~? then gives
—i? (9, — ie A, )Yt — my*p* =0,
In the Pauli-Dirac representation of the gamma matrices, only v? isimaginary:
Y =4% Atr=ah = =g

and it can easily be checked that

Hence we obtain
iy (0, — ieA)V" —my*Yt = 0.

Introducing the charge conjugation transformation

V' =Cy =iy’

the above equation can be expressed as

V(0 — ieA)Y" +imy’ =0].

(non-examinable)

(64)

3Thisis reminiscent of electric charge: particles and antiparticles have opposite electric charge but the assignment of

negative charge to the electron is purely conventional.

4The term iey* A4 in this equation contains both the electromagnetic field A, and the particle spinor 1, and ulti-
mately gives rise to the vertex factor —iey* in the QED Feynman rules for the interaction between a spin-half particle of

charge e and a photon.

29



This is of the same form as the original (untransformed) Dirac equation, Equation (64), but with
charge —e in place of e. In other words, the spinor ¢ describes a particle with the same mass m
as v but with opposite electric charge, namely the antiparticle. The charge conjugation operation
transforms particlesinto antiparticles (and vice versa).

We now consider how the free particle (plane wave) solutions of the Dirac equation transform under
charge conjugation. For example the particle plane wave solution

b = uy i PT =B

becomes
0 0 0 —2 1 *
"= iyir = 00 0 v/ 0 —i(p.T—Et)
VETEN 0 o o |[VEETL pgmam) | €
—t 000 (px +ipy)/(E + m)
—VE+m —pz/(é’7 +m) ¢—iPT=Et) _ ) —iP-T-E)
1

which represents a free antiparticle. Thus, under charge conjugation,
W = ulei(p.’r’fEt) i> 1/)/ _ Ulefi(p.’l"fEt) '
Similarly, it can be shown that
b= u2€i(p.’l"—Et) i> w/ _ _UQQ—i(p.’I“—Et) _

Thus, under charge conjugation, the particle spinors u; and u, transform to the antiparticle spinors v,
and v,, respectively.

2.18 Covariance of Dirac Equation (non-examinable)

In this section, we establish that the Dirac equation,

iV 0, = map (65)

is covariant under a Lorentz transformation, i.e. that the form of the Dirac equation is the samein a
second (primed) reference frame:

Vo = my'. (66)
Here,

gz 9 _ (9 9 9 0
BT 0zm A\ Ot 0! Oy’ 02

isthe derivative four-vector in the primed frame, and
P (a') = Si(x) (67)
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is the transformed version of the spinor ¢). Covariance of the Dirac equation will be established if it
can be demonstrated that a4 x 4 matrix S leading to Equation (66) does indeed exist.

Choosing the Lorentz transformation such that the primed frame is moving with velocity v along the
+x-axis, as usua, we have

9, = \",0,
where the matrix A, is given by
vy =By 00
By v 00
B
A%, = 0 0 10 (68)
0 0 01

with g =v/candy = 1/,/1 — p2.
Substituting Equation (67) into Equation (66) gives
" 9,(S1) = mSy .

The matrix S isjust a constant matrix depending only on the (fixed) parameters defining the Lorentz
transformation. Further, the matrices .S and A commute (since they act in different spaces). Therefore

i’ SA" 8,1 = mSi) . (69)
Operating on Equation (65) with S gives
iSO = mSy .
Comparing with Equation (69) then gives
SO =" SA", 0.0 .

Thus the Dirac equation will be shown to be covariant provided a matrix S’ exists which satisfies

Sy ="SAE, |, (70)

separately for each valueof 1 = 0,1, 2, 3.

Explicitly, taking each value of . inturnin Equation (70) and using Equation (68), covariance requires
that the matrix S satisfy

Sy =S — Byy'S (71)
Sy = —Byy"'S +v'S (72)
Sy? =~28 (73)
Sy3 =439 . (74)

Consider (try) amatrix S of the form

S = al + by°y! (75)
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where ¢ and b are constants which remain to be determined. The matrix products of the form S~* are
then

570 _ cwo + b707170 _ CWo _ b71
S,_Yl — 0/')/1 + b,YO(,Yl)Z — avl - b,_YO
572 — CL,Y2 + b,YO,YI,Y2

S7* = a® + 0"y,

while those of the form +#S are

7OS _ cwo + 5(70)271 _ cwo + b,yl
715 _ a*yl + bVIVOVI _ a*yl + bvo
725 — CL,Y2 + 57270’71

735 — CL’Y?’ +b’73’70’71 )

Since/%v'y? = 2410 and 40912 = 34140, weimmediately have Sv? = 425 and S+3 = +3S, so
that Equations (73) and (74) are indeed satisfied by amatrix S of the form of Equation (75).

Equations (71) and (72) will be satisfied if constants a and b can be found such that
@y’ = byt =(ar” + ') = By(ay' +07°)
ay' =0y’ = —By(ar" + by') +v(ar' +07°).
These equations can be rearranged as
(@ —ya + Byb)y° = (b+ vb — Bya)y!
(@ —ya+ Byb)y' = (b+ b — pra)y’,
which requires that the expressionsin brackets vanish:
(v —1)a = Byb
(v+ 1)b = pra.
Thisresultsin two expressionsfor the ratio a/b,

_ By o+l
b y—-1 By’

which are consistent since v2 — 1 = 32~2. We can also write

a y+1  ~v+1 vy +1

b By _\/72—1_\/7—1.

In the limit 8 — 0, v — 1, the matrix S must become the identity matrix, S = I,. From Equa-
tion (75), thisrequiresa = 1, b = 0 in thislimit. Thisfixes

a= %(’y—i—l), b= %(7—1). (76)
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Notethat, for 5 < 0 (i.e. for aLorentz transformation to a primed frame moving in the —z direction),
we must choose b < 0 (i.e. take the negative root).

In summary, under a Lorentz transformation to a (primed) frame moving with velocity v along the
x-axis of the original frame, a spinor () transformsto the spinor ¢'(z') = St (x), wherethe 4 x 4
matrix S is given by Equations (75) and (76). This transformation preserves the mathematical form
of the Dirac equation.

2.19 Transformation of Dirac Current (non-examinable)

In this section, we demonstrate that a current j# of the form «)y* transforms as a four-vector under
a L orentz transformation.

Under a Lorentz transformation, the spinor ¢ transformsto ¢’ = S1, and hence the adjoint spinor
Y = 0 transforms as I
=P = (Sy)° = ylsty?.

Consider first the product ). Thistransforms as

PP — (¥1S1°)(Sy) .

But
St =al +by' 17T = al —by'4°.

Hence

§1°S = (al = by'")"(al + by y")
— 027" — B0 0 071 L 20t — byl 00
0

= anyo — b27 .
Sincea® = 1(y + 1) and b = 1(y — 1), we then obtain
STyls =40, (77)
The product ) therefore transforms as
b = (SN S)y = Ty =y,
showing that )¢ isinvariant under Lorentz transformations.

Note that the above argument works equally well if vy and 1) correspond to different spinors; in other
words, more generally, the product v is Lorentz covariant.

Now consider the transformation of a current j* of the form #1):

Yytap — (PIST0) 4 (Sep) . (78)
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To interchange the matrices v* and .S on the right-hand side of this equation, we multiply both sides
of Equation (70) by A?, and use therelation A, A7, = 47,

SYENP, = "SAF AP =~"507, =S .

Relabelling the indices and rearranging gives

V1S = A" S47] .

The right-hand side of Equation (78) can now be written as
YISty Sy = Sty (A%, Sy )y = A1 (ST S)y"y .

Using Equation (77), we then have

Yyt — A* Py

showing that )y*1) indeed transforms as a four-vector.



3 Decay Rates and Cross Sections

The electromagnetic fine structure constant «, the weak coupling constants g and g, and (at suffi-
ciently high energies) the strong coupling constant o, are all sufficiently small that it is often possible
to use perturbation theory to carry out calculations of particle decay rates and scattering cross sec-
tions. The starting point for such calculationsis Fermi’s Golden Rule, ageneral expression giving the
transition rate from an initial state |7) to afinal state | f).

We begin this handout with a brief review of Fermi’s Golden Rule, derived in the Part 11 Advanced
Quantum Physics course, and then use it to obtain general expressions for decay rates and cross
sections valid for relativistic incoming and outgoing particles.

3.1 Transition Rates: Fermi’s Golden Rule

Time-dependent perturbation theory is based on a Hamiltonian of the form
H=H,+ H'

where H' represents a small perturbation about an unperturbed Hamiltonian H,. Fermi’s Golden
Rule states that the total transition rate (number of transitions per unit time) from aninitial state |:) of
energy E; to the set of final states | f) with energies E; = E; isgiven by (with i = 1)

L(i — f) = 2x|Tx|*g(Er) N

where the transition amplitude 7%; is given by the perturbation series

(fIH'|k) (k|H'|d)
HI
= (f] +k§ A

and

9(Er) = o

isthe density of final states (number of states per unit energy interval) at energy E. In what follows,
we shall only need to work to leading order in perturbation theory, in which case we have simply

— (f1H)i) /ww%&



Fermi’s Golden Rule, Equation (1), can be reformulated as an integral over all possiblefinal states (of
any energy), with overall energy conservation (Ey = E;) imposed by explicitly including aé function
in the integrand:

(i — f) = 27r/ T 26(Er — E:)g(Er) dEr
= 2”/ |50 (Er — Ey)dn . 2

This formulation of Fermi’s Golden Rule simplifies the treatment of the density of final states and
will be the starting point for our calculations of decay rates and cross sections.

3.2 Relativistic Phase Space

For the high energy incoming and outgoing free particleswe shall be considering, it will be sufficient
to work in the Born aproximation whereby particle wavefunctions are represented as plane waves of
definite momentum p = /k and definite energy F :

b(r 1) = Nez'(kf.’f’fEt) ‘

To evaluate the density of final states, we employ the standard trick of normalising (to unity) the
particle wavefunctionsinside a cube of arbitrary volume V' = L3,

1 .
_ = z(k.’l"—Et)

= € 5
VS
and imposing periodic boundary conditions on the walls of the cube. Thisrestricts the allowed values
of ks, ky, k. tointeger multiples of 27/ L:

21N,

kI_ Y
L

_ 27mny, b — 2mn,

k;y_ L’ zZ L

The number of single-particle states per unit volume of k-spaceisthen (L/27)? = V/(2m)?:

Vv Vv
dn = A3k = a3
BNCTSE (2m)3 P

since p = k with i = 1. For convenience, we choose a normalisation of one particle per unit volume:

d3p
(2m)3

dn =

The arbitrary volume V" would in any case cancel out in any expression for a measurable (observable)
guantity such as a decay rate or cross section.

Using Fermi’s Golden Rule in the form of Equation (2), the transition rate from an initial state 7 of
energy E; into afinal state f containing n particles,i — 1+2+ 3+ ...+ n,isgiven by

- d®p d3p,,_
r = zﬁ/ T3 [%0 (Ei — ZE]> (%)13 (%); €)
j=1
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where E; = /|p,|? + m} isthe energy of the j’th final state particle. No factor of d®p,, is needed in
Equation (3) because p,, is completely constrained once the other n — 1 final state particle momenta
are specified:

D,=DP;i—P1—DPr— .- Pp
where p; isthe three-momentum of theinitial state. This 3-momentum constraint can be made explicit
by including an additional three-dimensional § function and integrating over d3p,, :

_ 4 2 d’p, &Pppy dPpy
o s (538 ) o0 (5= S ) B
3
) [ 1ipa <p1 Zp]) Sl ©)

It is shown in the examples sheet that the quantity d*p/E isLorentz invariant. In relativistic quantum
mechanics, it is therefore more convenient to reformulate the above expression to make manifest
a Lorentz invariant factor dp;/2E; for each particle, where the factor of 2 is conventional. For
example, for the decay of particle a into afinal state containing n particles

a—>1+2+---4+n
we can achieve this by introducing the Lorentz invariant matrix element M¢; defined as
Mg = (2E,)Y?(2E)Y? - - - (2E,)Y? Ty . (6)

In terms of M¢;, the transition rate of Equation (5) becomes

27r 4=3n a dp; d3py  d3p,
— M |26 [ ps E { . ‘ 7
/ | Mrif* (p J) °F, 2E,  2E, (7)

The advantage of this formulation is that each component of the integrand is now Lorentz invariant,
as also therefore is the integral itself. To see this, we note that a time interval dt¢ in the laboratory
frame (in which particle a is travelling with energy FE,) is related to the corresponding time interval
dr in particle a’s rest frame by

dt = ydr

where the Lorentz boost v = 1/4/1 — 52 = E,/m,. ThetransitionrateI" = dN /dt in the lab frame
isrelated to the transition rate I'* = dN /dr in the rest frame by

F:dN LAN  m,

E_’)/dT E,

*

But the transition rate I'* isjust a constant, so that

1
I' = — x constant.
E

a

The 1/E, dependence of the transition rate is clearly apparent in Equation (7); the integral on the
right hand side of Equation (7) must therefore be Lorentz invariant. Since the factors of d®p/2FE and
the Dirac §-function in the integrand are all Lorentz invariant, so too must be the matrix element M;.
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Similar considerations apply to the scattering process
a+b—>1+2+---+n.
The Lorentz-invariant matrix element Mg; is now defined as
Mg = (2E,)(2E,)?(2E)) % - - - (2B,) ' Ty (8)
and the transition rate of Equation (5) becomes

(27)43n & dp; d3py  d3p,
- M |26@ | p, - . 9
9E,2E, / | My (p > J) °F, 2B,  2E, ©)

j=1

Again, the transition rate I" is frame-dependent, but the integral on the right-hand side is L orentz-
invariant. In Section 3.4 below, the transition rate I' will be converted to a Lorentz invariant quantity,
the cross section o.

The matrix elements M; in Equations (6) and (8) are schematically of the form
Mg = (2E3)*(2E;)'? Trs = (2E3)? (2E0)'? (4| H'[v3) -

TheLorentz invariance of M; can be exploited by introducing wavefunctions )’ which are normalised
to 2 F particles per unit volume instead of one particle per unit volume:

=V2E -1 .

Then
1

T = (il H' ) = = @w i)

and a comparison with Equation (6) shows that
= (ut[H'[4f).

Thus, calculating a matrix element using a wavefunction normalisation of 2F particles per unit vol-
ume gives the Lorentz invariant version, Mg;, directly. Thiswas the reason for choosing the normali-
sation u/u; = vlv; = 2F for the free particle Dirac spinors u; and v;, for example.

In a general reference frame, the arbitrary cube in which the system is normalised appears Lorentz
contracted by a factor v = E/m. Normalising to 2F particles per unit volume effectively takes
account of this contraction and guarantees that the result (My;) is Lorentz invariant.

It should be emphasised that, athough we shall be using wavefunctions normalised to 2E particles
per unit volume to carry out matrix element calculations, the underlying wavefunction normalisation
on which our formalism is based remains as one particle per unit volume. (This will be important
shortly when we consider particle fluxes). In introducing an alternative normalisation, all we have
done in effect is to rearrange various factors of v/2E in the integrands of Equations (7) and (9) in
order to make each individual component of the calculation explicitly Lorentz invariant.



3.3 Two-body Decays: a — 1 + 2

For adecay into atwo particlefinal state, a« — 1 + 2, Equation (7) becomes
(2m)~2
2E,

I' =

/ |Mfi|25 (Ea - b - EQ) 5@ (Pa — D1 — PQ)

d3p1 d3p2
2F, 2F,

where it is to be understood that E; = /p? + m? and E; = \/p3 + m3, with p;

= |P2|-

In the rest frame of particle a (the centre of mass frame), we have £, = m,, p, = 0, and the decay

rate becomes
(2m)~2 / > d®p; d®py
I = Mg |?6(mg — By — Fy)6®) — =
o | Mgi|?6(mq — By — E2)6% (p) + py) o, 2L,
Carrying out theintegral [d®p, (the §® function imposesp, = —p,) gives:

1 d’p,
I = M|?6(m, — E; — E
872, / [ M0 (ma — Fy 2)4E1E2

where E, is now to be understood as E, = +/p? + m3. Introducing the function
f(p1) =mq — By — By
= m, — \Jp? +m? — \ph - m
and setting d3p; = p?dp,d cos fd¢, we have
1

2
8mémy,

2

2 Dy
/ | Mi |6 (f (p1)) 1B B, dpid cosfde .

=

(10)

(11)

(12)

The function f(p;) hasasingle zero at afixed vaue p; = p* given by the solution of the equation

%) = ma— /)2 +m2 = [y +m3 = 0.

(13)

This equation expresses the requirement that energy is conserved in the decay, m, = F; + E5. The
constant p* is simply the value of p; which results from the constraint of overall energy-momentum
conservation; it isthe physically allowed momentum of either of the final state decay particlesin the

centre of massframe®: 1

2

1In the examples sheet, it is shown that Equation (13) can be solved to give p * in terms of the particle masses:

" = o VI =+ maP = (rmn — o)




We now use the general result

9(p1) ]
3 dp, = | ——+—
[owssonan = |Gl
to carry out the integral over p; in Equation (12). Differentiating Equation (11) gives

df = -m P1 _ PP Ei + Ey

dpr  JZ+m2 Jr+mi B B E\E;
and hence the decay rate becomes
1 1 E1E2 p%
= Mg |— d cos fd
1 h
=—— [ |My? dcosfd¢ .
327T2ma / | f | E1 + E2 p1=p* oos ¢

When p; = p*, the sum E; + E, is given simply by the energy conservation constraint of Equa-
tion (13): £, + E5 = m,. Finaly, therefore, therate for the 2-body decay a — 1+ 2 in therest frame
of the decaying particle is obtained as

*

__Pr
32m2m?

/ | My;)*d cos fd ¢ (14)

where p* = |p1| = |p2| isthe momentum of either of the final state particles. Equation (14) can also
be written in the equivalent differential form

dr p*

_ 2
dQ — 3272m2 [Mril

where d2 = d cos d¢.

For an isotropic decay, such as the decay of a spin0 particle, there is no preferred spatial directionin
the system and | M;|* must be independent of 6 and ¢. Using [ d cos #d¢ = 4, we then obtain

r=_"~
8nm?

| My (isotropic decay) (15)

In general, an unstable particle will be able to decay into a variety of different final states f;, each
with its own associated partial decay rate:

In this case, the total decay rate for a particle is the sum of the decay rates for each individual decay
mode, and the mean lifetime 7 of the particle isthe inverse of the total decay rate:

1
rzzi:r,:;.

The branching ratio B; for a particular decay mode isthe fraction of al decays going into that partic-
ular final state: r

B, =—.
r



3.4 Scattering Cross Section

For a scattering processa + b — 1+ 2 + - - - + n, the transition rate I" given by Equation (9)

(27T)4—3n / ) n d3p1 d3p2 d3pn
=l M2 | p — , e )}
2,28, | M p Z;pf °F, 2B, 2B, ©

is not Lorentz invariant due to the factor 1/F, F), outside the integral. However, we can construct a
Lorentz invariant quantity, the cross section o, by dividing by the incident flux. In a Lorentz frame
where the two incoming particles a« and b are collinear (or one of the particlesis at rest), we define

r
o= (16)
Vg + Vp
where v, and v, are the velocities of ¢ and b:
b, b
Vg = |’Ua| = |Ea|7 = |’Ub| = %I;J
a > - b
(o pa Vb, pb

To show that the cross section o is Lorentz invariant, we introduce the Lorentz invariant flux I,
defined as

F= (Ua + Ub) . 2Ea . 2Eb . (17)
Interms of [, the cross section o can be written as
(2m)*—3n / 254 . p; &Ppy  dPp,
= MW | py — , . 18
g F | M pi=_p 2E, 2E,  2E, (18)

That F' isindeed Lorentz invariant can be shown by expressing F' in terms of the four-vector scalar
product p,.p,. To do this, wefirst write the flux F' of Equation (17) as

DPa Do
F=|—=+"2-)-2E,-2E,=4(p,E E,
<Ea+Eb) b (PaEy + poEy)

where p, = |p,| and p, = |p,|. Noting that the four-vector scalar product p,.p; is
Pa-Po = EoEy — Pa-Po = LBy + paps

we then have

F2/16 - (pa-pb)2 = (paEb + pra)2 - (EaEb +papb)2
=p, (B} — ) + B (py — Ey)
= pamy — Egmy
= (pa — Eo)mj,

_ 2,2
= —m,my,



where we have repeatedly used therelations E2 = p2 + m2 and E; = p; + m;. Hencetheflux F' can
be expressed in the manifestly covariant form

F=4 [(pa.pb)2 — mzmg] vz (19)

Since F'isLorentz invariant and the integral on the right-hand side of Equation (18) isLorentz invari-
ant, the cross section o must aso be Lorentz invariant.

With wavefunctions normalised to one particle per unit volume, the incident flux (i.e. the number
of particles per second passing through unit area) of particles of type a is equal to the velocity v,
while the flux of particles of type b equals the velocity v,. The definition of the cross section o in
Equation (16) istherefore equivalent to

number of scattering events per unit time per scattering centre
g = . " .
incident flux

This expression formsthe basis of the measurement of a cross section in a scattering experiment. The
cross section so determined is independent of the conditions (beam intensity, target density etc.) per-
taining to any particular experiment. The cross section has dimensions of area, and can be interpreted
asthe effective “black disk” area presented by each scattering centre to an incoming particle.

We shall subsequently require explicit expressions for the flux F' evaluated in the laboratory and
centre of mass frames. In the laboratory frame, with particle a the beam particle and particle b the
stationary target, we can take

Pa = (Eaﬂpa,) = (Eaaoaoapa), Py = (mb,0,0,0) .

a > @ )
Vgy Pa

Equation (17) then givesthe Lorentz invariant flux as

F=v,-2E, 2my, = % -4E,my = 4dpamy . (20)

In the centre of mass frame, we can take the four-momentato be

pa:(E:zkaOaOap;k)a pb:(E;,0,0,—pf)
a * * > “ * * b
Vg P Uy D
Equation (17) then gives
R O . I .1 B T —.
F = (v, +vy) - 2E; - 2By = (E"‘ﬁ) AE,Ey = 4p{(E, + Ey) .
a b

The sum of the incoming four-momentais p, + p, = (E! + E;,0,0,0). Introducing the Lorentz
invariant quantity

s = (pa +pb)2 )

8



we obtain
Vs =E; + Ey,

and the flux F' can therefore be written as
F =4pi\/s . (21)
The quantity /s isjust the total centre of mass energy of the collision.

Since F' is Lorentz invariant, the lab and centre of mass frame evaluations of F' in Equations (20)
and (21) must in fact be equal. The above results can therefore be summarised as

F = dpmy, = 4pi /5. (22)

As abyproduct of the evaluation of F', we have obtained a relation between the momentum p, of the
incoming beam particle in the lab frame and its momentum p; in the centre of mass.

3.5 2 — 2 Body Scattering in the Centre of Mass Frame

1

For a scattering processa + b — 1 + 2 into atwo particle final state, Equation (18) becomes

o= (%T)Z / \M¢i|*0(E, + E, — Fy — E,)6®) (p, + p, — p, — pz)fg C;E; (23)
In the centre of mass frame, where
P, + Py, =0; E,+E,=E +E;,=/s
this becomes ()2 —
CTTF / [Ma*3(v/s = Br = E2)3% (P + o) 557 -

The integral above has precisely the same form as the integral in Equation (10) for the 2-body decay
a — 1+ 2, with m, replaced by /s. Hence, using the result aready derived in Equation (14), we
obtain immediately

2m)~ p

)fk 2 %
= . Mi dQ
7T TF 4\/§/| il

9




where dQ* is the element of solid angle about p,, and p; = |p,| = |p,| is the centre of mass
momentum of either of the two final state particles. The differential cross section describing the
scattering of particle 1 into the element of solid angle d2* istherefore

do | |2
dQ* 167r2\/_ F

From Equation (22), we have F' = 4p;\/s where p¥ = |p,| = |p,| is the centre of mass momentum
of either of thetwo initial state particles. Hence we obtain finally:

do 2|

24
dQ* 647r s p;f | 24)

Explicit expressions for the initial and final centre of mass momenta, p;* and p;, can be written down
using the result derived in the examples sheet, with m,, again replaced by /s :

Pt = ﬁ (5 — (0 + 0)?] 5 — (1m0 — mo)?] (25)
Pt = % 5 — (m + m2)7][5 — (ma — m2)7].

For elastic collisions (for example with m, = m; and m;, = ms), or for extreme relativistic energies
where the rest masses of al initial and final state particles can be neglected, we have p = pf and
hence:

do 1
= — | Mg|?
dQ* 647T28| il

(elastic) (26)

In the next handout, the above expression for the differential cross section do/dQ* in the centre
of mass frame will be used to obtain the cross section for ete™ — ptp~ scattering. Experiments
studying ete~ annihilation are typically carried out using counter-rotating beams of electrons and
positrons of equal and opposite momentum, and therefore take place directly in the centre of mass
frame.

Studies of electron-proton scattering, on the other hand, are usually carried out in the laboratory frame
with the proton target at rest 2. The underlying electron-quark scattering in these interactions takes
place in arest frame which varies from collision to collision depending on the fractional momentum
of the quark within the proton. To describe these processes, we shall require general expressions
for the differential cross section do/d€2 valid in the (Iaboratory) frame where one of the initial state
particles is at rest, and also an explicitly Lorentz-invariant expression for the cross section valid in
any reference frame.

2A notable exception is the circular high energy e *p collider HERA currently operating at the DESY Laboratory in
Hamburg. Here, 27.5 GeV beams of electrons or protons are brought into head-on collision with a proton beam of energy
820GeV.

10



We proceed as follows:

1) In Section 3.6, we recast the centre of mass cross section do/dQ2* of Equation (24) into a
Lorentz invariant form do /dt valid in any frame of reference;

2) In Sections 3.7 and 3.8, we evaluate this L orentz invariant cross section in the laboratory frame,
with one of the initial state particles at rest, first in the relativistic limit and then completely
generdly;

3) In Section 3.9, for completeness, the cross section do /d€2 in the laboratory frameisalso derived
viaadirect application of Equation (18), as done above for the centre of mass frame.

Sections 3.8 and 3.9 are non-examinable.

For the remainder of this handout, we switch notationfroma +0 —-14+2t01 +2 — 3 + 4.

3.6 2 — 2 Body Scattering in Any Frame

The differential cross section derived abovefor the centre of massframe can be expressed in aL orentz
invariant form applicable to any frame of reference. To thisend, and switching notation froma +b —
1+2tol+2 — 3+ 4, weintroduce the Lorentz invariant variable 4

t=(p1—p3)?|.

4

In the centre of mass frame, with p, = (E7, 0,0, p) and p3 = (E3, pf sin 0*, 0, pf cos 6*), we have
t = pi +p; — 2p1.ps = mi +mj — 2(EY B3 — pip; cos0") . (27)

In general, the element of solid angle for particle 3 is dQ* = d¢*dcosf*. Provided the matrix
element is independent of azimuthal angle, which will be the case for al the processes we consider,

this becomesjust
dQ* = 2rd cosO* .

3The three invariant quantities s = (p1 + p2)2, t = (p1 — p3)?, u = (p1 — p4)? are known as Mandelstam variables.
They are constrained by therelation s + ¢ + u = m? + m3 + m3 + mj.

4In the analysis of electron-proton scattering in Handout 5, the variable ¢ will be equivalent to the quantity ¢ 2, where
q = p1 — p3 isthe four-momentum of the virtual photon.

11



The differential cross section can then be expressed in terms of the Mandelstam variable ¢ as:

do B dQ* do

dcos0* do

= 4T

At~ dt A dt  dQ* -

The quantities £, E3, pf, p; appearing in the right-hand side of Equation (27) are constants, inde-
pendent of the angle #*. Differentiation with respect to cos 6* therefore gives

dt _ o
dcosg*  DiPeo
and hence
do T do

At pippdQ |

Substituting the expression for do /dQ2* from Equation (24), we then obtain

do T

dt Pip§ ' 647r25p_;‘

and hencefinaly

1 pf

| My [?

do

dat 647s(pf)?

1
| Mgi]? |

(28)

Note that all quantities in this equation are Lorentz invariant. Equation (28) therefore appliesto any
frame of reference, not just the centre of mass frame. The quantity p;' may appear at first sight to be
specific to the centre of mass frame, but isin fact just a constant :

. 1
N

[s = (m1 +m2)?] [s — (m1 — m2)?].

(29)

For the particular case where the mass of the incoming particle 1 can be neglected, for example at
high beam energy F; > m, (and hence dso /s > m;), Equation (29) smplifiesto

*

b

2

2V/s

Thus, at high energies, the differential cross section of Equation (28) becomes

do

At~ 16m(s — m32)?

1
| M| (my =0)

12
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3.7 2 — 2 Body Scattering in the Lab Frame (1)

Using the Lorentz invariant cross section do /d¢ derived above, we now evaluate the differential cross
section do/dS2 for two-body scattering in the lab frame, with particle 2 at rest:

3
E37p3
El;pl 2 \9
1 > @ - -mo oo
E4, p4
4

We consider first the particular case of elastic scattering at high energies where the mass of the in-
coming beam particle can be neglected:

my = mgz = 0, me =my = M ;
the more general case will be treated in the next section. The four-momenta can be taken to be
pm = (E,0,0,Ey), pos=(M,0,0,0), p3=(F3, E3sinf,0,E5cosf), ps= (Fy,pa)-.

Since dQ? = 2nwd cos @, the lab frame differential cross section do/df2 is related to the invariant
differential cross section do/dt as
do dt do 1 dt do

0 10d  2rdeosd i (31)

The invariant quantity ¢ is
t=(m —p3)2 = —2py.ps = —2E, E3(1 — cos ) . (32
Four-momentum conservation, p; + p, = p3 + p4, dlows an aternative evaluation of ¢

t = (py — pa)? = 2M* — 2py.py = 2M? — 2ME,
= 2M? — 2M(E, + M — E3) = —2M(E, — E5)  (33)

where energy conservation, £y, + M = FE5 + E4, has been used to eliminate £,. Differentiating
Equation (33) with respect to cos 6 (with the incoming beam energy E; considered a given constant)
then gives

dt dE;

dcosf dcosf - (34)
Equating the two expessionsfor ¢ in Equations (32) and (33) gives
—2E1E3(1 — COS 9) = —QM(El — E3) y
which can be rearranged to give E5 in terms of 6:
By b (35)

:M+E1—E1COSH'

13



Differentiation with respect to cos  then gives

dF; E2M Es \* E2
=0 () =5

dcosGZ(M—i-El—ElcosQ)Q: E‘M M

Using Equation (34), the connection between the lab frame cross section do/d(2 and the invariant
cross section do/dt of Equation (31) then becomes

do 1 E?doc E2do
o oM 3T 36
dQ? 27 M dt m dt (36)
The invariant cross section, do/dt, is given by Equation (30) with my = M:
do 1
— = | My 37
dt  167(s — M2)2| il 37
The centre of mass energy squared is
s = (p1 +p2)® = M? + 2p1.ps = M* + 2ME,
so that
s— M?*=2ME, . (38)
Combining Equations (36), (37) and (38) then gives
do E2doc E? 1 E?
_:_3_:_3—”|Mfi|2:%|Mfi|2
dQ@ 7 dt 7 167(s — M?) 16m2(2M E))

Thus we finally obtain the cross section for high energy (E; > m) elastic scattering in the lab frame:

do 1 Es \, .
R M 39
dQ 64> (MEl) Ml (39)

Note that d2 = 27d cos § and that £'; depends on 6 via Equation (35).

3.8 2 — 2 Body Scattering in the Lab Frame (2) (non-examinable)

We now extend the analysis of the previous section to derive a general expression for the differential
cross section in the lab frame, valid for any energy and for arbitrary particle masses:

p1 = (E1,py); p2=(m2,0,0,0); p3=(Fs5,p3); ps=(Es,py).

Since df) = 27d cos 6, we still have

do_dtda 1 dt do

dQ " dQdt  2rdcos dt

The invariant quantity ¢ is now
t = (p2 — pa)* =mj3+ mj — 2pa.ps .

14



In the lab frame, with p, = (m», 0, 0,0) and py = (F4, p4), this becomes
t= mg +mi — 2m2E4 = mg +mi — 2m2(E1 + meo — Eg)

where we have used energy conservation, F, + my = F3 + FEy, inthe last step. Differentiation with
respect to cos 6 then gives

dt _ dFE;
dcosf m2dcos€
and hence 1 1B d
o mao 3 o
o = 40
dQ 7w dcos@ dt (40)
To determine d E3 /d cos 6, wefirst differentiate E2 = m2 + p3 to obtain
om, s _ o, dps (41)

dcosf decosG )

As before, four-momentum conservation, p; + p, = p3 + p4, Permits two alternative expressions for
t:

t = (p1 — p3)* =mi +mj — 2(E E3 — pyps cos 0)
t = (p4 —pg)2 = mZ + m% —2moEy = mZ + m% — 2my(Ey + my — E3)

Equating these two expressions gives
m? 4+ m3 +m3 —m3 = 2(E, B3 — pip3 cos — myEy +myEj) . (42

Differentiation with respect to cos 6 then gives

dE3 dpg
= (F — — 0 - :
0=(E +m2)dcos€ D1 cOS deosd DPiP3
Using Equation (41) to eliminate dps/d cos 6 we obtain
dEs E; dE;
E = 6. — :
(£ +m2)dcos€ D1 COS s dcos 0 + pips
This can be rearranged to give
E 0\ dE
Ey +mgy — 301 208 = D1Ps3
D3 dcos6
and hence )
dE3 P1p3

dcosf E\ps + mops — Espycosf

Substitution into Equation (40) and using the expression for do/dt in Equation (28) then gives

do meo dE3 1 9
2o _ 2 M2 43
d<2 T dcosﬁ647rs(p;*)2| il (43)

The quantity s(p;)? appearing in Equation (43) can be expressed in terms of 1ab frame variables using
the result already derived in Equation (22), with p, replaced by p; and my,, replaced by m:

piVs = mapy .

15



The cross section then becomes
do . dE3 mo
dQ  dcosf 6472s(p;)

— plp% m2 |M . |2
E1p3 + mops — E3p1 cos 647r2m%p% fil

| My ?
2

Hence we finally obtain the following general expression for any 2 — 2 scattering processin the lab
frame:

dO' . 1 1 p§|Mf1|2
dQ 6472 pimy  ps(E) +mg) — Espycosf

(44)

where p; = |p,| and p3 = |p;|. Note that the variables in the above equation are not al independent.
In particular, once  is specified, the energy, E5, and momentum, ps, are fixed by Equation (42) in
combination with the constraint E5 = /p3 + m3.

Note also that we can recover the high energy result derived in the previous section by setting m, =
M, P1 = E1 andpg = Eg. Th|Sg|VeS

de 1 1 E? M2
dQ ~ 6472 E\M FE3(E, + M) — EsEycosf
1 1 Es

— 5 - . .|Mﬁ|2
6472 E\M FE;,+ M — E;cosf

1 Es \’
= M|?
6472 (ME1> M

asin Equation (39), where we have used Equation (35) in the last step.

3.9 2 — 2 Body Scattering in the Lab Frame (3) (non-examinable)

Finally, for completeness, we evaluate the cross section for two body scattering in the lab frame
by a direct application of Equation (18), rather than using the invariant cross section do/d¢. With
4-momenta

pr=(ELp)); p2=(m2,0,0,0); ps=(E3p3); p1=(Es,py),
Equation (23) becomes

d3p3 d3p4

(2m)~
g = T |Mfi|25(E1 + EZ - ES - E4)(5(3)(p1 +p2 — D3 — p4) 2E3 2E4

Carrying out the integral [d®p,, and setting F' = 4p;m,, with p; = |p, |, gives

—L#/W-P&E +FE,—E —E)d3p3
7= (am)? dpym, e e e N
1 1 p2dpsd cos Od¢
= G I JERI (45)
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where p; = [p,| and
f(ps) = E1+ Ey — E3 — E4
:E1+m2—\/p§+m§—\/(p1—p3)2+mi

:El—i-mg—\/p§+m§—\/p%wLpg—21)1;03(30s9+7’n?l

and 6 is the angle between p, and p, or equivalently the angle of particle 3 with respect to the
incoming beam direction.

For any given value of the scattering angle 6, the function f(p3) will have a zero at a particular value
of p3 given by

f(ps) = Ert+m, = \/pg +m3 — \/p% + p2 — 2p1p3cos B + m2 = 0. (46)
Using
ﬂz_ & . ps — p1 cos B
dps VD3 +m5 /Pl +p3 — 2pips cosf +mj
__Ps _ps=picost
E3 E4
_ _ psEy + Esps — Egp: cos 0
E3E,
and using

to perform the integral over p; in Equation (45) gives

1 1 EsE, P2 ]
7= T2 dp e MiZ{ d cos 0d
(47)2 dpymy / Ml psEy + FE3ps — Espy cos EsEy F(p3)=0 ¢
1 1 P3| Mii[®
- df2 a7
(4m)2 dpymy /Pa(Ea + E4) — E3py cosf (47)

where now, inthelast line, p3, F3 and E, represent the actual momentaand energiesin the lab frame,
as fixed by energy-momentum conservation. In differential form, Equation (47) is

do 1 1 P3| M|

dQ  (47)24pymy p3(Fs + Ey) — FEspycosf

Using energy conservation, E; + my = E5 + F4, we then arrive at the same result as derived in the
previous section for the differential cross section in the laboratory frame:

do . 1 1 p§|Mf1|2
dQ 6472 pimy  ps(E) +my) — Espcosf

Note again that the variables in the above equation are not all independent. Once 6 is specified, the
momentum ps is fixed by Equation (46), and E5 isthen determined as E3 = +/p3 + m3.

17



3.10 Summary

For convenience, we collect together here various expressionsfor decay rates and cross sectionswhich
were derived above:

3.10.1 Decay rates

For a two-body decay of the form a — 1 + 2, the total decay rate in the rest frame of particle a is
given by

/ | Mgi|*d cos Od¢ 24y

327r m2

If the decay isisotropic (for example, if particle a has zero spin) this simplifiesto

*

p

2
8mm2

I' =

| My ? (isotropic) (15)'

The centre of mass momentum, p*, in the above equationsis given by

p' = oV = G+ e Gy — )]

3.10.2 Scattering cross sections

For a general two-body scattering process of theform 1 + 2 — 3 + 4, the differential cross sectionin
the centre of mass frame is given by

do al

24)'
A0~ 6dn? s pf | (24)

where s = (p1 + p2)? (with /s = E} + Ej in the centre of mass), pi = |p,| = |p,| is the centre
of mass momentum of either of the initial state particles, and p; = |p;| = |p,| is the centre of mass
momentum of either of the final state particles.

For elastic scattering, i.e. for m; = mg, ms = my, thisexpression simplifiesto

do B 1
dQ*  64n2s

My [? (elastic) (26)

A genera Lorentz invariant expression for the differential cross section, valid in any frame of refer-
ence, is

do T do 1
— = = M;;|? 28)'
dt  pip;dQ*  64ws(pr)? | M (28)

wheret = (pl — p3)2.
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For high energy elastic scattering in the lab frame, where the mass m; can be neglected (E; > m;)
and particle 2 is at rest, the cross section is

do _ 1 By 2|M-|2 (elastic, m; = 0) (39)’
dQ ~ 6472 \ ME, f T

The energy E5 depends on 6 via Equation (35).

A completely general expression for the cross section in the lab frame is

de 1 1 P3| Mg |?
dQ2 N 6472 p1myo p3(E1 + mg) — Egpl cos 0

(44)'

where p; = |p,|, ps = |ps|, F3 = \/p3 + m3, and p; isgiven in terms of 6 by Equation (46).

The above expessions for decay rates and cross sections all depend on the Lorentz-invariant matrix
element squared, |My;|?. For any particular process, such as 7+ — e*v, decay or ete™ — ptpu~
annihilation, the matrix element M¢; will be determined by writing down the Feynman diagrams
appropriate to that process and applying the Feynman rules to each diagram.
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3.11 Appendix: The Dirac é Function
3.11.1 Definition

The Dirac ¢ function, 6(z — a), can loosely be defined as an infinitely narrow “spike” of unit area
located at x = a:

d(xr—a)=0 forz #a

= 00 forz =a

v 1 if
/ 6(x—a)dx:{ s 0= (48)

0 otherwise

The ¢ function is not strictly speaking a mathematical function at all; rather it is an example of a
distribution or a generalised function.

For any function ¢(z) we have

/m o(2)6(0 — @) do = {g(a) if 2, < a <z, 49)

- 0 otherwise

3.11.2 Change of Variable

Equation (48), with a = 0, gives

y2 1 if 0
Y1

0 otherwise

Consider now a change of variable from y to =, where y = f(z) and the function f(z) has only a
singlezero at x = x, i.e. f(zo) = 0. Then

T2 dy 1 ifx <2y < 29,
) —dx =
[ o)L {

- 0 otherwise

But dy/dz = df/dz, and the § function vanishes unless x = x,. Therefore dy/dz can be replaced
by df/dz|,=s,, giving

df

dx

- 0 otherwise

T=x0

/m25(f(x))dx:{1 if$1<l'0<l'2,

A comparison with the original definition of the 6 function, Equation (48), givesthe final result that,
for any function f () with asingle zero at «,,

@) = | s

d(z — o)

Zo
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Inside an integral involving a second function g(x), where the range of integration includes x,, we

obtain
§(z — o)

/9($)5(f($))d$:/9(x)w

Hence we obtain the integral version of the above result:

[ stsirinar = [|d§(/?x|]m -

. g(xo)
W= 1df ],

3.11.3 Integral Representation

From Fourier theory, Fourier transforms f(x) and F'(k) are related to each other via

+0o0
f(x):% / F(k)e™*dk (50)
+oo
F(k) = i flz)e *dy . (51)

Substituting F'(k) from Equation (50) into Equation (51) and inverting the order of integration gives
1 +00 +o00 ) )
10 = [ ([ s ) e

zg .

+00 L[ o
_ IR(T—Y
. e (27r/_ ‘ dk) dy.

- o0

A comparison with Equation (49) shows that the Dirac § function can be represented as

§5(z) ! / +OO e dk (52)

zg .

Since the ¢ function is symmetric, §(z) = §(—z), we equally have

1o
d(x) e "rdk .

:% .

The ¢ function can easily be extended to more than one dimension, for example:
0¥ (x —a) = 6(x — a)d(y — a,)d(2 — a,)
oW (zH — a") = 6(2® — a®)o(zt — a')d(2? — a®)d(2® — d®)
=6(z° —a®)0® (z — a)

The generalisation of Equation (52) to three or four dimensionsis:

1 too
(5(3) (w) — / ezkow d3k

(27m)? J_s
5(4) _ 1 e ik.x d4k
(x) = o1 ) e )



4 Electron-Positron Annihilation in QED

4.1 Matrix Element for ete™ — ptpu~

At leading order in perturbation theory, the QED process ete™ — up~ is governed by a single
Feynman diagram mediated by a virtual photon +*:

Here p, and p, are the four-momenta of the incoming e~ and e, p3 and p, are the four-momenta of
the outgoing .~ and p*, and g = p; + p2 = p3 + p4 iSsthe four-momentum of the virtual photon. The
arrows on the external linesin the Feynman diagram indicate particle direction which, for thee™ and
p" antiparticles, is the opposite of the physical antiparticle direction.

The QED Feynman rules give factors of u(p;) for theincoming e, 7(p,) for theincominge™, w(ps)
for the outgoing .~, v(p,) for the outgoing u™, —ig"” /¢ for the photon propagator, iey* for the
electron-photon vertex, and ie~” for the muon-photon vertex, where —e is the electric charge of the
e~ and p—. The product of these factors determines the L orentz-invariant matrix element M; :

—iMyi = [0(p2) - iey" - u(p)] - _ZZ#V -[a(ps) - ier” - v(pa)] -

Introducing the invariant scalar product s = (p; + p2)? = ¢%, we have
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My = — I [T(p2)y u(pr)] [@(ps)y"v(pa)] |- (1)

Thisisjust a number, which can be worked out once the initial and final spin states have been speci-
fied. With two possible spin states avail able to each of the four external particlesinvolved, there are a
total of 16 possible spin configurations to consider.



The various factors in Equation (1) are ordered such that factors associated purely with the ete=~*
vertex are grouped together, defining the electron current

(Je)! = T(p2)¥"u(pr) ,
and similarly for factors associated purely with the ;.= vertex, defining the muon current *

(Ju)” = 1(ps)7"v(pa) -

The overal matrix element M;¢; is proportional to the scalar product of the electron and muon current

four-vectors:

e2

M = —;(J'e-ju) (2

and as such is an example of a current-current interaction.
We consider ete™ — p ™ scattering at extreme relativistic energies and work in the centre of mass

frame. We choose the incoming e~ direction to be along the 4z axis and the outgoing .~ to be at an
angle § tothe z axis. Thee™ and e™ 4-momenta are therefore

pIZ(anaan); pZZ(anaoa_E) (3)
whilethe ;= and ™ 4-momenta can be taken to be
ps = (E, Esin6,0, E cosf); ps=(E,—FEsin6,0, —FE cosf) . 4
-
Ps
0
e h >« \ et
P>
P4
”’+

The cross section will be evaluated for each possible combination of e, e~, u™, u~ hélicities. The
spinors u(p1), v(p2), u(ps), v(ps) can be found using the general result that, for ultra-relativistic
particles or antiparticlestravelling at an angle # to the z-axis, with four-momentum

p' = (E, E'sinf cos ¢, E'sin fsin ¢, E cosf) , (5)
the helicity eigenstates are given by 2 3

c —s s c
et ete —e'®¢ et
up =VE : u, =vVE : vy =VE : vy =VE
c s —5 c
et —e%¢ ee et

INote that a structure of the form 1)y * ¢ represents the only valid ordering for the vertex factors; and other ordering,
such as ¢y*4) or y*ahp, would result in anonsensical matrix multiplication structure.

2See Equation (55) of Handout 2.

Note that the symbol s is being used to denote both s = sin /2 and s = (p; + p2)?. In practice these two usages
remain well separated and no confusion should result.



where ¢ = cos 0/2, s = sin §/2. Once the matrix element has been evaluated using Equation (1), the
differential cross section can be found from #

do 1

R ) VT 7
dQ 647T28| il 7

where s = (p; + p2)? isthe centre of mass energy squared.

4.2 TheMuon Current

We begin by evaluating the muon current (j,)* = @(ps)y*v(p4) for each of the four possible spin
configurations for the muon pair, puf i, gty ik iir » ps g » Where the subscripts L and R refer to
the helicity of the u™ or u~.

The “spin up” and “spin down” helicity eigenstates for the outgoing . —, with four-momentum p; =
(E, Esin§,0, E cos §), can be written down directly from Equation (6) simply by setting ¢ = 0:

U¢(p3) =VE

—C

up(ps) = VE

W O » O

where ¢ = cos6/2, s = sinf/2. The p* four-momentum, p, = (E,—FEsin6,0, —F cosf), can
be obtained from Equation (5) by setting 8 — = — 6§ and ¢ = 7. Making these replacements in
Equation (6) givesthe “spin up” and “spin down” p* spinors as

where we have used sin((7m — 6)/2) = cos /2 = ¢ and cos((m — 6)/2) = sin /2 = s.

The muon current @ (ps)y*v(p4) can now be evaluated, for each of the four possible helicity pairings
in turn, using standard matrix multiplication. The adjoint spinors @+ (ps) and @, (ps) are given by

Ty (ps) = VE (¢, s, —c, —s); Ty(ps) = VE (=s,¢,—s,c) .

General expressions for amatrix multiplication of the form ¢~v*¢ are derived in the examples sheet.
For arbitrary spinors and ¢, with real components ¢; and ¢;, these expressions give

7’0 = 11 + ot + 33 + Yuds
UY'd = Y10y + thads + 3 + Yuchr
VY2 = —i(1h1g — P23 + 1h3d2 — udy)
VY2 = 13 — ady + 31 — hads .

4See Equation (26) of Handout 3.




Consider first the case pf; y;, where the it isright-handed, ¢ = v4(p4), and the p~ is left-handed,
Y = u,(ps). The above expressions then give

Uy (p3)y vi(pa) = E(—sc+cs —sc+cs) =0

T, (ps)Y'vr(py) = B(s* =2 + 5> =) =2E(s* — &)
U, (p3)V vr(ps) = —iEB(s* + ¢ + 8° + ) = —2iE

U, (p3)v vr(ps) = E(sc+es+sc+cs) =4Esc.

This can be written compactly as the muon current four-vector

a0y (p3)7"vr(ps) = 2E (0, 8" — ¢, —i, 2s¢)
=2F (0, — cos @, —i,sin0)

where we have used the identities 2sc = 2sin /2 cos /2 = sin § and ¢? — s% = cos? /2 — sin? /2 =
cos f.

The muon current for the remaining spin configurations is easily evaluated in similar fashion, giving
overal (inthe relativistic limit):

ey r(ps)y'vy (pa) = 2E(0,—cosb,i,sinh) (8)
YT Ur(ps)y'vr(pa) = (0,0,0,0) ©)
T ay(p3)y"v(pa) = (0,0,0,0) (10)
TR uy(p3)y'vr(pa) = 2E(0,—cosf, —i,sinf) (12)

4.3 Hélicity Conservation

The results above show that the muon current (and hence the matrix element ;) isnon-zero only for
the cases y; g and pif iy, where the ' and 1~ have opposite helicity. Since the physical helicity
of an antiparticle (1" in this case) is opposite to the helicity of the corresponding negative energy
particle, this is equivalent to the statement that the muon current is non-zero only if the particle
helicity is the same before and after the interaction with the virtual photon. Thisis an example of a
general property of QED known as helicity conservation: in therelativistic limit, the particle helicity
is preserved in interactions with photons. Helicity conservation will be seen to apply to the weak and
strong interactions al so.

Helicity conservation applies equally at the electron vertex, as we shall show explicitly in the next
section; the electron current is non-zero only for the casese; e and efte; . Therefore, in the massless
limit, only four of the 16 possible spin configurations give a non-zero matrix element. These are
illustrated overleaf; only those configurations with atotal spin projection S, = +1 in both the initial
and final states are allowed.

Helicity conservation in QED is a consequence of the following general result, the proof of whichis
deferred to the examples sheet:

VY = Yy + YrYH YR (12)
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where ¢y, = £(1—9°)y and ¢ = 5(1+7°)y arethe left-handed and right-handed chiral components
of ¢. Thereis no contribution to the current 1)1 from the mixed terms 1o v*1/1, OF P Y*)g:

Yy L =0 (13)
YLy = 0. (14)

Thus, in QED, left-handed chiral components coupleonly to left-handed chiral components, and right-
handed chiral components couple only to right-handed chiral components, i.e. the particle chirality is
preserved in an interaction with a photon. At extreme relativistic energies, the left-handed and right-
handed chiral components become helicity eigenstates, and the particle helicity isthen also conserved
in the interaction. Conservation of chirality, Equations (12)-(14) is ageneral result which holds at all
particle energies whereas conservation of helicity, Equations (9) and (10), holdsonly in therelativistic
limit ®.

4.4 TheElectron Current

Theelectron spinorsu+(p; ) and u (p;) can be obtained from Equation (6) by setting = 0 and ¢ = 0,
while the positron spinors v+ (p,) and v (p,) can be obtained by setting § = 7 and ¢ = 0:

1 0 1 0

VAL VEl L JEl O JE |1
ulp) =VE |5 w)=vE| i o) =VE|_||; wp)=VE],
0 -1 0 1

The electron current (j.)* = ©(p2)y*u(p1) for each possible spin configuration could clearly be
evaluated using direct matrix multiplication, as was done above for the muon current. A more elegant
way to proceed is to note that the electron current, of the form vv*u, can be obtained from the

5In this sense, chirality conservation would be a better terminology for this result than helicity conservation.



complex conjugate of the muon current, of the form w*v. To demonstrate this, treat each element of
the current four-vector asal x 1 matrix, giving

[@(pa)y"v(ps)]" = [@(pa)y v(ps)]
= [UT(p )77 v(p )]Jr sinced = uf~°
v (pp)7" " u(p,) since (AB)" = Bt Af
= UT(Z’b)V”WOU(pa) since 7" = 4°
= vt ()77 u(pa) since 7”140 = 70"
= 0(py)7 u(pa) sincev = v fy

Taking the complex conjugate of the muon currents of Equations (8)-(11) then gives

) (pa) v ur(ps) = [ (p3) vy (pa)]” = 2E (0, — cos 0, —i, sin 0) (15)
U1 (pa)y"ur(p3) = [Ur(p3)y*vr(pa)]” = (0,0,0,0) (16)
7y (pa)y"uy(ps) = [T, (p3)y" v, (pa)]" = (0,0,0,0) 17)
Tt (pa)y*uy(ps) = [, (p3)y" v (pa)]” = 2E (0, — cos 0,4, sin0) . (18)

The electron four-momentap; and p, of Equation (3) are just aspecial case of the muon four-momenta
ps and p, of Equation (4), obtained by setting # = 0 in the latter. Hence the electron current j, for
each of the four possible combinationsof e* and e~ helicity eigenstates can be written down directly
by setting & = 0 in Equations (15)-(18):

efen U, (p2)Y ur(p1) = 2E(0,—1,—1,0) (19)
epeg Ui(p2)y"wr(p1) = (0,0,0,0) (20)
eper Uy (p2)y"u(p1) = (0,0,0,0) (22)
CHYC Ur(p2)Y uy(p1) = 2E(0,—1,4,0) (22)

The electron current isnon-zero only if theet and e~ have opposite helicity, as expected from helicity
conservation.

45 Matrix Element Calculation

The matrix element Mj; is proportional to the scalar product of the electron current 4-vectors j, of
Equations (19)-(22) with the muon current 4-vectors j,, of Equations (8)-(11):

e2

My = _;(je-ju) : 2y
This scalar product is non-zero for only four of the 16 possible helicity configurations:
epel — ppip : Mgpr o< 2E(0, — ,0) - 2E(0, — cos 0, i, sin 0) (23)
erel — Wy py Mgy, o< 2E(0, — ,0) - 2E(0, — cos 0, —i, sin 6) (24)
e e — iy Mg x 2E(0, — 1, i, 0) 2FE(0,— cos 0, 1,sin f) (25)
e e — [ pgy My, < 2E(0,—1,4,0) - 2E(0, — cos 0, —i,sin0) . (26)



Here, the first suffix on the matrix elements M, ; |abelsthe helicity of the e~ and the second labels the
helicity of the .~ For the processe; ej; — i i of Equation (26) for example, wherethee™ and p1—
are both left-handed, the matrix element is

2
My = — S [2B(0,—1,4,0) - 2E(0, — cos 0, —i, sin )]
S
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= —— 4E%(—cosf — 1) .
s

The sum of theinitial four-momentaisp; + p, = (2F,0,0,0), sothat s = (p; + p»)*> = 4E*. Hence
My, = €*(1 4+ cos) .
The matrix element squared is therefore
|My|? = (47a)*(1 4 cos #)?

where o = e?/4m ~ 1/137 is the fine structure constant. The matrix elements for the remaining
helicity configurations, Equations (23)-(26), can be evaluated similarly, giving

|MLL|2 = |MRR|2 = (471'0()2(]. -+ cos 9)2 (27)
|MLR|2 = |MRL|2 = (471'0()2(1 — COS 9)2 . (28)

From Equation (7), the corresponding differential cross sections are then

d d 2
;’5 - ggR - %(1 + cos )? (29)
d d 2

((jng)R = ggL = Z_s(l —cos )% . (30)

Thetotal cross sections are obtained by integrating over § and ¢ using

+1 1
1+ cosf)?dQ = 27 licosﬁzdcosﬁz—&r.
3

1

Thisgives

Ao

3s

OLL = ORR = OLR = ORL =

Note that, in ete™ annihilation, the propagator factor 1/¢*> = 1/(p; + p2)* = 1/4E? in the matrix
element is afinite constant, leading to atotal cross section which is also finite. Thisisin contrast to
the case of elastic scattering processessuch ase™p~ — e~ u~, to be considered shortly, where the
propagator factor will result in a cross section which isformally infinite.

The (1 + cos §)? angular dependences found above can be understood simply intermsof S = 1 spin
wavefunctions and Part 1B Quantum Mechanics (see Section 4.8 below).



4.6 Unpolarised ete™ — putpu~ Cross Section

Equations (29) and (30) represent the differential cross sections for the scattering of a polarised
(purely left-handed or purely right-handed) beam of electrons from a polarised beam of positrons,
into afinal state wherethe 1.+ and 1.~ both have a definite polarisation. Although polarised e* beams
can indeed be produced (about 80% polarisation is achieved for the electron beam at SLAC for ex-
ample), the more typical situation (as at LEP for example) is that the e™ and e~ beams are both
unpolarised, i.e. effectively an equal mix of left-handed and right-handed particles. Usually, aso,
experiments are insensitive to (i.e. cannot determine) the polarisation of the outgoing ™ and 11~ .

Typically therefore, the cross section of relevance to experimentsisthat where all initial state particles
are unpolarised and al final state polarisations are counted without discrimination. This cross section
is calculated by taking an average over the possible spin states of the initial-state particles and a sum
over the possible spin states of the final-state particles. We thus need to consider the spin-averaged
matrix element squared (| My;|?) given by

(IMef*) = 5 - 5 (IMre[” + [Mig|* + [Mgo* + [Mrs[)
where thefirst factor of ; averages over the e™ spins and the second averages over thee™ spins®.
From Equations (27) and (28), we obtain

(| My]?) = i(47ra)2 [2(1 + cos 0)* + 2(1 — cos 9)2]
= (4ma)?(1 + cos? 0) .
The differential cross section is then given by substituting into Equation (7):

do

— = ——(4ra)?(1 29) .
10 647r23( ma)” (1 + cos” 0)

Hence, for unpolarised high energy e*e~ — p 1~ annihilation in the centre of massframe, we obtain

do o

= 4_3(1 + cos” ) (32)

where 6 is the direction of the outgoing 1.~ with respect to the incoming e~ direction.

Thetota unpolarisede™e™ — ™~ QED cross section is obtained by integrating over 6 and ¢ using

J(1+cos?0)dQ =27 [(1 + cos?f) dcosh = 37

Ao
3s |’

+

olete = ptu) = (32)

which iS&l&)jUStU = % . % . (ULL + Oo1R + ORL, + URR)-

Note that the rule that matrix elements (amplitudes) should first be summed and then squared, o o< |M 1 + Ma+. .. |2,
is not appropriate here. This formalism applies when two or more amplitudes describing exactly the same overall process
are to be combined. Instead, in the case being considered here, the quantity (| M ¢;|?) should be thought of as an average
over four completely separate processes distinguished by their different initial and final spin states: ezel” — ug i,
eRel = A, [, er ey — MR/, er e = Ay, fig-



In leading-order QED, the four helicity combinations RR, RL, LR, LL combine together with equal
strength, resulting in the symmetric (1 + cos? #) angular distribution of Equation (31). For the weak
interactions, where the virtual photon is replaced by avirtual Z°, we shall find that the left- and right-
handed cross sections have different magnitudes as a consequence of parity violation, resulting in an
asymmetric angular distribution .

47 ete~ — hadrons

The total and differential cross section formulae derived abovefor ete™ — it~ apply equally well
tothecasee™e™ — (q, wherethefinal state is a quark-antiquark pair, except that an additional factor
of 63 is needed to account for the (fractional) electric charge e, of the quark and an additional factor
of N. = 3 isneeded to account for the fact that each quark comesin three colours. In this case, the
total spin-averaged cross section of Equation (32) becomes

_ _ 4
e —>qq):3e§ R

+

ole

The quark and antiquark are not detected as free particles but instead fragment or hadronise into
separate collimated jets of hadronic particles which are approximately back-to-back in the centre of
mass frame. A quark (or antiquark) of energy 20 GeV for example produces a hadronic jet containing
on average about 7-8 long-lived charged particles (mainly 7+ but also some K*, p, p, e*, uF) plusa
similar number of neutral particles (mainly photons from 7° — -~ decays but also some K°, K°, n,
m). Gluon radiation from the quark or antiquark can result in additional jets.

The jets produced by the different flavours of quark (u, d, s, ¢, b) 8 have very similar properties, so
that in practice it is difficult to measure the cross sections for each quark flavour separately °. Instead,
what is usually measured is the combined cross section into all possible hadronic final states:

2

o(ete” — hadrons) = E olete” = qq) =3 < E e?) 47;&
s

q q

where the sum runs over all quark flavours which are light enough to be produced at the given centre
of mass energy (i.e. al quark flavours for which m, < £/5).

A very useful quantity istheratio R of hadronic to muonic cross sections:

o(ete™ — hadrons) .
=3 Z e

R .
oleter — ptp~) !

(33)

q

71t should be noted however that an asymmetric angular distribution does not necessarily imply the existence of parity
violation. At higher order in perturbation theory, for example, pure QED, which is parity-conserving, also predicts a
dightly asymmetric angular distribution.

8Due to its large mass, the top quark t has a very short lifetime and decays (dominantly viat — W + + b) before it
can form hadrons.

9A noticeable exception is the b quark, where high purity samples can be obtained by resolving the short (few mm)
decay path of weakly-decaying B hadrons. This requires the use of silicon detectors, which provide excellent spatial
resolution of order 10 um. To alesser extent, thisworks also for charm quark jets.



Experimentally, this has the advantage that the incoming et and e~ fluxes, which can be difficult
to determine precisely, cancel in the ratio. Equation (33) shows that the ratio R is expected to be a
constant, with step increases occurring whenever an energy threshold corresponding to the production
of a new flavour of quark is crossed. For example, for centre of mass energies in the range /s ~
3 — 10GeV it is possible to produce ut, dd, s§ and c¢ (but not bb or tt) final states, giving the
expectation

R=3[(2/3+(1/3)>+(1/3)*+(2/3)?] =10/3  (V/s~3—10GeV).

Above the bb threshold at /s ~ 10 GeV and below the top quark threshold at /s =~ 350 GeV, we
expect R to increase to

R=3[(2/3)"+(1/3)+ (1/3)*+ (2/3)*+ (1/3)’] =11/3 (Vs ~ 10 — 350 GeV) .

4.8 Part 1B Quantum Mechanics (non-examinable)

The angular distributions (1 = cos )2 found above for theindividual RR, RL, LR, LL cross sections
can be understood simply in terms of the quantum mechanics of S = 1 spin wavefunctions.
We denote the eigenstates of a general spin operator S = (S,, Sy, S.) by |s, m) where
S, |s,m)y =mh|s,m); S?%|s,m) = s(s+ 1)R*|s,m) .
For a system consisting of two spin % particles, the total spin operator S = S, + .55 hasfour possible
eigenstates, namely atriplet of stateswith S = 1 and asinglet with S = 0:
|S,ms) = |L1); [1,0); |1,-1); [0,0) .
These are eigenstates of S, = (S1), + (52), such that (with 7z = 1):
S.|1,1)y =1,1);  S,[1,0)=0; S,[1,-1)=—|1,-1); S,[0,0)=0.

In the case of eTe™ — putpu~ scattering, helicity conservation in QED forbids the total spin states
|1,0) and |0, 0) in both the initial and final states. For Mgy for example, the total spin of theeTe™
initial state was restricted to be S, = +1 aligned along the e~ direction (the z-axis) whilethe it u~
final state was required to have atotal spin projection of +1 aong the ;.~ direction. We are therefore
led to consider the probability
P = (¥, 1)

that an initial state |1, 1) with spin component +1 along the z-axis becomes afina state |¢)) = |1,1),
with spin component +1 along the direction n = (sin 6, 0, cos #). By definition, the state |¢)) is an
eigenstate of 7. S with eigenvalue +1:

(n.S) [¢) = (sin#S, + cos 6S,) |¢) = |¢) (34)
Schematically, the states |1, 1) and |+)) = |1, 1), can be represented as:

L),
.

| >

L1)

10



The state [¢)) = |1,1), can be expressed as alinear combination of the § = 0 eigenstates:
) =all,1) + B 1,0) + 7|1, —1) (35)
where «, $ and v are unknown constants, to be determined, satisfying
o + 18+ " =1. (36)
Equation (34) then becomes
(sin S, + cos0S,) (a|1,1) + B(1,0) + |1, -1) ) = a[1,1) + B[1,0) + v [1,-1) . (37)
The effect of the operator S, onthestates|1, 1), [1,0), [1, —1) ismost easily determined by introduc-
ing the ladder operators S;. = S, £ 1.5, which, for spin 1, have the properties
S4[1,1) =0 S.[1,0) = V2|1,1) S.|1,—1) = V2]1,0)
S_|1,1) =+v2[1,0)  S_|1,0) =+2]1,—-1)  S_[1,-1)=0.

Since S, = £(S+ + S-), wereadily find
1
S, L1y = LS. +S8)|1,1) =-—]1,0
1,1) = 5(S4+5-)1,1) ﬂl )
1 1
Sp11,0) = 1(S,+S.)]1,0) =-—"F=]1,1)+ —=]1, -1
L0)= (S +S)1L0) =51+ 5[ -1)
1
Sy, -1y = LS. +S)1,-1) =—11,0) .
1, -1) = 5(S++5)[1,-1) ﬁ|>
Substitution into Equation (37) then gives
. ol s s gl
O — 1,00 + —=[1,1) + —= 1, -1} + —= 1,0
sing | 251,00+ =L 1)+~ 1 -1+ =5 [1,0)

+cos a|1,1>—’y|1,—1>] = al1,1)+ B 1,00 + 1, 1) .

Equating the coefficients of |1, 1), |1,0) and |1, —1) on both sides of the above equation gives

in 6
S%ﬁ‘FCOSH.O& = «
sin 6
+ —
ﬁ(a 7) s
sin 0

—cosf.y = .
\/56 Y gl

After some straightforward algebra, these equations, together with Equation (36), can be solved to
yield
—11 0) 5—Lsin9 —1(1—(3059)
a= 2( + cos =7 T=5 :
From Equation (35), the probability of a transition from the initial state |1, 1) to the final state |¢)) =
11,1), istherefore

P = |(|1, )] = |af® = ;(1 + cos6)’

11



thereby reproducing the angular dependence found above for thee™e™ — 1+~ cross sections corre-

sponding to M, and Mgir. Similar considerations apply to Mg and Mg;,, where the probability is
givenby [7%| = 1(1 — cos 0)2.

For future reference (W* decay), we note also that for the initial state |1,0), the probability of a
transition to thefinal state [¢)) = |1,1), is

P = [(]1,0)” = |3 = Lsin® 0.

The coefficients o, 3, v are particular examples of what are more generally known as rotation matri-

ces, d’ .. (). In this notation, the results above correspond to

1 1 1
dh :5(1—I—COSQ), di_lzi(l—cosﬁ)7 d(lnz_sing‘

V2

12



5 Electron-Proton Scattering

The central theme of this handout is the investigation of the internal structure of the proton and
neutron via high energy electron-nucleon (or muon-nucleon) scattering. In these processes, a high ¢2
virtual photon is used to probe the structure of the nucleon down to scales of the order of the photon
wavelength. Length scales of order 10~!® m are accessible in current experiments.

We proceed via the following steps:

1) Derive the Lorentz-invariant cross section for the high energy elastic scattering of two non-
identical, massless, pointlike spin-half particles (e~ — e~ p~ scattering, for example). This
cross section will subsequently be used to describe high energy electron-quark elastic scattering
e q—eq;

2) Derive the cross section for electron-proton elastic scattering e p — e p in the laboratory
frame, with the proton target at rest, initialy treating the proton as a pointlike particle and
subsequently taking the finite size of the proton into account;

3) Combine the results from 1) and 2) to obtain the cross section for high ¢? deep-inelastic scat-
teringe p — e X, where the proton breaks up into a hadronic system X after the collision.
Deep-inelastic scattering reveal sthe existence of pointlike quark constituentsinside the nucleon
and allows their quantum numbers and momentum fractions to be investigated.

5.1 High Energy Elastic Scattering
In leading-order QED, the elastic scattering of two non-identical, pointlike, spin % particles, exempli-
fied by the processe 11~ — e, proceeds via a single Feynman diagram:

e

e




In the relativistic limit, where all particle masses can be neglected, the Lorentz invariant matrix ele-
ment for this process was shown in the lectures and in the examples sheet to be given by

ﬁ [(p1-p2) (3-pa) + (D1.pa) (P2-p3)] - (1)

In the centre of mass frame, taking the 4-momentato be

(M) =

m=(E00FE), po=(E,0,0,—F), ps = (E, Esing*,0, E cos %) |
the corresponding differential cross section was found to be

do 202 [1+ (1 + cos6")?]

2
dQx s (1 — cos 6*)2 @
where s is the centre of mass energy squared:
s = (p1+p2)® = 2p1.p2 = 4E° . (©)
10%¢ .
eu ey
1035—
g
e 5
Ps g 102- E
2]
% (]
_ Py - )0 2 Vs =1GeV
c > H < 10 5
P> G 3
o
©
P4 ©
- 1= 3
H g s=10GeV  ;
10_1-....|....|....|....
-1 -0.5 0 0.5 1

coso

It was also shown that a Lorentz-invariant formulation of the above cross section, valid in any refer-
do  2ma?

enceframe, is
7\’
— = 1+ (1+— : 4
T ( i 8) ] @

Here, the four-momentum transfer ¢ (the four-momentum of the exchanged virtual photon) is

q=p1—ps=(E1— E3,p, — P3).
The four-momentum transfer squared is then given by *
= (p1 —p3)* = —2p1.p3s = —2E%(1 — cos*) . (5)

The quantity ¢ isidentical to the Mandelstam variable ¢ introduced in Handout 3.
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A useful quantity for the description of high energy scattering is the dimensionless Lorentz invariant
variable y defined as

D2-P1

In the centre of mass frame, the denominator in Equation (6) is

pe.p1 = 2E7%
while the numerator is
P2.q = pa.p1 — p2.p3 = 2E* — (E? 4+ E*cos 0) = E*(1 — cos 0*) .

Hence y isdirectly related to the centre of mass scattering angle 6*:

Yy = %(1 —cos )|, @)

and must clearly lieintherange0 < y < 1.
Combining Equations (3), (5) and (7), we immediately obtain, for elastic scattering,
¢ =—sy. (8)

In terms of y, the Lorentz invariant cross section of Equation (4) can be written as

do 1 do  27wa?

d—q?_gd_y: 7 1+ (1-y)?]|. 9)

Thefactor of 1/¢* inthe above cross sections comes directly from the square of the photon propagator
contribution, —1/¢* = 1/[2E?(1 — cos #*)], and gives atotal cross section which isformally infinite.
The scattering is dominated by virtual photon exchanges with low ¢2 (i.e. low energy and/or low
momentum transfer) and hence by small scattering angles 6*. Thisisin contrast to the case of ete™
annihilation where the propagator factor 1/¢* = 1/s was afinite constant (= 1/4E? in the centre of
mass frame).

The factor [1 + (1 — y)?] appearing in the above cross section reflects the spin configurations which
are allowed in the scattering. The constant term (= 1) arises from the isotropic component with total
spin S, = 0, whilethe (1 — ) = (1 + cos §*)* term arises from the component with S, = 1.

In Section 5.6, the differential cross section of Egn (9) will be applied directly to the description of
electron-quark elastic scattering, e q — e q.



5.2 Elastic Electron-Proton Scattering

When particle masses are taken into account, for example fore = — e~ scattering withan e
of massm and .~ of mass M, it is shown (optionally) in the examples sheet that the matrix element
squared of Equation (1) generalisesto

(|Mg|?) = 8764)4 [(p1.p2) (P3-p4) + (P1-p1) (P2-D3)

(p1 — D3
— (pl.pg)MQ — (pz.p4)m2 + 2m2M2] (10)

where p; and p; are theinitial and final 4-momenta of the particle of massm (m; = m3 = m) and p,
and p4 are theinitial and final 4-momenta of the particle of mass M (my = my = M).

We now apply this result to elastic electron-proton scattering, e p — e p, where the mass M of
the proton can not be neglected. We work in the laboratory frame, with the proton at rest. The
incoming electron, of mass m, is taken to have 4-momentum p; = (E}, p1), while the target proton
has 4-momentum p, = (1M, 0).

D \6

We consider two cases:

1) thelow energy limit |p,| < m, where the recoil of the target proton can be neglected;

2) the high energy limit E; > m, where the electron mass can be neglected.

The proton will initially be treated as a pointlike particle, and the results subsequently extended to
include the effects of proton structure.

5.2.1 Low Energy Elastice™p Scattering (non-examinable)

In the lab frame, in the low energy limit where the recoil of the target proton can be neglected, the
electron total momentum and energy are unchanged in the collision:

p=pi| = Ips| <my E =FE, = Fj3 (E? = p* + m?)
and the electron and proton 4-momenta can be written:

p = (E,py); p2 = (M, 0); ps = (E,p;); ps=(M,0).



The scalar products appearing in Equation (10) are given by:

p1-D2 = p1.ps = p3.ps = p2.p3 = ME
po.ps = M?
p1-ps = E? — |p,||ps| cos 0 = p* + m* — p® cos O = m?
(p1 —p3)® = (0,p, — p3)? = —(p* + p* — 2p* cosf) = —4p® sin® /2
Substituting into Equation (10):
(|Mg]?) = m [ME-ME + ME - ME —m?>M? — M*m® 4 2m*>M?|

e4

— 2(,.2 2
= gprsmiga MW ]

e2Mm \’
Nl — . 11
(p2 sin? 9/2> (11

In Handout 3, it was shown that the differential cross section for the scattering process1 + 2 — 3+ 4

IS
do 1 1 p% <|Mfi|2>

dQ ~ 64r2 mM ps(E; + M) — Espy cos @
where p; = |p,| and p; = |ps|. Inthiscase, we have p; = p; = p and hence

do 1 1 p? 9
o = ws (| M5i]%)
dQ 6472 pM p(E + M) — Epcosf
1 1
= Mgi]?) .
6120 E 1 M — Eoosg\ Ml
Withp < mwehave E = \/p? + m? ~ m. For negligible proton recoil, we must also have m < M
(which isclearly valid for the electron and proton). Hence we can also take £ < M, giving
do 1
— ~ ————(|My|?) .
a0~ samzap Ml
Substituting for (| M;|?) from Equation (11) gives

do 1 e?Mm

dQ  6472M?2 \ p?sin? 6/2
At very low energy, we have p*> = 2mE’ where E' is the electron kinetic energy (p = mv, E' =
imuv?). Also e? = 4ra with o ~ 1/137 the fine structure constant, giving finally

do (o Y
dQ — \4E'sin’4/2

Thus, in the low energy limit, we obtain the classical Rutherford scattering cross section.

As is well known, the Rutherford cross section describes the scattering of two pointlike charged
particles with zero spin, and thus with no intrinsic magnetic moment. The fact that, at very low
energies, the Rutherford cross section is also obtained for the scattering of spin % Dirac particles
shows that, in this limit, the intrinsic magnetic moment of a spin 1 particle plays no role; only the
charge of the particle matters.



5.2.2 High Energy Elastic e~ p Scattering

We now consider elastic e p — e~ p scattering in the lab frame in the high energy limit p; > m
where the electron mass can effectively be neglected:

p=(B,p);  p2=(M0);  p3=(Es3p;);  ps=(Es,ps)
with
my =mgz = 0; mo = my = M; Ey = |p,|; E3 = |p
In thislimit, the matrix element of Equation (10) becomes

() = 5 ¢ [0 ) + () ) — () 307) (12)

(p1 — P3

The 4-vector scalar products on the right-hand side of this equation which do not involve p, are given
by:

pr1-p2 = ExM p1-ps = E1Es — |py||ps| cos
p2.ps = E3M = E,E3(1 — cosf) .

Using energy-momentum conservation, p; + p. = p3 + p4, the scalar productsinvolving p, can then
be evaluated as

p3-ps = p3.(p1 + p2 — p3) = p3.p1 + p3.pa = E1E3(1 — cosb) + EsM
P1.p4 = p1-(p1 + D2 —p3) =p1.p2 — p1.p3 = E1 M — EIES(l - 0059) .

The square bracket on the right-hand side of Equation (12) isthen

(p1.p2) (p3-p1) + (P1.pa) (P2-p3) — (p1.p3) M?
= FE\M - E3(E; + M — Eycosf) + EsM - E\(M — E3 + E3cosf) — E;FE3(1 — cosf) - M?
= MFE\E;[(Ey + M — Eycosf) + (M — E5 + Escosf) — M(1 — cos6)]
= ME,E;[(E; — E3)(1 — cos0) + M (1 + cos6)]
= 2ME, E; [(E, — E3)sin® /2 + M cos” /2] . (13)
It remains to evaluate ¢* = (p, — p3)* in Equation (12). Neglecting the electron mass, we have
p? = p32 =0, and hence
¢ = (p1 — p3)® = —2p1.ps = —2E1 E3(1 — cos ) (14)
= —4F,E5sin® /2 . (15)
Theenergy transfer £, — E3 appearing in Equation (13) can be expressed in terms of Lorentz-invariant
quantities:
P2-q = p2.p1 — p2-p3 = M(E, — E3) . (16)

Since p; + p2 = p3 + p4, the 4-momentum transfer ¢ can be written also as ¢ = p, — p». Squaring the
equation ¢ + py = p4, noting that p3 = p2 = M?, then gives

@+ 2p0.0=0. (17)
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Combining Equations (16) and (17) then gives
El—Eg,:—q—Q. (18)
2M
Since, from Equation (15), ¢* is always negative, we must have E5 < E, so that, as expected, the
scattered electron always has lower energy than the incoming electron.

Substituting Equations (13), (15) and (18) into Equation (12), the invariant matrix element becomes

864 q2
Mg %) = -2ME,E5 | M cos?§/2 — —— sin? /2
WMl = S Ez nt g2 ! 3( cos” 02 = 5ap s bl
64M2 ) q2
-7 62 — in2g/2) . 19
B\ By sin’ 02 (COS 2= s sl > (19

In the high energy limit where the mass of the electron can be neglected (E; > m), the differential
cross section in the lab frame is given by 2

do 1 E3 2 2
— = M%) .
dQ ~ 64n? <E1M> (M[)

Substituting the matrix element of Equation (19), we finally obtain, for high energy (E; > m)
e”p — e p scattering in the lab frame (assuming for now a pointlike Dirac proton):

2

2M?

do a? E;

- = - @@= 209/9 —
dQ ~ 4EZsin' 02 B, (COS /

in? 9/2) (20)

where a = % /47 ~ 1/137 isthe fine structure constant.

It should be emphasised that the differential cross section above depends on only a single independent
variable, # say. Once 6 is given, the quantities F3 and ¢* appearing in Equation (20) are determined
via a combination of Equations (14) and (18). Equating the two expressions for ¢? in these equations
gives

—2M(E, — E3) = —2E1F3(1 — cos )
which can be rearranged to give F; in terms of cos 6:

E; M

= _ 21
Ey M+ FE;(1—cosf)’ @D

(aresult already derived in Equation (35) of Handout 3). The dependence of ¢ on # can then be found
by substituting for E'3 in Equation (14):

2 2ME?(1 —cosb)
M+ E(1—cosf)’

q (22)

2See Equation (39) of Handout 3.



5.3 Interpretation of the Cross Section Result

The high energy e p — e~ p cross section, Equation (20), is seen to be the product of a Rutherford-
like scattering cross section and some additional factors:

do o? F; ) P .,

—_—= 2 — i 2] . 20)

dQ ~ 1E?sin' 92 F; (COS 92 = Sap s ¥ > (20)
Thefactor E3/E; can beidentified as being due to the target recoil since, in the limit where the recoil
is neglected, we have E3 = E;. In general, from Equation (21), theratio E3/E) isseen to be closeto
unity at small scattering angles (¢ — 0) where the target recoil is small and to become smaller as ¢
increases, fallingto E3/E; ~ M/2FE, at large scattering angles, # — 7, where the target recoil isa
maximum.

The e p — e p cross section of Equation (20) represents scattering from a pointlike, spin L, Dirac
proton. Such a proton would have an intrinsic magnetic moment of magnitude e/2M = e/2m,, i.e.
= 1 in units of the nuclear magneton 1. If the spin % target proton is replaced by a spin O target
particle, it can be shown that the differential cross section is given by Equation (20) with the sin? §/2

term omitted: 1 ) 5
o (07 3 2
— = — " cos°0/2. 23
(dQ) qino  4Efsin' /2 E / 23

Since a spin 0 particle possesses no intrinsic magnetic dipole moment, the sin?¢/2 term in Equa-
tion (20) must be due to scattering from the intrinsic magnetic dipole moment of the spin ; target
proton. The cos? §/2 term, common to both Equation (20) and Equation (23), must be due to scatter-
ing from the proton’s electric charge.

Examples of the cross sections do/dS2 and do/d€Q24ino predicted by Equations (20) and (23) for a
pointlike Dirac target and a pointlike spin zero target are shown in Figure 1 (the curveslabelled “spin
12, = 1”7 and “spin 0", respectively). For small scattering angles 6, the spin-zero and spin-half
cross sections are essentially identical . The effect of the magnetic scattering term (—q2/2M?) sin” §/2
becomes evident at large scattering angles; the spin-zero cross section fallsto zero as ¢ — = while
the spin-half cross section remains finite.

The cos? §/2 factor, present both in Equation (20) and in Equation (23), is a consequence of helicity
conservation in QED. In the relativistic limit, the helicity of the incoming electron is preserved in
the collision. The overlap between the initial and final state electron spin wavefunctions gives a
probability varying as cos? /2, which suppresses the scattering cross section at large angles.

We mention in passing that the cross section

do a? 9
. e S — 0/2 24

(dQ) T et Y (24
is known as the Mott cross section. It lacks the recoil factor E3/E; and represents the cross section
for the scattering of high energy electrons from a heavy, spinless, fixed potential.

Finally, we note that Equation (20), the cross section for scattering from a pointlike, spin-half, Dirac
proton, can be written in the form

do do 9
ol (ELM [1 + 27 tan” 6/2] (25)
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Figure 1. Differential cross section do/df2 for elastic e "p scattering in the lab frame, for electron beam
energies of 0.5GeV and 10 GeV, for various assumptions about the spin and structure of the target proton.

where we have introduced the dimensionless, L orentz-invariant quantity = defined as

—q

e >0

T

5.4 Scattering from a Finite Size Target

Thus far, the target proton has been assumed to be a pointlike particle. We now extend the above
results to take into account the finite spatial extent of the target proton (or neutron).

Assuming that the scattering is due to the exchange of a single virtual photon, it can be shown that
the lab frame pointlike cross section of Equation (25) generalises to the Rosenbluth Formula

do do G +1GY
— = _ k"M 2 2 2 9
10 (dQ>spino[ T + 217Gy tan” 0/

(26)




where the electric and magnetic formfactors G (¢?) and Gy (¢?) are functions of the four-momentum
transfer squared ¢2. These form factors can not be predicted from first principles but must be deter-
mined from experiment. Aswe now demonstrate, they provide information on the spatial distribution
of electric charge and magnetic moment within the proton or neutron.

The four-momentum transfer ¢ = (E; — Ej3, @) isacombination of an energy transfer £, — E; and a
three-momentum transfer q. Using Equation (18), the four-momentum transfer squared ¢? is

2\ 2
2:E—E2—2:1 —aq’. 27
¢ = (B - E3)* —q <2M q (27)
When |¢?| < 4M? ~ 4GeV?, or equivalently when 7 < 1, the term (—q%/2M)? can be neglected
relative to ¢>. We then have £, ~ E; and ¢° ~ —q?, o that the four-momentum transfer ¢ =

(Ey, — FEj3, q) becomes approximately a pure three-momentum transfer: ¢ ~ (0, q). Also, in thislow
|¢?| regime, the Rosenbluth formula, Equation (26), becomes

do a? Es

— o~ 2 [G% cos? /2 + 27G?, sin® 0/2 28
dQ " 1E?sin? 02 B, |G cos® 62 + 27 Gy sin” 6/2] (28)

where Gg(q?) and Gyi(g?) now depend only on the three-momentum transfer squared. Comparing
with the original pointlike cross section of Equation (20), we see that, at low |¢?|, the cos? 6/2 term
associated with scattering from the electric charge of the target is multiplied by a factor G(q?)?,
while the sin? /2 term associated with scattering from its magnetic moment is multiplied by a factor
GM(QQ)Q.

In the Part 11 Particle and Nuclear Physics course, it was shown that the effect of scattering from a
spatia electric charge distribution p(r) via a three-momentum transfer g could be taken into account
by multiplying the differential cross section by an additional factor |F(g?)|*:

do (d(j) or 1o
- = |30 |F(q)|
dQ d§ pointlike

where the formfactor, F'(q?), isthe Fourier transform of the charge distribution:
F(@) = [ €97 p(r) dr.

Equation (28) thus shows that, at low |¢?|, the electric and magnetic form factors G (¢?) and G (q?)
can be interpreted as Fourier transforms of the charge and magnetic moment distributions p(r) and
p(r) within the target: 3

Gr(q?) ~ Gil(q?) = / e9T () d¥ (29)

Gu(q?) ~ Gu(g®) = /eiq'ru(r) d®r . (30)

3More generally, this interpretation of the form factors as Fourier transforms of charge and magnetic moment spatial
distributions holds in a L orentz frame known as the Breit frame. Thisis defined as the frame in which the virtual photon
carries zero energy (but non-zero three-momentum) and depends on the value of ¢ 2. For low values of ¢2, the Breit frame
and the lab frame approximately coincide.
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In the limit ¢ = 0, Equation (27) shows that g> = 0, and hence also ¢ = 0. Applying this limit to
Equations (29) and (30) then shows that G';(0) isjust the total charge of the target and G';(0) isits
total magnetic moment:

With the electric charge measured in units of +e and the magnetic moment measured in units of the
nuclear magneton 1.y = efi/2m,,, we therefore expect, for proton and neutron targets,

Gp(0) =1 G (0)
G(0) =0 G (0)

My = +2.79
My = —1.91

where the numbers on the right are just the experimentally measured magnetic moments of a free
proton or neutron.

Equation (26) shows that G (¢?) and Gi\i(¢?) can be determined experimentally by plotting the ratio
(do/dQ)/(do/dQ)gino as a function of tan? §/2, at a fixed vaue of ¢*. This would be expected to
result in a straight line with a slope and intercept (at ¢ = 0) equal to

Gr(q?)? + 7Gul(g?)?

slope =2 %)? intercept =
ope = 217G\ (q¢7)”, intercep T r

b

from which the values of G (¢*) and Gu(g?) can be extracted. (Note that 7 = —¢*/4M? is fixed
when ¢2 isfixed). When @ is varied keeping ¢? fixed, the electron beam energy £, must be varied at
each data point according to Equation (22), and, at each point, the scattered electron should have a
well defined energy E; given by Equation (21).

The data are consistent with the above expectations, thereby confirming that single virtual photon
exchange is the dominant scattering mechanism. The measured form factors can be reasonably well
fitted to a dipole function of the form

Go(¢°) ~ Gu(@) , Glle) 1
E 2.79 —1.91  (1+|q?/q5)?

(31)

where ¢, is a constant with measured value ¢2 ~ 0.71 GeV?*. The measured electric form factor for
the neutron is consistent with zero, G1(¢%) ~ 0, as expected. It is shown in the examples sheet that
the dipole form above corresponds to an exponentia charge distribution, p(r) = pee~ %", with an
r.m.s. chargeradius /(r2) = \/12/g, ~ 0.81 fim.

For a pointlike target, the form factors G (¢*) and G (¢?) would be constants, independent of ¢2. In
particular, for a pointlike Dirac proton with a magnetic moment of one nuclear magneton (i = 1), a
comparison of Equations (25) and (26) shows that we would expect Gh(¢?) = 1 and GX(¢?) = 1
for all values of ¢, in obvious disagreement with the data. More generally, a pointlike proton with an
anomal ous magnetic dipole moment equal to 1 nuclear magnetons would give G}, (¢*) = p for al ¢*
and adifferential cross section

d d 1 2
o ( 0) [ T + 27 tan? 0/2] . (32)
spin 0

E: a0 1+7

11



The effect of varying the assumed magnetic moment of the proton and of taking into account the
finite size of the proton is summarised in Figure 1. The curveslabelled “spin 1/2, ;, = 2.79” show the
predicted cross sections from Equation (32) for a pointlike proton with its measured magnetic dipole
moment, while the solid curves labelled “spin 1/2, dipole ff” show the actual cross section including
form factors with the dipole form of Equation (31). The suppression of the cross section due to the
finite size of the proton (by many orders of magnitude for a beam energy of 10 GeV for example) is
clearly evident.

5.5 Deep-Inelastic Scattering

As the energy of the incoming electron is increased, and hence the average value of |¢?| increases,
the elastic scattering process e p — e~ p gradually gives way to inelastic scattering e p — e~ X
where, as a result of the collision, the proton target breaks up into a hadronic system X containing,
for example, a proton plus one or more pions. When |¢?| islarge (|¢%| > M?, i.e. the energy and/or
momentum transferred to the proton target viathe virtual photonislarge), thisistermed deep-inelastic
scattering (DIS).

Ps

P>

Ix

5.5.1 Kinematicsof inelastic scattering

For inelastic scattering, e p — e~ X, the mass of the final state hadronic system is no longer fixed to
be the proton mass M, i.e. we lose the constraint p7 = M?. Infact, since the hadronic final state must
contain at least one proton or neutron, we must have Mx > M where M2 = p? and p, is the total
four-momentum of all the particlesin the system X.

At thispoint, it is useful to introduce the dimensionless Lorentz invariant Bjorken scaling variable

2
xTr = Q ,
2p2.q
where the positive quantity Q? > 0 is defined as
Q' =—¢




Squaring the equation py, = g + p- gives
Mg =pi=(q+p2)®=—Q+2p2.qg+ M* .

Since Mx > M, we must have Q? < 2p,.q, and the variable » must therefore liein the range

0<zr<l1 (inelastic) | .

For elastic scattering, we have My = M and therefore smply

r=1 (elastic) | .

It isalso very useful to reintroduce the Lorentz invariant variable i defined in Section 5.1 above as

P2-p1

In the centre of mass frame, for the elastic scattering of two massless particles, it was shown earlier,
Equation (7), that y = %(1 —cos#*),andhence0 < y < 1. Inthelab frame, with proton 4-momentum
pa = (M,0,0,0), we have

_ DP2q _ M(E, — Ej3) :1_%
P2-P1 ME, E -

Thus, in the lab frame, y can be interpreted as the fractional energy lost by the incoming electron.
Since F5 < F; weagainseethat 0 < y < 1.

The centre of mass energy squared of the electron-proton collision (still neglecting the electron mass;
pt=p;=0)is
s =(p1+p2)® =2p1.po+ M.
Therefore
yo L me_ @ @
2D2.q p2.p1 2Dy s — M?’
sothat 9%, x and y are not independent variables but are related via

T

Q*= (s — M*)xy.

Finally, we mention that it is common to introduce a further Lorentz-invariant quantity v, defined as

P2
2

14

In the lab frame, we have p,.q = M (E; — Ej3), and hence v isjust the energy transfer:
VvV = E1 - E3 .
In terms of v, the scaling variables x and y are (in any frame)

Q? oM
y_S—MZZ/,

so that y and v are related simply by a constant scale factor 20 /(s — M?).

v OMv’
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5.5.2 Inelastic scattering cross section

To motivate the general form of the deep-inelastic scattering cross section, we return briefly to the lab
frame Rosenbluth cross section for e"p — e~ p elastic scattering:

do a? E; [G} + TG} :
0 = B Ej [ El — M cos? §/2 + 271G sin? 9/2} : (33)
i

It is shown on the examples sheet that this cross section can be written in the Lorentz invariant form 4

do  4ma? [GE + G, M?y? 1 5
i@~ e (o) ]| )

For inelastic scattering, e p — e~ X, it can be shown that the differential cross section is a straight-
forward extension of Equation (34):

d’c  4ma? [(1 L M2x2y2> Fy(z, Q%) N 1y22xF1(:v,Q2)] | (35)

dzdQ? - Q4 Q2 9

T 2 T

where F(z,Q?%) and Fy(z,Q*) are dimensionless functions known as structure functions. Equa-
tion (35) is the most general possible form for the inelastic cross section assuming only Lorentz
invariance, single virtual photon exchange, and conservation of parity. The reason for writing the F;
contribution as (22 F;) /x rather than simply as 2F; will become clear shortly.

The loss of the constraint x = 1 implies that, instead of depending on only a single independent
Lorentz invariant (e.g. Q2 or ), the inelastic cross section depends on two independent Lorentz in-
variants (e.g. = and Q% or  and ). Inelastic scattering is therefore described by a double-differential
cross section d?c /dzd@? or d?c/dzdy. Since F; and F, depend on z as well as Q?, they can no
longer be interpreted as Fourier transforms of spatial charge or magnetic moment distributions. In-
stead, we shall see that they give information about the fractional momentum distributions of the
guarks and gluons making up the nucleon.

The structure functions F; and F» can not (yet) be predicted from first principles but must be deter-
mined experimentally. All the relevant kinematic quantities (z, y, Q) can be measured by detecting
the scattered electron alone; the final state hadronic system does not have to be measured °. In the

4Note that for high energy (Q2 > M?) elastic scattering from a pointlike spin-half Dirac target, for which G (¢?) =
Gwm(q?) = 1, we recover Equation (9):

do dra® 1, 2ma’ 9
07T o {(1—:‘/)1“52/ ] —?[1+(1—y) ]-
Note also that at high 2, the dipole form for the form factors gives G (Q?) ~ 1/Q*, Gu(Q?) ~ 1/Q*, and hence
do 1
IR

making clear that the elastic cross section falls off very rapidly as @ 2 increases.
5In practice, the hadronic system is often also detected. This provides a second, independent determination of the
kinematic variables, which can be very helpful in reducing experimenta uncertainties, for example.
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laboratory frame, for example, the quantities 2, x and y can be computed from the scattered electron
energy F5 and angle # using

Q* = 4E, E3sin® /2 pe 1B
143 ) 2M(E1—E3), Y El'
It is shown in the examples sheet that, in the lab frame, the deep-inel astic cross section takes the form
d? 2 F. 6 2F 0
o a ~2 cos® = + = sin® = (36)

dE;dQ ~ 4E?sin‘g2 | v 2 M 2

where v = E; — Ej3 isthe energy carried by the virtual photon. To measure F'; (z, Q?) and F»(z, Q?)
for given values of 2 and Q? requires the cross section to be measured at several different scattering
anglesd, for severa incoming beam energies F,. Thisis considered further on the examples sheet.

The formalism above applies equally to electron-proton and electron-neutron scattering, with each
process having its own structure functions, Fy*, F,°, F¢", Fi". In the deep-inelastic regime, Q* >
M?, Equation (35) becomes

d?c®®  4ma? FY 1 ,22FP®
d?o*" Ao’ Fsr 1 ,2xFT"
dzdQ2 ~ QF {(l_y) 2 } (38)

5.5.3 Bjorken scaling and the Callan-Grossrelation

The first deep-inelastic scattering experiments were carried out at the SLAC laboratory in California
beginning in the late 1960's, using a 20 GeV electron beam from a two mile long linear accelerator.
A striking and surprising feature of the structure functions measured in these experiments was that F';
and £, were found to be approximately independent of ()2 at afixed value of :

Fl(.'I],QQ) — Fl(.Z'), FQ(I,Qz) — FQ(I) .

Thisisknown as Bjorken scaling, and strongly suggests that the scattering is taking place from point-
like constituents within the proton. If the proton contained some internal structure whose Fourier
transform was characterised by a constant, @2, then the (dimensionless) structure functions would
be expected to depend on @Q? through the dimensionless combination Q2/Q2, just as for the elastic
scattering dipole form factors G and G\, of Equation (31). For pointlike constituents on the other
hand, such terms can not arise and no ?-dependence of the structure functionsis possible. Bjorken
scaling is analagous to the constant elastic form factors which would be expected for scattering from
apointlike proton.

Bjorken scaling can also be understood through a consideration of the wavelength A ~ h/|q| =
27 /|q| of the virtual photon exchanged in the scattering, though it should be said at the outset that
the concept of wavelength for virtual particlesis a somewhat delicate concept. In the lab frame, the
four-momentum of the virtual photonisq = (v,q) wherev = E, — F3 = Q?/2Mz. The relation
q* = v* — |q|? then gives




For % > M?, we then obtain a wavelength
2r _AmMz
ol @

The fact that the cross section is independent of (Q? at fixed x then implies that the scattering is
independent of the photon wavelength. This is exactly what would be expected if the photon were
scattering from a pointlike object: a point looks like a point at any wavelength.

Besidesthe observation of Bjorken scaling, another important feature of the datawas that the structure
functions F; and F» were found not to be independent functions but to be related to each other by the
Callan-Grossrelation

Fy(z) =2z F(x)|.

We shall see below that the Callan-Gross relation arises naturally if the pointlike constituents within
the proton are spin-half particles.

5.6 The Quark-Parton M odel

The deep-inelastic cross section expressions in the previous section are completely general in form;
they assume only Lorentz invariance, the dominance of single-photon exchange, and parity conser-
vation. We now derive specific predictions for the form of these cross sections based on a model of
elastic scattering from pointlike spin-half congtituents, known as the parton model .

The key assumptions of the parton model are that the virtual photon scatters elastically from point-
like constituents (partons) within the nucleon, and that these constituents can be considered to be
“guasi-free” particles. Given that no free quark has ever been seen and that quarks are believed to
be permanently confined within hadrons, the assumption that quarks can be treated as effectively free
particles within the nucleon seems somewhat questionable. The justification for this assumption came
after the introduction of the parton model, and relies on a property of QCD known as asymptotic free-
dom. Thisrefersto the fact that the strong coupling “constant” «;(Q?) actually falls with increasing
Q?. At large %, binding effects due to the strong interaction are effectively much reduced and the
struck quark can be treated as a free particle.

6The term parton was introduced by Feynman to refer to putative pointlike constituents within the nucleon, at atime
before the existence of quarks as real particles was generally accepted.
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The parton model is most easily formulated in the infinite-momentum frame ” where the proton (or
neutron) is moving with very high energy: p, = (FE», 0,0, Ey) with E5 > M. In this frame, the
parton mass and transverse momentum can be neglected; the parton can be assumed to be moving
paralel to the proton direction with a four-momentum p, which is a fraction £ of the proton’s four-
momentum p,:

P2 =Eps .

After the interaction with the virtual photon, the scattered parton has four-momentum £ps + ¢. Since
the parton can be taken to be massless, we then have

0= (Ep2+q)* = 2p2q — Q°.
Recalling that Bjorken x is defined as = = Q% /2p,.q, we then obtain
E=x|.

Thus, inthe parton model, Bjorken x can be interpreted as the fractional parton momentumin aframe
where the proton has very high energy.

The centre of mass energy squared, s, for the underlying scattering of an electron of 4-momentum p,
from a quark of 4-momentum p, = xp, isgiven by

$=(p +ﬁ2)2 = (p1 + 33102)2 = 2xp1.p2 = TS .
Similarly, the quantity ¢ appropriate to the electron-quark collisionis

P2-q _ P24 _ P29 _

P2-P1 Ip2.-p1 D2-D1

U =

)

i.e. thevalue of y for the electron-quark scattering is the same as that for the electron-nucleon scatter-
ing.

"Thisformulationis usually referred to as the naive parton model. The parton model can also be formulated in afully
relativistically covariant manner.
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The differential cross section for the underlying electron-quark scattering can be taken directly from
Equation (9) of Section 5.1:

do 2ma’? R 2w’
TQZZ Q* 63 [1+(1_y)2] - Q!

where we have included a factor of 62 to take into account the quark charge e, (in units of +e).

62 [1 +(1- y)z}

The momentum fraction x carried by a particular parton within the nucleon (the d quark within the
proton, for example) isnot fixed, but varies as partons exchange momentum with each other. In QCD,
thisisdue to the exchange of gluons between different quarks. To take thisinto account, we introduce
parton distribution functions u?(z), dP(x) etc. where, for example, u?(x)dz is defined as the number
of u quarksin the proton with a momentum fraction lying between x and = + dx. The contribution to
the overall cross section due to scattering from quarks of flavour g in this momentum range is then

do 2ra’?
dQ? — Q*

Summing over all possible flavours of quark and dividing by dx gives the overall electron-proton
differential cross section

14+ (1—y)*] - €2 ¢®(x)dx

d?oeP 2w’
= 1 (1-—
g~ g L (-’ Ze ¢

The summation over quark flavours must take into account not only the valence quarks (uud) or
(ddu) in the proton or neutron, but also the quark-antiquark sea that can be produced by higher order
processes such as g — ut, g — dd etc.. Including scattering from sea quarks and antiquarks, the
€l ectron-proton scattering cross section becomes

d?o°P 2ma? 4 1 4 1—
= 1+ (1—y)?] |~uP ~dP —7P ~d’ 39
S = e L+ -] [ + @) + g + 0| (@9
where possible contributionsfrom the heavier seaquarksss, c¢, bb have been neglected. Thefunctions
uP(x) and dP(x) contain contributions from both valence and sea quarks, while the functions ()
and d’ (z) receive only sea contributions.

Noting that

1
L+ (1-y)*=2 [(1—y)+§y2] ,
we see that the cross section predicted by the parton model, Equation (39), has the same structure as
the general deep-inelastic cross section of Equation (37). Comparing the coefficients of (1 — y) and

%yQ in these two equations immediately gives the parton model predictions

P (0, Q2) = 20F" (0, Q1) = | o

1 4 1-p
5 () + =dP(x) + =TP(x) + §d (z)

9 9

Hence the quark-parton model naturally predicts the Callan-Gross relation F, = 2xF). Thisrelation
is a consequence of quarks being pointlike spin-half Dirac particles, and hence there being arelation
between the electric charge of the quark and its magnetic moment. For spin-zero quarks, which
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have no intrinsic magnetic moment and hence no magnetic scattering sin? /2 term, we would instead
expect F7 = 0.

For electron scattering from neutrons, rather than protons, the parton model cross section hasthe same
form as Equation (39) but with the suffix 'p’ replaced by 'n’:

1+ (1— )] Fun(x) + () + 2o () + %d (g;)} | (40)

d’c*™  27ma?
ded@? Q4
Comparison with Equation (38) then gives

9 9 9

Fe" (2, Q) = 20F (2, Q%) = 1 [gu%x) b 5d'(@) + 57 () + gm] |

Since the quark content of the proton is (uud) and of the neutron is (ddu), we expect the roles of the u
and d quarks to be symmetric between the proton and the neutron: 8

u'z) = d°(z),  d(z) = uP(x),

and hence obtain parton model expressions for the structure functions which avoid the need for “p”
and “n” suffices:

FP = 90 F® = 3 [gu(x) + %d(x) + gﬂ(x) + éa(x)] (41)
FE = 20F — g [gd(x) + gu(e) + gd(r) + éﬂ(x)] (42)

Hence, by measuring both 73" (x) and F3* (x), the parton distribution function combinations u () +
u(z) and d(z) + d(z) can be extracted from the data.

5.6.1 Structurefunction integrals

Integrating the parton model predictions of Equations (41) and (42) over therange 0 < = < 1 gives
the total areas under the structure functions F,” (x) and F3" (x):

! ep i ! 4 1 4 1— B 4 1
/O Fy(z)dz = /0 @ {gu(x) + gd@) + gulr) + §d(x)] do = o fut 5 fa
e T[4 1 4o 1 4,1
/O F3'(x)dz = /0 @ [gd(x) + gule) + gd(@) + §u(x)} do = o fat 5 fu

8This symmetry between u (d) quarks in the proton and d (u) quarks in the neutron is known formally as isospin
symmetry and will be considered in detail later.
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where we have introduced the quantities f,, and f, defined as

1 1
fu = / z [u(z) + u(r)] de, fa= / z [d(z) + d(z)] dz .
0 0
Since u(z)dz is the number of u quarks in the proton with fractional momentum z to = + dz, and
similarly for u(x)dz, we can interpret f, asthe overal fraction of the proton’s momentum carried by
u quarks plus  antiquarks. Similarly, f, isthe overall fraction of the proton’s momentum carried by
d quarks plusd antiquarks.

Experimental measurements of these integrals give fol Fy?(z)dz ~ 0.18 and fol F$*(z)dz =~ 0.12,
which can be used to infer
fu~036,  f120.18.

Hence the average total momentum carried by u quarks plus w antiquarks in the proton is about twice
as large as that carried by d quarks plus d antiquarks, which seems reasonable, but the overall total
fu + fq accounts for only around 50% of the proton’s momentum. The remaining ~ 50% must
be carried by constituents which can not interact with virtual photons, and are therefore electrically
neutral. In QCD, these constituents are the gluons.

5.6.2 Valence and sea quarks

The functions u(x) and d(x) can be resolved into valence and sea components:
u(@) = uv(z) +us(z),  d(@)=dv(z)+ds(z)

where the valence quarks (uud for the proton and udd for the neutron) are the quark model constituents
of the proton or neutron and the sea quarks are produced in higher order QCD processes such as
g — ut and g — dd. Since the proton contains two valence u quarks and one valence d quark, the
integrals over all = of the distribution functions uy (x) and dy (x) are expected to be

/01 uy(z)de = 2, /01 dy(x)dz = 1.

The total number of sea quarks and antiquarks is not known a priori and there is therefore no corre-
sponding constraint on theintegrals of us(x), ds(x), u(x) and d(x).

A reasonable expectation would be that all quark and antiquark sea components have the same mo-
mentum distribution, characterised by a common distribution function S(z) say:

u(z) = uy(z) + S(z), d(z) = dy(z) + S(z), u(z) = d(r) = S(x) .

In this picture, the parton model predictions for the structure functions of Equations (41) and (42)
become

FP(e) = Euv(x) +sdv(a) + %sw)}
F'z) == Edv(x) + %uv(x) + %S(x)] :
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Information on the valence components alone can then be obtained by taking the difference of these
two expressions:
o en 1 1
FyP(2) = B"(2) = 2 | guv(2) — 3dv(z)

The effect of the sea can be demonstrated by forming the ratio

F5™(x)  4dv(z) + uy(z) + 10S(x)

F5P(z)  duy(z) + dy(x) +10S(z)
Higher order processes such asg — u, g — dd would be expected to involve mainly low energy
gluons, because of the 1/¢? gluon propagator. We therefore expect the sea to consist mainly of low

energy quarks and antiquarks, and for the sea distribution S () to dominate completely as x — 0. In
thislimit we therefore expect

F5* ()

F5P(x)
and this prediction is borne out by the data. By contrast, at large values of =, we would expect the sea
contribution to be negligible:

Fsi(x)  4dy(x) 4 uy(x)

FP(x)  duy(z) + dy(x)
A reasonable guess would be that the momentum distribution functions of u and d valence quarks
within the proton have the same shape. In this case, we would expect uvy (z) = 2dy(x), reflecting
the fact that there are twice as many valence u quarks as d quarks in the proton. This would give
F$"(z)/F3P(z) — (2/3) asx — 1. Infact, the data show rather that F5"(x)/FyP(x) — (1/4) as
x — 1, giving dy(z) < wuy(x) inthislimit. The relation uy(z) = 2dyv(z) thus holds only rather
approximately, for reasons that are not well understood.

—1 a z—0,

as r—1.

The figure below shows parton distribution functions resulting from a recent fit to all available deep-
inelastic scattering data, including data from neutrino-nucleon scattering experiments, to be consid-
ered later.
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The u and d valence quark distributions peak at about x ~ 0.2 and approximately satisfy uvy(z) ~
2dvy(z), but there are visible differences in the shapes of these two distributions. The sea quark
distributions all rise rapidly towards small values of x. For x < 0.2, the overwhelmingly dominant
constituent of the nucleon isthe gluon.
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5.7 Summary

For convenience, we summarise below the Lorentz-invariant kinematic variables used to describe
elastic (eN — e~ N) and inelastic (e"N — e~ X) electron-nucleon scattering, and collect together
the main cross section formulae for these processes.

5.7.1 Kinematic variables

The square of the centre of mass energy of the electron-nucleon collisionis
s =(p1+p2)® =2p1.po+ M.

The four-momentum transfer squared of the virtual photon is

Q' =—¢"=—(p1—p3)®>0.
The scaling variables =z and y are defined as
_ Q? _ b2q
€r = s Yy = y
2ps.q P2-P1

and cover theranges0 < = < 1,0 < y < 1, withz = 1 for elastic scattering. The variable v is

defined as
P2.q

14 ﬁ .

The quantities s, Q?, z, y, and v above are all Lorentz-invariant. They are related via

2
, , L Q _2M
@ ==y, w=g Y= TEY

In the laboratory frame, with incoming electron beam energy E;, we have

E
s=2ME, +M?  Q%=2E FEs(1 —cosf), y:1—53, v=E — Es,
1

where F5 and 6 are the energy and angle of the scattered electron.

In the centre of mass frame, for the elastic scattering of two massless particles (electron-quark scat-
tering for example), we have
y=3(1—cosf").
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5.7.2 Crosssection formulae

For the elastic scattering of two pointlike particles, neglecting al masses, the Lorentz-invariant cross
sectionis 1 d o2
g o T
— == 1+ (1—y)?] . 9y
dg?2 ~ sdy 7 [_'_( y)] 9)
For elastic electron-nucleon scattering, treating the nucleon as pointlike, and neglecting the electron
mass, the differential cross section in the lab frameis

do o? Es 9 q?
o= o2 — in2g/2 ) . 20y
dQ ~ 4E2sin' 02 E, (COS 2= s ) (20)

For elastic electron-nucleon scattering, taking the finite size of the nucleon into account via elastic
form factors G (¢*) and Gyi(g¢?), the covariant and lab frame (Rosenbluth formula) cross sectionsare

do ldo  4ma? [GE + 7G3, 1
dQ2 ~ sdy 1—y) + y°Gy| 34y’
dQ? s dy Q4 { 1+ 7 ( y)+2y M:| ( )
do o By [GR4TGY
dQ 4E§sin49/2E1[ 1+r ° /2 + 27 Gy sin /} (26)

For deep-inelastic scattering, the covariant and lab frame cross sections are

d*c 4’ Fy(z,Q% 1 ,2zF (x,Q?)
— =gy 2&) | D s G| 35
e [( ML LA ] (35)
d20' a2 F2 29 2F1 29
_ kPRI RN I 36y
dE,dQ ~ 4E?sin' g2 [y ST 2] (36)

The parton model predictions for the electron-proton and electron-neutron deep-inelastic scattering
cross sections and structure functions are

dd;g; - 252 [ (=] {g“(x) + ) + %%) + %E(x)} - (39)
ddjg; - 222‘2 1+ (1-y)] {gd(x) + gulr) + gd(r) + ém)} | (40
B =2kt =c E“(ﬂﬂ) t %d(ﬂc) + gﬂ(x) + %E(a:)] . 41y
F& = 2rF™ =g Ed(x) + %u(x) + ga(x) + %U(m)] , 42y
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6 Colour Forces

6.1 Matrix Element for Quark-Quark Scattering

At leading order in perturbative QCD, the elastic scattering of two distinct quark flavours, u + d —
u + d for example, is governed by a single Feynman diagram:

u

Here, p; and p; arethe 4-momentaof theincoming and outgoing u quark, p, and p, are the 4-momenta
of the incoming and outgoing d quark, and ¢ = p; — p3 = p4 — po isthe 4-momentum of the virtual
gluon. Thelabelsi, j,k,1 = 1,2, 3 (or r,g,b) specify the colour state of the incoming and outgoing
quarks; in colour terms the scattering is ik — jl. The labels u,v = 0,1,2,3 at each vertex are
gpacetimeindices, whilea,b = 1,2, ..., 8 are colour indices.

Applying the QCD Feynman rulesto the diagram above gives the following expression for the invari-
ant matrix element:

. . . a —i vV ca — . v
—iMy = [U(ps) - —3igsAGY" - u(p1)] -%5 b [@(pa) - —Lig Ay - u(ps)] (1)

where summation over ¢ and b (and ;2 and v) isimplied. Hence

My = =2 o () () () ()| @

which is just a number which can be worked out once the initial and final spin states and the initial
and final colour states have been specified.



Thefactor A{; in Equation (2) isthe element appearing in row : and column j of the SU(3) matrix A,
and similarly for the factor \,. The standard representation of the A\ matricesis

010 0 —i 0 1 0 0
AM=[1 00 XN=|i 0 0 XM=[l0 -1 0
000 0 0 0 0 0 0
00 1 00 —i 000
000 00 0 N=10 01
1 00 i 0 0 010

00 0 L (100
2\ 00 —i N=—1J01 0].
0 i 0 \/500—2

The colour indices < and j, or £ and [, appearing in the vertex factors Af; and Ab, are ordered such
that they follow the colour flow through the vertex, i.e. such that the i |ncom| ng colour index (i or k)
appearsfirst.

The QCD process ud — ud can be compared with the analagous QED process ey~ — e pu~,
already considered in Handout 5:

e D1 D3 e

e b2 Pa e

The QED Feynman rules give
. __ . _Zg v — . v
—iMg; = [U(ps) - ier” - u(p1)] - un - [U(pa) - ier” - u(p2)]
where p; and p, are the 4-momenta of the incoming e~ and i, p3 and p, are the 4-momenta of the
outgoinge™ and i, and ¢ = p; — p3 = p4 — po ISthe 4-momentum of the virtual photon. Hence
2
€

Mei(e ™ p™ — e p™) = —mguu [u(p3) v u(pr)] [@(pa)y”ulps)] - €)

A comparison of Equations (2) and (3) shows that the QCD matrix element is the same as that from

QED, except that the electromagnetic coupling constant e is replaced by the strong coupling constant

gs (or equivaently, the fine structure constant o = e* /4 is replaced by the strong coupling constant
= ¢2/4), and the QCD matrix element contains an additional colour factor

Clik — jl) = =~ Z)\“)\“ (4)

where the summation over the eight SU(3) A matrices has now been made explicit.
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6.2 Evaluation of Colour Factors

The colour factor of Equation (4) has to be evaluated for all possible colour configurations of the
initial and final states, atotal of 3* = 81 possibilities. However, most of these configurations violate
conservation of colour charge, and will be seen below to have a colour factor C' = 0.

6.2.1 Configurationsinvolving a single colour

We consider first those configurations where al incoming and outgoing quarks have the same colour,
namely rr — rr, gg — gg and bb — bb. For rr — rr for example, wehavei = j =k =1 =1, and

Equation (4) becomes
8

C(rr —rr) = %Z(A?I)Q :

a=1

Inspection of the A matrices shows that only two of them, \* and \®, have non-zero entries in the
11-position: A3, =1, A%, = 1//3. Hence

C(rr —rr) = i [(A3)2+ (A})?] = i (1 + %) = % :

For gg — gg, wehavei = j = k = | = 2, and again only \? and \® give a non-zero contribution:
A, = —1, A%, = 1/4/3. Hence

A~ =

Clgg — g9) =

1 1 1
0%+ 0%7) = 1 (143) = 5-
Finaly, for bb — bb, wehavei = j = k = [ = 3, and only \® contributes:

o l,gw 12\ 1
C'(bb — bb) = 4()\33) =1 (\/§> =3

In summary, all three such colour configurations produce the same colour factor, reflecting the under-

lying invariance of QCD under colour rotations:

C’(rr—w“r):C’(gg—>gg):C’(bb—>bb):% (5)

6.2.2 Configurationsinvolving two colours

We now consider colour configurations of the form rg — rg where the u quark and d quark have
different colours and each retainsits colour after the scattering. For rg — rg, wehavei = 5 = 1 and
k=1=2,%

C(rg —rg) = Z)\ 1A\g9 -



Again, only the matrices A\* and \® contribute:

1 1 1 1 1
C(rg —rg) = 1 (/\?1/\32 + )\?1)\32) =1 (1 -1+ 7 7) 5

It is straightforward to check that all colour configurations of this type give rise to the same colour
factor:

1
C(rg —rg) =C(rb— rb) = C(gr — gr) = C(gb — gb) = C(br — br) = C(bg — bg) = —=

(6)

Another possibility isthat theu quark and d quark exchange col ours during the scattering, for example
rg — gr. Inthiscasewe havei = 1,5 = 2 for theu quark, and £ = 2,] = 1 for thed quark. The
colour factor isthen

C(rg — gr) = Z)\ o A5 -

In this case, only the matrices A! and \? have non-zero entriesin the 12 and 21 positions:

1 1 . . 1
C(rg — gr) = 1 ()\}2)\51 + )\%2)\31) =1 (1-1+i-—i)= 3"

Again, it is straightforward to check that al colour configurations of this type give the same colour
factor:

C(rg — gr)=C(rb— br) =C(gr — rg) = C(gb — bg) = C(br — rb) = C(bg — gb) = =

6.2.3 Configurationsinvolving all three colours

It remains to consider configurations for which all three coloursr,g,b are involved in the scattering,
such asrg — g¢b. For this example we havei = 1,j = 2 for theu quark and £ = 2,1 = 3 for the
d quark, so that the colour factor is

C(rg — gb) = Z)\ DAL

However, none of the eight A-matrices has a non-zero entry in both the 12-position and the 23-
position, and we therefore obtain immediately that

C(rg — gb) =0.

It can easily be checked that the same result holdsfor all other colour configurations of thistype. This
isareflection of colour conservation in QCD, namely that the three colour charges (red, green, blue)
are separately conserved in all processes. To be precise, for a process to be allowed, the net amount
of red charge must be the same for the initial and final states, and similarly for the net green charge
and the net blue charge.



In summary, for the scattering of two quarks of different flavour, the allowed colour configurations
and their associated colour factors are:

C(rr = rr) =C(gg9 — gg) = C(bb — bb) = =
C(rg —rg) =C(rb— rb) =C(gr — gr) = C(gb — gb) = C(br — br) = C(bg — bg) = —=

C(rg — gr)=C(rb— br) =C(gr — rg) = C(gb — bg) = C(br — rb) = C(bg — gb) = =

6.3 Quark-Antiquark Scattering

For the scattering of a quark and an antiquark of different flavour, such asu +d — u + d, the
leading-order Feynman diagram becomes

u

o

Compared to the quark-quark scattering case just considered, the direction of particle flow (the ar-
rows) for the d quark is now reversed. It is convenient also to interchange the colour indices k£ and
[, so that £ dtill labels particle colour flowing into the lower vertex. Thus, we choose the index & to
label the colour state of the outgoing d antiquark, giving a scattering process which in colour terms
is of the form il — jk. The ordering of the colour indices k£ and [ in the vertex factor then remains
unchanged, i.e. the matrix element M;; contains a factor /\Zl, as before.

The QCD Feynman rules give
. — _Zg V ca — . v
—iMy; = [A(ps) - —5igs\e™ - u(pi)] -q—2“5 P [w(pa) - —3igs My - v(pa)]

which, apart from theintroduction of the antiparticle spinorsv(p,) and v(p,), isthe same asthe quark-
quark scattering matrix element of Equation (1). The colour factor C'(il — jk) for quark-antiquark
scattering is therefore given by the same expression, Equation (4), as for quark-quark scattering:

Cll — jk) = Z)\ o = C(ik — jl)|. (8)




The various non-zero colour factors for u + d — u + d scattering can therefore be written down
directly from Equations (5), (6) and (7):

C(r7 — r7) = C(gg — gg) = C(bb — bb) = —

C(rg — rg) = C(rb — rb) = C(g7 — g7) = C(gb — gb) = C(bF — bF) = C(bg — bg) = ——
C(rT — gg) = C(rT — bb) = C(gg — r7) = C(gg — bb) = C(bb — 17) = C(bb — g7) = =
All other colour configurations have a colour factor of zero and are therefore forbidden.

Quarks and antiquarks of different flavour can aso interact through annihilation processes such as
u+u—d+d:

=1

Choosing 7 and ; to label the colours of the incoming u and @, and & and [ to label the colours of the
outgoing d and d, the colour structure is of the form i5 — [k, and the colour factor is again the same
as for the quark-quark scattering case:

Clij — k) = Z)\ A= C(ik — j1)|. (9)

Hence we can write immediately
C(r7 — r7) = C(gg — gg) = C(bb — bb) = —
C(rg — rg) = C(rb — rb) = C (g7 — g7) = C(gb — gb) = C(bF — bT) = C(bg — bg) = —
C(r7 — gg) = C(rT — bb) = C(gg — r7) = C(gg — bb) = C(bb — 17) = C(bb — ¢g) = ——

In summary, the colour factors found earlier for quark-quark scattering apply equally well to quark-
antiquark scattering (for either Feynman diagram), with an appropriate reinterpretation of the colour
configuration for the scattering.



6.4 Scattering Involving a Single Quark Flavour (non-examinable)

For completeness, we mention briefly quark-quark and quark-antiquark scattering where only asingle
quark flavour isinvolved, for exampleu +u — u+u oru + @ — u + @. In each case, the scattering
is now described by two leading-order Feynman diagrams, rather than just one.

For quark-quark scattering, u + u — u + u, the two leading-order Feynman diagrams are

u u

u u

Thetwo diagrams differ by the interchange of the two final-state u quarks, so that the four-momentum
carried by the gluon (¢ = p; — p3 or ¢ = p; — p4) isdifferent in the two cases. The labelling of the
colour structure (taken to be ik — ;1) must be the same for both diagrams. The matrix element
Mf(il) for the first diagram then contains the colour factor ;A% \{;, while the matrix element Mf(f)
for the second diagram contains instead the colour factor {A%\¢; *. The overall matrix element
for the process u + u — u + u is obtained by summing the matrix elements for each diagram:
My = M + M.

For quark-antiquark scattering, u + 1 — u + u for example, the two |leading-order Feynman diagrams
are

=l

u

The colour configuration for both diagramsisil — jk. As above, the matrix element Mf(il) for the

first diagram containsthe colour factor {\%;\¢,;, whilethe matrix element Mf(f) for the second diagram
contains the colour factor $ A% \¢ i

1The matrix elements Mf(il) and Mf(iz) also have arelative minus sign because of the effect of Fermi statistics due to
the interchange of the two final state u quarks.



6.5 Hadron-hadron Scattering

High energy hadron-hadron collisions, as studied at proton-antiproton or proton-proton colliders, for
example, involve a mixture of parton-level suprocesses, such as (anti)quark-(anti)quark, (anti)quark-
gluon and gluon-gluon scattering.

For the quark-quark scattering subprocess, for example, the incoming quarks are in general not in a
well defined colour state, but instead each quark “beam” can be considered to consist of an equal mix
of al three colours (r,g,b). Similarly, the colour state of the two fina state quarks isin general not
fixed. To calculate the contribution to the overall cross section from quark-quark scattering, we must
therefore sum over al possible colour configurations and average over all possible colours of each of

the incoming quarks 2:
3

1 .
30 D IMutig — kD

i kl=1

([M5]) =

Wl

The colour-averaged matrix element squared then contains the colour factor

(CP) =5 S 1005 — k)P

i,7,k,1=1

For u+d — u+d scattering, for example, summing over the non-zero colour factorsin Equations (5),
(6) and (7) gives

(C(ud — ud)P?) :é [3>< (%)wa (—é>2+6x (%)2] :S.

The cross section for u + d — u + d scattering can be written down directly from the corresponding
electromagnetic cross section for e~ — e~ scattering by replacing o by a4 and including an
extra colour factor of 2/9. Thus, the QED Lorentz-invariant cross section 3

d 2702 2\ 2
do ST (142
A [ pmsempmy 4 5
becomes the QCD cross section
do 4ol 2\’
1.9 — 1 14+ 1+ - ,
dq (ud—ud) 9(] S

where § isthe centre of mass energy squared of the quark-quark collision. This can be expressed as
§ = (x1p1 + 22po)?, Where py, p, are the four-momenta of the incoming hadrons and =, z, are the
fractional momenta of the incoming partons (the u and d quarks in this case). An integration over
0 <z <land0 < zy < 1isrequired to obtain the overall cross section, taking into account the
parton distribution functions u(z,) and d(xs).

Similar considerations apply to quark-antiquark scattering involving two distinct quark flavours, such
asu+d — u+doru+u— d+ d. Theguark-antiquark cross section again contains a colour factor
of 2/9.

2This is analagous to the calculation of the spin-averaged matrix element squared for the scattering of unpolarised
particles. Such aspin-averagingwill also in general be needed for quark-quark scattering, in addition to col our-averaging.
3See Equation (4) of Handout 5.




7 Neutrino and Antineutrino Scattering

In Handout 5, deep-inelastic electromagnetic electron-nucleon scattering, e*N — e*X, was con-
sidered, and parton model predictions were obtained for the electromagnetic structure functions
F; and F5. We now consider weak interaction equivalents of this process, namely deep-inelastic
(anti)neutrino-nucleon scattering, v,N — X and 7,N — p*X, in which a virtual charged weak
boson W# acts as a probe of nucleon structure in place of the virtual photon of electromagnetic
scattering.

Neutrino beamsfrom particle accelerators are derived by selecting positively charged hadrons (mainly
pions 7+ and kaons K*) produced by the interactions of a primary proton beam in a target, and
alowing these hadrons to decay. The dominant decay modes are 7+ — ptv, (BR ~ 100%) and
K™ — u*v, (BR = 64%). The dominant neutrino type (flavour) in a neutrino beam is therefore v,
with only a small (few percent) contamination of v., 7, and 7,,. Similarly, antineutrino beams are
obtained by letting negative hadrons decay and are overwhelmingly composed of 7, antineutrinos.

Neglecting contributions from the heavier quark flavourss, ¢, b, and t, the leading-order quark-level
subprocesses contributing to deep-inelastic (anti)neutrino scattering are v, d — p~u and v, — pu~d
for neutrinos, and 7,u — p*d and 7,d — p"u for antineutrinos. We begin by obtaining the cross
sections for each of these processes in turn, and then use these cross sections to obtain parton model
predictions for the (anti)neutrino structure functions £, F, and F;. Compared to electromagnetic
scattering, an extrastructure function F; appears because the weak interactions do not conserve parity.

7.1 Neutrino-Quark Scattering

At leading order in perturbation theory, the scattering process v,d — p~u is governed by a single
Feynman diagram involving the exchange of avirtual W+ boson:

Yy




The Feynman rules give

. — . gw 1 _Zg/u/ w4 5
—iMg; = L ALNIE Y - I B LALNS Y .
(24753 u(ps3) Z\/E’Y 2( Y ) u(py) - 7 mw - TU(py) - ZﬁV 2( 7°) - u(p2)
where p; and p, are the 4-momenta of the incoming v, and d quark, p; and p, are the 4-momenta of
the outgoing 1+~ and u quark, and ¢ = p; — p3 = ps — p» isthe 4-momentum of the virtual W+,

For current neutrino experiments, with neutrino beam energies ranging up to several hundred GeV,
it is shown in the examples sheet that the maximum 4-momentum transfer is small in relation to the
W boson mass: |¢?| < m2,. The W propagator term can therefore be taken to be approximately
constant (= ig,,,/m3%), in which case the matrix element becomes

M = 2grvzv%vguu [@(p3)7"5(1 = ¥ )ulpy)] [@(pa)7"3(L = 7)u(p2)] |- (1)

The matrix element M¢; will be evaluated in the extreme relativistic limit where the quark and lepton
masses can be neglected.

7.1.1 Hélicity considerations

It was shown in Handout 2 that, for a highly relativistic particle, the helicity eigenstates u+(p) and
u, (p) are eigenstates of the operator 7°: +*uy = 4uy, v>u;, = —u,. For these eigenstates, the factors
(L —~")u(p) and £(1 — 7°)u(p,) appearing in Equation (1) become
(1= 7")us(pr) =0 (1= 7")us(p2) =0 2
(1 =7 uy(pr) = wy(p1) (1 =7 )uy(p2) = uy(p2) - €)
The factors (1 — 7)u(p;) and (1 — +*)u(p.) are therefore non-zero only if the incoming v,, and
theincoming d quark are both in aleft-handed (negative helicity) eigenstate, i.e. we must take:

u(p1) = uy(p1) u(p2) = uy(p2) -
Similarly, for the outgoing 1.~ and u quark, we have
(1=7")us(ps) =0 (1 =7")us(ps) =0 4)
(1 =7 )uy(ps) = uy(ps) (1 =7 )uy(pa) = uy(pa) - (5

Since the spinors u(p;) and u(p,) actually appear in Equation (1) as adjoint spinorsu(p;) and @(py),
we need to take the adjoints of the above expressions. For a general spinor u(p), with adjoint spinor
u(p) = uf(p)y°, we have

N[—= N[

1
2
1
2

L= 9P )u = [2(1 = )] "7* = w31 = 77)y" = ufy*5(1 +97) =ud (1 ++7),
where we have used the fact that the matrix +° is hermitian: (y°)" = ~°. Taking the adjoint of
Equations (4) and (5) therefore gives
U (ps)3(1+7°) =0 U (pa)5(1+7°) =0 (6)
a0y (ps)5(1+7°) =1, (ps) Uy (pa)5(1+9°) =y (ps) - (7

N N [=



Since v* and ° anticommute, the matrix element of Equation (1) can equally well be written as

My; = %QW [@(ps)5(1+ ") u(py)] [@(ps) 5(1 +7")7"u(p2)] -

Equations (6) and (7) then show that the matrix element My; is non-zero only if the outgoing 1.~ and
the outgoing u quark are both in aleft-handed (negative helicity) eigenstate, i.e. we must take:

u(ps) = uy(ps) u(ps) = uy(ps) -

In summary, in the relativistic limit, the matrix element of Equation (1) is non-zero only if all the
particlesinvolved in the scattering have negative helicity:

u(pr) = uy(p1) u(p2) = uy(p2) u(ps) = uy(ps) u(pa) = uy(pa) - (8)

In this case, the matrix element simplifiesto

2

Mis = g [0 (ps) o 1) [ ) s 2] ©)

In the centre of mass frame, for example, the scattering can be represented as:

U

g

e*
v <= > < \ d

=
A

The alowed particle helicities of Equation (8) could also have been deduced using a general result
derived in the examples sheet for any two spinors ¢ and :

3 (1= 2" )r = G751 = 7" = Gy (1 = 7" = 0 (10)

Sy S(1 =) = oy (1 — )y (12)

Thus a current of the form ¢y#1(1 — 4°)¢ is non-zero only for the left-handed chiral components
¢r = +(1—7°)¢ and ¢, = $(1—~°)¢ of thespinors ¢ and . Intherelativistic limit, the | eft-handed
chiral component for aparticle isidentical to the left-handed (negative) helicity eigenstate. Hence, in
thislimit, all the particlesinvolved in the scattering must have negative helicity.

i
u

Equations (10) and (11) show that, in the relativistic limit, helicity conservation applies to the weak
interactions just asit doesin QED and QCD, namely that particle helicity is conserved at each weak
interaction vertex. For the case of v,d — ;1 u scattering considered above, thisisillustrated by the
fact that the incoming v, and outgoing 1.~ have the same helicity, as do the incoming d quark and
outgoing u quark.



7.1.2 Evaluation of Myg;

To evaluate the matrix element of Equation (9), we work in the centre of mass frame and take the
4-momentato be

m = (E0,0,F), ps = (B, Esin6*,0, E cos 0%)
po=(E,0,0,—F), ps = (E,—Esinf*,0,—Ecosf*) .
u

For a highly-relativistic particle with four-momentum p# = (E, E'sin 6 cos ¢, E'sin 0 sin ¢, E cos ),
the left-handed helicity eigenstate u (p) is?

—S
ec
s

uy(p) =VE

where ¢ = cos /2 and s = sin 6/2. Taking (6, ¢) = (0,0), (7, 0), (6*,0) and (7 — *, 7) for thev,,, d,
w1~ and u respectively, the left-handed spinors for each particle are

—1 —S —c
; uy(ps) =VE 2 s uy(p) = VE

—C S

—S

S = O

uy(p) = VE ;uy(ps) = VE

O = O

—1

where ¢ = cos 0%/2, s = sin #*/2, and we have used the identitiessin((m — 6*)/2) = cos #*/2 = ¢ and
cos((m — 6%)/2) = sin §*/2 = s.

With the replacement
2

_° G (12)
(p1 — p3)? 2miy,

the matrix element of Equation (9), and the spinors above, are the same as those used in the evaluation
of the matrix element

62

(ML) (eu—sen) = mguu [y (p3)y"uy (p1)] [y (pa) 7" uy (p2)]

1See Equation (55) of Handout 2.



fore~pu~ — ey~ scattering in Question 10 on the examples sheet. It was found there that
2 et

(ensen) = 777+ 457

M,
| LL| (p1 —p3)4

where s = (p; + p2)? is the centre of mass energy squared. Applying the transformation of Equa-
tion (12) to thisresult, we obtain directly, for neutrino-quark scattering,

2 2 2 A\ 2
2 _ [ 9w 462 — [ 9wS
M= <2m%v> ¥ (m%) =

where § = (p; + p»)? is the neutrino-quark centre of mass energy squared. (The variable s will be
reserved for the neutrino-nucleon cms energy squared.)

In the case of e"u~ — e~ scattering, the spin-averaged matrix element squared appropriate to
unpolarised scattering was evaluated as

(IMei*) eu—senwy = 5 - 3 - (IMLL]? + |Mrr|* + |Mir[* + | Mro]?)

where the first factor of % represents an average over the incoming e~ spin states and the second
an average over the incoming p~ spins. For neutrino-quark scattering, only left-handed particles
contribute, so that Myrr = Mg = Mg, = 0. In addition, no averaging over the incoming neutrino
spin states is necessary because neutrinos are always produced with negative helicity, and a neutrino
beam istherefore always purely left-handed (at |east to the extent that neutrinos are exactly massless).
For neutrino-quark scattering, we therefore have just

(IMif?) = 5 - | My | (14)
where the single factor of 1 averages over the possible spin states of the incoming d quark.

Combining Equations (13) and (14), we obtain, for neutrino-quark scattering,

(M) = (}%mw) . (15

In the extreme relativistic limit, the differential cross section for any 2 — 2 body scattering process
in the centre of mass frame is given by 2

do 1
a0 = oz Mil)

Hence: )
e () - ()
dQ 64723 \ /2mi, 8v2mmi,

Using therelation

Gr _
V2 smiy

2See Equation (26) of Handout 3.



between the weak coupling constant gy and the Fermi constant Gr (see Section 7.7 below), the
neutrino-quark differential cross section can be written as

vq 2
de?  G% |

@ 12’ (16)

The neutrino-quark cross section is therefore proportional to the centre of mass energy squared s and
independent of the scattering angle 0*, i.e. neutrino-quark scattering in the centre of mass frame is
isotropic. This can be understood because the incoming »,, neutrino and the incoming d quark both
have negative helicity; hence the total spin of the initial stateis zero. Since the total 3-momentum is
also zero in the centre of mass frame, there is no preferred spatial direction involved in the scattering.

Integrating the differential cross section of Equation (16) over all possible angles #* and ¢* resultsin
an extrafactor of 47 and hence atotal cross section

Oy = ——|. (17)

Note that thisexpression is Lorentz invariant and hence valid in any frame of reference.

7.2 Antineutrino-Quark Scattering

The leading-order Feynman diagram for the antineutrino-quark scattering process7,,u — ptd is

Yy pt

The matrix element for this process is the same as that for neutrino-quark scattering, Equation (1),
except that the lepton current now contains the antiparticle spinors v(p;) and v(p3) in place of the
particle spinors u(p;) and u(p3):
2
Mii = 520 g, [5(p1)7* 51 = 7)o(pa)] [Tpa)y" (1 = 7 )u(p2)] - (18)
AW

As before, this matrix element is non-zero only for the left-handed chiral components of all the par-
ticles and antiparticles involved in the scattering. In the relativistic limit, the left-handed chiral com-
ponent of a particle corresponds to the |eft-handed helicity eigenstate | while the |eft-handed chiral



component of an antiparticle corresponds to the right-handed helicity eigenstate v+. Thisrequiresthat
we take the u and d quarksto be left-handed and the 7, and 1 antiparticles to be right-handed:

v(p1) = vr(p); u(p2) = uy(p2); v(ps) = vy(ps); u(ps) = wuy(ps) -

The matrix e ement then becomes
2

My = an—w%vguu [T1(p)7" 51 = 7)oy ()] [@y(pa)7"3(1 = 7" )uy(p2)] - (19)

In the centre of mass frame, the spin states can be represented schematically as:

Tha

%
_ —> \ 6%

vu > < — u
Z
d

The quark current @ (ps)7” (1 — 7°)u, (p2) appearing in Equation (19) is the same as that already
considered above for neutrino-quark scattering, but the lepton current oy (p; )y#4 (1 — v°)vy(ps) is of
a form not so far encountered. This current could clearly be evaluated in the standard way using
explicit forms for the spinors v+(p;) and v+ (p3), but we can instead anticipate the result simply by
considering the overall spin configuration for the scattering. Taking the incoming antineutrino to be
travellinginthe +z direction, theinitial state hasatotal spin .S, = +1 directed along the z-axis, while
the final state has atotal spin projection of +1 directed at an angle 6* to the z-axis. Just as was found
earlier for e~ =~ — e~ ™ scattering, the matrix element squared therefore picks up an extra factor of
i(l + cos #*)? compared to isotropic scattering, Equation (15), and we can immediately write

2 Q%V'é ’ 1 *\2
<|Mfi| > = . Z(l + cos 6 ) .

V2mi,
Thedifferential cross section for antineutrino-quark scattering in the centre of massframeistherefore
do”™ G )
— 5(1 )2 2
10 167r28( + cos 0") (20)

with d©2 = 27d cos #*. Integrating over all solid angles using

+1
1
/(1 + cos 0*)%dQ) = 27r/ (14 cos*)*d cos 0* = %

1
givesthetotal cross section




7.3 Neutrino-Antiquark and Antineutrino-Antiquark Scattering

The cross sections for neutrino and antineutrino scattering from an antiquark rather than a quark can
be written down directly from the results above; explicit calculation of the currents appearing in the
matrix element expressions can again be avoided by appealing to a consideration of the spin states
involved in the scattering.

Vi I Vi

=l

u d d
For neutrino-antiquark scattering, v, — p~d, thev, and 1~ particles must be left-handed while the
1 and d antiquarks must be right-handed. The matrix element is therefore

2
g _ — v
My = o g [T (p3)7" 5 (1 = 7" us(p1)] [F4(p2)7" 31 = 7)vr (pa)] - (21)
W

In the centre of mass frame, the initial state has atotal spin S, = —1 directed along the z-axis while
thefinal state hasatotal spin projection of —1 directed at an angle #* to the z-axis. The matrix element
squared therefore has an angular dependence of the form i(l + cos #*)? and the resulting differential
cross section is the same as for antineutrino-quark scattering:

dg; - 1§i2§(1 + cos0)?]. 22)
b ur
< %
0* _ 0* _
VH <= > o« \ u Vu — > < \ d

<= <=
7 %
d u

For antineutrino-antiquark scattering, 7,d — p*a, al antiparticles involved must be right-handed
and the matrix element is

My; = ;]n—w%vguu [T4(1) 73 (L = 7)or(ps)] [B4(p2)7"5(1 = 7" )vr(pa)] - (23)



The initial and final states in the centre of mass frame both have zero total spin, and the scattering is
therefore isotropic:

7q 2
de" Gy .

dQ 47r28

(24)

7.4 The Differential Cross Section do/dy

The differential cross sections derived above, Equations (16), (20), (22) and (24), arevaid only in the
(anti)neutrino-(anti)quark centre of mass frame. To obtain parton model predictions for the overal
(anti)neutrino-nucleon differential cross sections, we require Lorentz-invariant forms of the quark-
level cross sectionsvalid in any reference frame.

A useful Lorentz-invariant variable for the description of high energy scattering is

_ Db2q
y — .
P2.p1

In the relativistic limit, the variable y is related to the centre of mass scattering angle 0* as®
Yy = %(1 —cos ). (25)
The variable y therefore coversthe range
O<y<l1.

Using Equation (25), we can convert a differential cross section do/d(2 evaluated in the centre of
mass frame (dQ2 = 27 d cos 6*) to aLorentz-invariant differential cross section of the form do /dy:

27rd—0 = 47rd—0

dQ2 dQ -

d_a B d cos 0*
dy | dy

do |dcos@*
dcos#* | dy

The neutrino-quark and antineutrino-antiquark scattering cross sections of Equations (16) and (24)
can then be expressed in invariant form as

do??  do™@ 2
0’ _do™ _ ﬁ . (26)
dy dy T
Similarly, the 7q and vq cross sections of Equations (20) and (22) become
do”?  do" G
= = 4m - —L5(1 0*)% .
1 1 s 167r28( + cos 0%)
Sincel — y = 3(1 + cos§*), we obtain
do” do¥1  GZ
= = —E35(1 —y)?|. 27
T T $(1—-y) (27)

3See Equation (7) of Handout 5.



The invariant cross sections of Equations (26) and (27) will be used below to obtain parton model
predictions for the neutrino and antineutrino deep-inelastic cross sections.

For comparison, we note that the corresponding electromagnetic cross sections for etq — e*q or

etq — e*q elastic scattering take the form 4
do®  271a?
dy ¢

es[1+(1—y)? .

7.5 Deep-inelastic Neutrino Scattering

We now consider deep-inelastic neutrino-nucleon and antineutrino-nucleon scattering, v, N — p~X
and7,N — ptX:

W ut
Y Y

& &

In this section, general model-independent expressions for the inelastic cross sections are presented
which assume only that the scattering is dominated by the exchange of a single, virtual W+ boson.
In the next section, these general expressions are compared with the cross sections predicted by the
guark-parton model.

7.5.1 Electromagnetic scattering revisited

The most genera possible form for the high energy (s > M?) electromagnetic deep-inelastic cross
section consistent with single photon exchange and parity conservation was presented in Handout 5

inthe form ® oem g2 Fue.Q?) 1,20 (0%
o™ Ara _ o(x, 1520k (x,
T I A — '

Instead of using = and ? as the independent variables, we could equally well use the variables = and
y, and thisisin fact a more usual choice for the neutrino case. At high energy, s > M?2, we have

(28)

4See Equation (9) of Handout 5.
5See Equations (37) and (38) of Handout 5.
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Q? = (s — M?)xy ~ szy and hence

d%o d%o

drdQ? ~ ardQz

d?c ‘ dQ?

dzdy - dy

Hence, in terms of = and y, the el ectromagnetic cross section becomes

d?c®™  drmals y?

75.2 General form of the neutrino cross section

In the case of (anti)neutrino deep-inelastic scattering, the general, model-independent cross section
expressionsare similar in form to the electromagnetic cross section given above except that now three
structure functions Fi, F, F3 are involved. The extra structure function F3 is permitted because the
weak interactions are not invariant under parity.

It can be shown that, for s > M?, the most general form of the neutrino-proton cross section is

d’0"*  Ggs
dedy 27

2
v,p — pX [(1—y)F5p+%2fop+y(1—%> fL"Fsyp} , (29)

and that the antineutrino cross section is similar except that the parity-violating F'3 term changes sign:

— d*0™  Gis v y? v Y v
v.p— puX: ey :ﬁ [(1—y)F2p+52xF1p—y<1—§> xF3p} : (30)

Exactly similar expressions hold for scattering from a neutron target, with the proton structure func-
tions F;* and F;"® replaced by the neutron structure functions F/™ and F™:

- dQO—Vn st vn y2 vn y vn
vn — pX dxdy:%{u—y)@ +3233F1 +y(1—§)xF3] , (31)
77 dQOjn GQS vn y2 vn Y n
vn — ptX: dody = ﬁ {(1 —y) Fy" + 32xF1 -y (1 - 5) zFy ] : (32

Note that, compared to the el ectromagnetic case, the replacement

dra® GE
% R
Q4 2

has been made for the overall factor on the right-hand side. The absence of the 1/Q* factor in the
neutrino case reflects the fact that the W* propagator factor —ig,../(q*> — m%;) = igu/(Q* + m¥,)
is approximately constant for Q2 < m%;.

Just as in the electromagnetic case, the structure functions F; cannot (yet) be predicted from first
principles and have to be determined experimentally. In general, they are two-dimensional functions
of the form F;(z,y) or F;(z,@?), but in practice show approximate Bjorken scaling F; = F;(z).

11



7.6 TheParton Model for Neutrino Scattering
7.6.1 Parton model cross sections

At the quark level, neglecting contributions from the heavier quark flavours s, ¢, b and t, neutrino-
proton scattering can take place via scattering from (valence or sea) d quarks, v,d — pu, or via
scattering from @ antiquarks in the sea, v, a0 — ;1 d:

In the parton model, the contribution to the neutrino-proton cross section from d quarks with momen-
tum fraction in the range = to = + dz is obtained by multiplying the v,d — p~u cross section of
Equation (26) by afactor dP(x)dx representing the number of d quarksin thisinterval of z:

do"P B G_%

dy T

§-dP(z)dz .

Similarly, the contribution from @ antiquarksin this momentum range is obtained from Equation (27):

dovP 2
g =G sy ()
Yy T

The overall neutrino-proton cross section is obtained by summing these two contributions and divid-
ing by dzx:

d2 vp GQ

dxf; il GO RS GGl
where we have also used the connection s = sz between the neutrino-quark and neutrino-proton
centre of mass energies squared.

For antineutrino-proton scattering, the possible parton level scattering processes are 7,,u — p*d and
7,d — p*u. These combine to give an overall cross section
d?0™  G:

Lody i [(1 —y)2uP(z) + Ep(x)] :

Similarly, for scattering from a neutron target instead of a proton target, the parton model cross

sections are L -
Oyn F mn 2—n
= — 1 —
dedy sz [d"(z) + (1 — y)*u"(x)]

12



dQO_vn GZ N
Tody = = (1) + @ @)

The parton distribution functions for the proton and neutron can be related via isospin invariance as
u(zr) = uP(x) = d*(x), d(z) = dP(z) = u"(x) ,
a(z) =wP(x) =d (z), dz)=d (z) =7"(z) .

The parton model predictionsfor the various differential cross sections can then all bewritteninterms
of the functions u(z), d(z), u(x) and d(x):

d20.1/p G2

vup = X Tedy ~ —s [d(z) + (1 - y)*u(z)] (33)
mp =X S =B 1 ) + o) (3)
v — X ‘i;y _ %%sx fule) + (1 — 9)?d(2)] (35)
Zn = X (;Ziy - %%sx (1 — y)2d(x) + ()] (36)

Parton model predictionsfor the total vp, 7p, vn and 7n cross sections can be obtained by integrating
the differential cross sections of Equations (33)-(36) over all values of x and y. The detalls are
deferred to the examples sheet. Neutrino experiments are often performed using an isoscalar target
containing an approximately equal number of protons and neutrons. In this case, the total neutrino
and antineutrino cross sections are found to be

O,ZIN G%S |:fq f :|

O,UN G%S |: fq+fq:|

where f, and f; are the total momentum fractions carried by quarks and antiquarks inside the proton:

fo= fut+ fa= /le[u(x) + d(x)]dz, fa=fat fi= /le [E(x) +d(x)] dz .

M easurements of the total cross sections show that only about half of the proton’s momentum can be
accounted for by quarks and antiquarks. The remaining ~ 50% must be carried by partons which do
not interact with W+ bosons, and is attributed to gluons within the nucleon.

7.6.2 Structure function predictions

For neutrino-proton scattering, a comparison of the general expression for the cross section givenin
Equation (29) with the parton model cross section of Equation (33) immediately gives the following
predictions for the proton structure functions:

F)P =22 F{® = 2z [d(z) + u(z)] (37)
oFy? = 2x[d(x) —u(z)] . (38)

13



Hence, as in the electromagnetic case, we naturally obtain the Callan-Gross relation F, = 2z F)
between the structure functions F; and F,, reflecting the fact that the underlying scattering is from
pointlike spin-haf partons. In addition, by measuring both F,* and F3®, the parton distribution
functionsd(x) and u(x) can be separately determined by solving Equations (37) and (38).

Similar predictions are easily obtained for neutrino-neutron scattering:

Fy" = 20F)" =

2
rF3" =2
In this case, the distribution functions u(z) and d(z) can be separately extracted from measurements
of F¥™ and F¥™.

Finally, the structure functions for antineutrino scattering depend on the same combinations of quark
distribution functions, d(x) + @(x) and u(x) + d(z), asin neutrino scattering, and we obtain

VP __ rwn Up __ rwn vn __ pwp vn __ 1wp
FZ _F27 FS _F37 F2 _FQa F3 _F3 .

Studies of neutrino and antineutrino deep-inel astic scattering therefore allow each of the distribution
functions d(x), u(z), d(x) and u(z) to be determined separately. This possibility arises because
neutrinos and antineutrinos couple to different quark flavours (d and @ for neutrinos, u and d for
antineutrinos) and produce angular distributions which depend on the underlying scattering process
(isotropic for vq and 7q scattering, (1 —y)? for vq and 7q scattering). By contrast, in electromagnetic
scattering, the virtual photon couples to al quark flavours, and the resulting angular distribution,
1+ (1 —y)?, isthe samefor each flavour.

Notice that since the sea contribution is small at large values of x, we expect to find F, ~ xF3 inal
casesasz — 1.

For an isoscalar target (containing an equal number of protons and neutrons), the structure functions
are given by

YN = L (R + ) = 2 [u(a) + d(x) + () + ()] (39)
2PN = % (tF?® + 2F) = 2 [u(x) + d(z) — u(x) — d(x)] (40)

In the case of el ectromagnetic scattering, the electron-proton and el ectron-neutron structure functions
were found to be given by

FP=22F" =x {gu(x) + —d(z) + gﬂ(x) + éa(x)]

Ft=2zF" =x [gd(az) + §u(:v) + ga(az) + %E(m)} :

Hence the electromagnetic structure function for an isoscalar target is

(F + F2) = 138:6 [u(x) + d(z) +a(z) + d(z)] - (41)

eN __
EN =

DO | —
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A comparison of Equations (39) and (41) then givesthe prediction

5
FeN — _FVN ]
2 18 2

The numerical factor of 5/18 arises as the average of the squares of the quark charges:

5Ly 2y
18 2(\3 3 '
Hence, by measuring both the el ectromagnetic structure function (which depends on the quark charges

squared) and the weak structure function (which does not), the average of the quark charges squared
can be measured.

Each parton distribution function can be expressed as the sum of a valence and a sea contribution:
u(z) = uy(z) + S(x), d(z) = dy(x) + S(x), u(r) = d(z) = S(x),

where the valence distributions are normalised as

1 1
/ uy (z)dr = 2, / dy(z)de =1.
0 0
Substitution into Equation (40) then givesthe following prediction for F.N:
FYN = uy(z) + dy(z) .

Integrating this equation over the full range of Bjorken = gives the Gross-Llewellyn-Smith sum rule
for FyN:

/01 PN (1) = /01 () + dv ()] dz = 3.

Thus the area under the structure function F; determines the number of valence quarks inside the
nucleon.

15



7.7 Appendix: Connection with Fermi Theory of 3-decay

In 1934, well before parity violation was observed for the weak interactions, and before it wasrealised
that the weak interactions were mediated by the exchange of massive vector bosons, Fermi proposed,
in analogy with QED, that the invariant amplitude for 5-decay be of the parity conserving form

Ms; = Gy g [0Y"0] [0 )]
where Gy isthe Fermi constant: Gy = 1.166 x 10~° GeV ~2. (Note the absence of a propagator term).

After the observation of parity violation in 1957, thiswas modified to the V—A form

My = % Guv WV“(l - 75)¢] WVV(l - ’75)@/)] (42)

where the factor of 1/+/2 is needed to preserve the origina numerical value of G.
The Feynman rules applied to aleading order diagram involving the exchange of avirtual W= boson
of massmyy, give amatrix element of the form
2
gW . v
My = _M Guv WV”%(I - 75)@/)] WV %(1 - ’75)@/)]

In the low energy limit ¢> < m?, appropriate to 5-decay, this agrees with the original Fermi theory
of Equation (42) provided we identify
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8 CPViolation

8.1 Introduction

Following the initial observation, in 1957, that the weak interactions are not invariant under the par-
ity transformation, P, it was soon established that parity non-conservation arises because the weak
charged current hasal” — A structure. An immediate consegquence of thisresult isthat, aswell as par-
ity violation, the weak interactions are also not invariant under the charge conjugation operation, C,
which transforms particles into antiparticles and vice versa. In particular, charge conjugation would
transform a left-handed neutrino into a left-handed antineutrino, and the latter is not permitted for a
V' — A current. It was initially believed that invariance could be restored by the application of both
P and C together. A combined CP operation transforms a left-handed (right-handed) particle into
aright-handed (left-handed) antiparticle, and vice versa. In particular, a left-handed neutrino would
become a right-handed antineutrino, which is permitted for al” — A current.

In 1964, however, even C' P was found not to be asymmetry of the weak interactions. Thisobservation
was made in an experiment studying the decay of the long-lived neutral kaon state, K;,, a linear
combination of the strange meson states K° (ds) and K° (ds). For the next 35 years, observations
of CP violation were confined to the neutral kaon system. Not until 2000 was CP violation finally
observed elsewhere, in the B — BY system of neutral mesons containing the heavier b quark in place
of the strange quark.

In this handout, the formalism needed to describe the neutral kaon and neutral B meson systems is
developed and various manifestations of CP violation in these systems are considered.

8.2 TheNeutral Kaon System

The neutral kaon system consists of the two strong interaction eigenstates K° and K°, with flavour
content B B
K%)= |ds), |K%) = |ds) .

The K° and K° are strangeness eigenstates with strangeness quantum number S = +1and S = —1
respectively. They belong to the J7¢ = 0~* SU(3) multiplet which also containsthe 7+, 7~ and 7°
mesons. Thusthe K® and K° are eigenstates of parity with intrinsic parity —1:

PIKY =~ [K), PR =~ [R"), ®



but, since they are adistinct particle and antiparticle, they are not eigenstates of the charge conjugation
operator C'. Instead, the effect of the operator C' can be taken to be

CI)=[R), R =[K), @
where the choice of sign hereispurely conventional. We could equally well choose C' |K°) = — \K[’),

C|K®) = — |K®), with no observable physical consequences.

When the weak interactions are taken into account, strangenessis no longer a conserved quantity and
it is possible to have AS = 2 transitions, K° <+ K, between the K° and K° states, which change
the strangeness by two units. In the Standard Model, these transitions take place via“box diagrams’
containing two virtual W bosons and two virtua u, c or t quarks:

i u,c,t
IR s AVAVAVAVAN d s d
u,C,t L U, C, ¢ W-— W+
d —— OV VNV e—— 5 d - s
W+ u,c,t

As shown formally in the Appendix (Section 8.12), the eigenstates of the overall (strong plus weak)
Hamiltonian are quantum mechanical mixtures (linear combinations) of the basis states K and K°.
These overall eigenstates are known as the “K-short” (Kg) and “K-long” (K;,) states, and are closely
related to the CP eigenstates of the system, K; and K.

Combining Equations (1) and (2), the effect of the combined operation C'P is
CPIK")=-|K%, CP|K")=—|K".

Thus K° and K° are not themselves CP-eigenstates, but it is straightforward to form states K ; and K,
which are CP eigenstates:

K1)

[\

(K% = [K%));  CPIK)=+[K,) €)

Ky)

S

— (K + [K%));  CP|Ks) = —|Ky) 4

The K° and K° mesons are unstable particles which decay via the weak interactions 1. The states
which propagate as free particles and have definite mass and lifetime are the “K-short” (Ks) and “K-
long” (Kp). These states have approximately equal masses, ms ~ my, &~ 498 MeV, but very different
lifetimes: 7¢ = 0.9 x 10~ %sand 7, = 0.5 x 107 s. They are almost, but not quite, CP eigenstates:

1

Ks) = TMQ (K1) + € [Ko))~ [Ky) (5)
1

Kp) = TMQ (|K2) + € [Ki))=~ [Ky) (6)

1The K® and K° are the lightest hadrons which contain a strange quark or antiquark, and therefore cannot decay via
the strong or electromagnetic interactions since these decays must conserve strangeness.
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where ¢ (with |e| ~ 2.3 x 107%) isacomplex parameter quantifying the level of CP violation. The K
meson decays overwhelmingly to two pions, while the K, decays predominantly to three-pion or to
semileptonic (rev or wuv) final states:
Ks — 777~  BR =68.6% Ky, = ata 7®  BR=12.6%
— 7070 BR = 31.4% — 707070 BR =21.1%
— 71 ety BR = 19.4%
— e T, BR = 19.4%
=71 uty, BR = 13.6%
=T U, BR = 13.6%
All other decay modes of the Kg or K;, have branching ratios below (and usually well below) 0.5%.
Of particular importance are the K, decays
Ky, »77~ BR=21x107
— m07° BR=94x10"
whose observation in 1964 represented the original discovery of CP violation. Another important
signa of CP violation is that the semileptonic K, branching ratios listed above differ slightly for
charge-conjugate final states. Specifically, the Ky, decay rate to 7 et v, is dightly (~ 0.3%) larger
than that to 7 "e~ 7., and similarly the 7~ v, decay rate is slightly larger thanthat to 7 1~ 7,,.

The strangeness eigenstates K and K" are orthogonal states:
(KR’ =0,
and from Equations (3) and (4), it follows that the CP eigenstates K; and K, are aso orthogonal

states:
<K1|K2> - 0 .

From Equations (5) and (6), the overlap (Ks|Ky,) between the K and Ky, statesis

_ 2Re(e)

1+ |ef? 1+ |e)? L+ e?’
showing that the states Ky and Ky, are orthogonal only if CP violation can be neglected (e = 0).

<KS|KL> = <K1+6K2|K2+6K1> == (6+6*)

The states K, and Kg have definite mass and lifetime and evolve with the proper time ¢ through the
multiplicative factors _ .
QS (t) — efzmsthst/Z’ 9L (t) — e*lmLt*FLt/Q (7)

whereI';, = 1/n, andI's = 1/75. Thusthe Kg and K;, wavefunctions evolve as
|KL(t)> = |KL> HL(t) — |KL> e—imLt—FLt/z
IKs(t)) = |Ks) 0s(t) = |Ks) p—imst—Tst/2

The factors v ~ exp(—I't/2) give an exponentialy decaying probability |1)|?> ~ exp(-Tt) =
exp(—t/7), asrequired for an unstable particle with lifetime 7:

|95 (t)|2 — e Tst — eft/'rs; |9L(t)|2 — e Tut _ ot/

A formal proof that the K and K, eigenstates have the form given in Equations (5) and (6) and evolve
with time as above is given in the Appendix (Section 8.12).
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8.3 Strangeness Oscillations

If CP violation is neglected (¢ = 0), the states Ks and K;, become equivalent to the CP eigenstates
K, and Kos:

1 0 770
Ks) = |[Kq) = ﬁ (JK*) = |K?)) (8)
Kp) = [K) = 7 (IK") + |K")) - 9
These equations can be inverted to give
K%)= —= \/— (IKp) + [Ks)) , K%)= \/— (IKp) = Ks))

Consider abeam of neutral kaonswhichisin apure |K°) state at time ¢ = 0, produced via the strong
interaction process 7~ p — A’K?, for example. The initial wavefunction isthen

K20 >—\K°>— = (K1) + [Ks))
and the time evolution of the system is given by

1
7 (IKL(®)) + [Ks(2))) = f

This can be expressed in terms of the basis states [K°) and |K") using Equations (8) and (9):

K'(1)) = (K1) O, + [Ks) ) - (10)

0 _L i 0 770 L 0\ _ |7c0
K (t)>—\/§ (\K>+\K D)o+ 75 ([K7) = [K)) s
(9L+es \K°>+ (6, — 65) [R°) . (1)

Hence abeamwhichisinitially pure K evolvesin timeto become amixture of K° and K°, therelative
K° and K" intensities after time ¢ being given by

KD, — K)o [(KO[KO(1)) | = % 0 + 0,
_ _ 1
DK%, — K°) o [(RO[K°(1))]” = 710 - o, |

From the definitions of 65 and 6;, in Equation (7), and using the general complex number relation
|21 &+ 22* = |21)% + |22]* & 2Re(2} 22), we obtain

. _ . _ 2
|9L:|:93|2 — ‘6 imryt FLt/Z:l:e imgt Fst/?‘

eert + estt + 2Re (eszthLt/Zefzmsthst/Q)

= e Tt 4 e Tst 4 2o~ (TsHTLIH2 o5 At
where Am isthe mass difference between the Ky, and Kg states:

Am = mp, —mg .
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Therefore, finally

(K}, — K% o
N(KY_, — K°)

[e7st e Tet 4 9~ TsHTLY2 o5 Apnt] (12)

1
1
i [e‘rst + 7Tt — 2= (TsHILIY/2 (g Amt] . (13)
Thus, the K° and K° intensities oscillate with a frequency determined by Am = m;, — mg. Thisis
illustrated in Figure 1 where the strangeness oscillations of Equations (12) and (13) are plotted versus
proper time, using the measured values of T's, T';, and Am (see below) and with theinitial K° intensity
normalised arbitrarily to unity.

L B T HL A B e 77
0sf\ PureK’att=0 ] g PureK’att=0
2 06f \»otal { 2 osf .
o - c 'K ]
Q I KO Q [ ]
£ 04t 41 £ o4 &
02 7 1 o2f -
[ R ; ]
0 --:' P P IR B B B R B | 0f PR R TR T S R S T S RS |

0 2 4 6 8 10 12 14 0 20 40 60 80 100
t/10 s t/10 s

Figure 1. K° and K° intensities as a function of time for a beam which is initially pure K°, showing the
effects of strangeness oscillations. The two plots display the same information, but the right-hand plot covers
alonger time scale to make the slow decay of the long-lifetime K, component more visible.

If the system isinitialy in a pure K state (rather than K°), the wavefunction now evolves with time
as

K°(1)) = 7 (IKr () — [Ks(#)))
7 (JKp) 0, — |Ks) 65)
1 0 770 _L 0\ _ |30
:ﬁ ﬁ<\K>+\K ) o f(\K> K%)) 65

I =

5 (01— 05) \K°>+ (61, + 05) |[K°) .

The coefficientsin this expression are the same as those in Equation (11), giving oscillation probabil-
itiesfor aninitial K® which are the same as for an initial K°:

K, - K% =TI(K", — K° (14)
K, - K% =T(K", - K (15)



8.3.1 Semileptonic decays

Strangeness oscillations can be studied experimentally by measuring semileptonic (rev, 7uv) decay
rates as a function of proper time 2. The final state m~e*, can only come from the decay of the K°
component in the beam, while 7 te~7, final states must come from the K component:

K — n7efr, K’ /s mte 7, (16)
K’ — 7te 7, K’ -/ 7 et (17)
The sign (charge) of the e* or 7T produced in such decays can therefore be used to determine the K°

and K° fractions at any point along a neutral kaon beam. From Equations (12), (13), (14), (15) we
obtain directly

R, = F(K? 0 T et) = Nﬁeyi [e‘rst + e et 4 2= (TsHTL)E/2 (g Amt] (18)
R_=T(K)_y = 7te Ue) = Nyept [e75" + 70 — 2~ s HILIY2 ¢og Amt] (19)
R =T( ) e Tst e Tt 4 26~ (T HTLI/2 o5 At ] (20)
_ . ]

1

[e st e et — 2e~ (MsHTL2 o5 Amt (21)

where N, isacommon overall normalisation factor.

In general, a neutral kaon beam is formed by inclusively selecting long-lived neutral particles pro-
duced in proton-nucleus interactions when a proton beam is incident on a fixed target 3. Since these
proton-nucleus interactions produce complex final states consisting of a large number of hadrons,
the initial mix of K° and K° mesons in such a beam is not very well known. A notable exception
was the CPLEAR experiment [2] at CERN where neutral kaons were instead produced in low energy
proton-antiproton interactions, using alow energy antiproton beam incident on a hydrogen target. In
this experiment, the flavour (K° or K°) of the initial kaon could be determined unambiguously by
studying the reactions
pp — K 7K’ and pp — KT K°.

In these processes, the charge of the KT (or 7*) determines unambiguously, for each neutral kaon,
whether aK° or aK® wasinitially produced.

The CPLEAR experiment was therefore able to measure separately the four decay rates 2, R, R_
and R, . To extract the strangeness oscillations in a clean way, independent of the overall normalisa-
tion factor N,.,, CPLEAR measured the following asymmetry [1]:

(Ry + R_) — (R- + Ry)

Apy = i avay
ST R+ Ro)+ (R_+ Ry)

(22)

From Equations (18)—(21) we have

Ri+R =Ng,t[e™ +e ™+ 2e~ TsHTL)/2 (g Amt]
R 4Ry = N3 [e’rst + e et — 9= (TsHIL)t/2 (g Amt]

2In practice, this involves measuring decay rates as a function of distance. The distance travelled by a kaon of mo-
mentum p in proper time ¢ is L = v.yt where p = ym kv, and hence the proper time can be determined ast = m L/p.

3A “neutral kaon beam” therefore consists in practice of an inclusive mixture of stable neutral particles, such as the
photon and neutron, as well as unstable but relatively long-lived neutral particles such as neutral kaons and hyperons
(baryons containing a strange quark).



and hence

2¢~TsHIL/2 o9 At

AAm - estt + eert

(23)

The CPLEAR measurement of A, isshown in Figure 2, and afit to the data gives the most precise
single measurement of Am to date:

Am = (529.5£2.2) x 107/ s = (3.485 £ 0.015) x 10> MeV .

The sign of Am cannot be determined in thisway, but other measurements show that Am is positive,
i.e. that the K, isdightly heavier than K. Thisvalue of Am corresponds to strangeness oscillations
with a period
2 2T
705 = A~ 3.49 x 10-12 MeV

This oscillation period is 7,5 /75 = 13.3 times greater than the K lifetime, 75 = 0.9 x 107195, Asis
evident in Figures 1 and 2, the number of strangeness oscillations which can be observed in practice
istherefore somewhat limited since alarge fraction of the kaons decay even during the first oscillation

cycle.

x (6.582 x 10"* MeV's) = 1.18ns .
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Figure 2. The asymmetry An,, as afunction of proper time, in units of the Kg lifetime 75, from the
CPLEAR experiment.

It will be seen below in Section 8.6 that the above expression for the asymmetry A A,,, Equation (23),
remains unchanged when CP violation is taken into account.

8.3.2 mm and wwm decays

Besides the semileptonic decaysto mer and 7 uv, we can also examine the time evol ution of the decay
ratesto 7w and 7w final states. Still neglecting CP violation, we have |[Ks) = |K;) and |Kp) = |Ky)
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so that the time evolution of the wavefunction K°(¢) in Equation (10) can equally well be written

1
NG (|K2) 0n, + [Kq) bs) -

The 7 final stateisaCP eigenstate with C'P = +1, and, if CPis conserved, it can only be produced
from decays of the C'P = +1 eigenstate K. Hence the decay rateto o7 is:

K°(1)) =

F(ngo — 7T7T) = Nmr ‘<K1‘K0(t)>‘2 = Nﬂ'ﬂ'% |98(t)|2 = Nﬁﬁée_FSt (24)

where N, is an overal normalisation constant. Thus, in contrast to the strangeness oscillations
evident in rer and 7uv decays, the proper decay time distribution for the 77 fina state follows a
simple exponential decay law with a single lifetime component, e =%/, Similarly, the 77 final state
isaCP eigenstate with C'P = —1 and must be produced from decays of the C'P = —1 eigenstate K,
giving asingle lifetime component proportional to e %/

(K — 777) = Ny | (K| KO (1)) = NW% 0, (8)2 = Nm%em . (25)

8.3.3 Summary, with CP conserved

In summary, neglecting CP violation, the principal decays seen in a beam which isinitially pure K°
are the semileptonic decays

N(K)_, = 7 ety,) =
N(K), = 7e 7,) =

|: 7F5t + eert + 267(FS+FL)t/2 COS Amt] (18),

Nye 1
V4
Nieyt [e7T8! o712~ (TsHTLI2 o5 Amt] (19)
(with similar expressions for the muonic decays 7~ ptv, and 7 p~7,) and the two-pion (77—,
079) and three-pion (77~ 70, 77%7") decays

1
N(K)_, — 7r) = Nmiefrst (24)
1
F(I<1(5):0 - 7T7T7T) = N7r7r7r§€_FLt . (25),

The semileptonic decays arise from the K° and K° components of the beam and hence show directly
the effects of strangeness oscillations. The 7 and m7r decays arise from the Ky and Ky, components
of the beam, respectively, and hence are characterised by a single lifetime component 75 or 7.

For aninitially pure K° beam, the interference term in the semileptonic decay rates changes sign, but
the 7 and w7 decay rates are unchanged.

These features are summarised in Figure 3 where the principal decay rates are plotted together for an
initially pure K° beam and for an initially pure K° beam, neglecting CP violation. The relative height
of each curve in the plot (i.e. the relative size of the normalisation constants N,.,, N, and N,.,)
cannot be computed from first principles but must be determined experimentally using the measured
branching ratios listed at the top of page 3.
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8.4 CP Violation: w7 decays

We now consider the time development of the K° — K° systemin the presence of CP violation (¢ # 0).
As before, we have

Ks(t)) = [Kg) 0s(t) = |Kg) emsi=st/2, Kp(t)) = |Kp) Ou(t) = [Kp) emmei=lui/2
but now
Ks) ! (K1) +€[Ky)) IKL) ! (|K2) +€[Ky))
= — € ) = —— € .
S 1 + |6|2 1 2 L 1 + |6|2 2 1

Using Equations (3) and (4), we can express the K;, and K eigenstatesin terms of K° and K°:

1 1 _
K)=————[1+6|K"»+(1—-¢)]|K° 26
1 1 _
Kg) = —=———[(1+6) K" — (1 —¢)|K")] . 27
These expressions can be inverted to obtain K° and K° in terms of Kg and K,
on _ JL+]eP
[K®) = 21¢4mmﬂ&»
_ 1+
Ky = L - )

A state whichisinitially pure K° therefore evolves with time as

1+ |e)?
2 1+

K'(t)) = (JKL) 0u(t) + [Ks) 0s(1)) -

To study the decay rate to the 77 (and w7rmr) final states, we again express the time evolutionin terms
of the CP eigenstates K; and K5, using Equations (26) and (27) :

KO()) = <5 [Ke) + €Ki B+ (1K) + € [K2) 4]
= ) (05 4 ) 1K) (01 + 0] (28)

Assuming that CP violation in the decay processitself can be neglected (which is known to be a good
approximation), the 77 final state, with C'P = +1, still arises entirely from the C P = +1 eigenstate
K; (asin Section 8.3 above). Hence the decay rate to n7 is given by

1 2
N(K)_, — 77) ‘<K1‘K0 >‘ =3 ‘— 105 + €fr)” . (29)

Since |¢| < 1, we have

2 1 1
(I+e)(1+e) 1+ 2Ree o

1
1+e¢

10



We aso have

2 —3 — —q —
|9S+69L| — ‘6 imgt Fst/2+€.€ impt—TLt/2

=75+ |e[Pem ! 4 2]e|e” T2 cos(Am.t — ¢)

‘ 2

where Am = my, —mg, € = |e|e’?, and we have again used the complex number relation |z, £ 2,2 =
|21|% + |22|* + 2Re(z}22). Hence, in the presence of CP violation and for a beam which is initially
pure K°, the decay rateto 7 is

1
N(K)_, — 7m) = 5(1 — 2Re€) Nyr [e775" + |e]?e ™ + 2ele LA 2 cos(Am.t — ?)]| (30

In contrast to the CP conserving case of Equation (24), where the decay rate was a pure exponential of
the form e~'s?, the 77 decay rate now contains two lifetime components: a dominant 75 component
and asmall (since |¢|? issmall) 7, component 4. At large proper timest >> g, the term proportional
to |e|?e Tt survives and dominates the decay rate. The observation of a small number of 77 decays
at long lifetimes, after the K¢ lifetime component had dropped away to a negligible level, formed the
basis of the original discovery of CP violation by Fitch and Cronin in 1964.

As discussed below, Equation (30) also contains an interference term which allows the magnitude |¢|
and phase ¢ of the CP violating parameter ¢ (as well as the mass difference Am) to be determined.

For abeam which isinitialy in apure K° state (rather than K°), the time evolution becomes

R0) = T ) 6,0 - 9 8500
_ %1 ! (1K) + € K1) 61, — (K1) + € [Kz)) 6]
- LQ 1 i = K1) (=05 + ebr) + [K2) (6r, — ebs)] -

The n7 decay rateistherefore

2

_ _ 11
MK, - 7r) = \(KI\KO(th =3 ‘1— |—0s + eB]” ~ =(1 4 2Ree) |05 — €|’

1
—€ 2

But
0s — €ef|” = e T8t + |e]2e Tt — 2e|e TLHTY2 cog(Am.t — ¢)

so that, finally, the 77 decay rate for an initial K° is

— 1
NK)_, — 7m) = 5(1 + 2Re€) Ny [e 15" + |ef2e T — 2|ele TrT9)2 cos(Am.t — ¢)] | (31)

Thisis of the same form as Equation (30) for an initial K° beam except that the overall normalisation
factor is dightly different, (1 + 2Ree) instead of (1 — 2Ree), and, more importantly, the interference
term has changed sign. The effect of this change in sign is seen clearly in the left-hand plot of
Figure 4 where the decay rates for an initial K° and an initial K° from Equations (30) and (31) are
plotted together.

4Inthelimit e = 0 (i.e. no CP violation), Equation (30) reduces to Equation (24), as expected.

11
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Figure 4: Comparison of the decay rates to 7 for an initial K° and an initial K°. The left-hand plot is
the theoretical prediction using the measured values of Am, 7, 71, and € while the right-hand plot shows the
CPLEAR data.

Measurements of T'(K)_, — =) and I'(KY_, — =) from the CPLEAR experiment are shown in
the right-hand plot of Figure 4. To isolate the CP violating effect due to the change in sign of the
interference term, and hence measure |¢| and ¢ (and Am), it is again helpful to define an appropriate
asymmetry:

 T(KY, — ) — T(KY_, — 7mr)
UK, - am) + DK, — ) |

From Equations (30) and (31), the numerator in this expression is proportional to
I'(K}_y — m7) — D(K{_y — 77) oc 4Ree [e 75" + [e]’e "] — 4le|e” TLAT2 cos(Am.t — @)
while the denominator is proportional to
DK}y — mm) + T(K)_y — 77) oc 2 [e 75" + |e]*e "] — 8(Ree)|e|e THHT9)2 cos(Am.t — ¢)

The second term on the right-hand side of the above expression contains the product (Ree)|e| of two
small quantities and can safely be neglected. We therefore obtain

ARee [e7"'st + |e|2e7Tt] — dlele~TLHTSY2 cos(Am.t — ¢)
~ 2 e Tst + |e|?eTrt]

2|ele=TeATs)2 cos(Am.t — @)
B e—Tst + |6|267FLt

A

= 2Re(e)

After multiplying through top and bottom by e's?, this becomes

 2lefes T2 cos(Am.t — ¢)

A, _ = 2Re(e) T ePels T

(32)

12
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Figure 5: Theasymmetry A,  asafunction of proper time measured by CPLEAR.

The measurement of the asymmetry A, _ by the CPLEAR experiment is shown in Figure 5. A fit of
Equation (32) to this data gave the result

le| = (2.264 4 0.035) x 107* ¢ = (43.19 4 0.73)° (33)

8.5 CPViolation: wrwm decays (non-examinable)

The m77 final state can be analysed in similar fashion to the m7 case of the previous section. Since
the 7 final state has CP = —1, it must arise from the decay of the C' P = —1 eigenstate K, rather
than K;. From Equation (28) we find

2

|9L +€95|2

2 1] 1
D(K), — mrm) = [(Ka|K°(0)” = 5 \1—+6
which is the same as Equation (29) but with the labels “L” and “S’ interchanged. Therefore, from

Equation (30), we obtain directly

1
D(Ki_y — mrm) = 5(1 — 2Re€) Nprr [T + |e]?e 5" + 2)ele” TLrT2 cos(Am.t — P)] . (34)

In the limit e = 0 (i.e. no CP violation), Equation (34) reduces to Equation (25), as expected. The
effect of CP violation is to produce a small number of extra decays (represented by the |¢|?e~"st and
interference terms) at small times¢, on top of alarge background from the CP conserving component
e~Ttt, Thisisin contrast to the 77 case where, at large times, the decays observed (K;, — 77)
are due entirely to CP violation, with essentially no CP conserving background. The observation of
CP violation in 777 decays is therefore much more difficult than in the 77 case, and has not yet
been demonstrated. The decay Ks — 77~ 7 hasin fact been seen (albeit with large errors), but is
consistent with being due entirely to the CP conserving L = 1 component of the decay.

13



8.6 CP Violation: wev decays

Besidesthe original observation of CP violation through the detection of asmall fraction of Ky, — 7
decays, CP violation has also been observed in the neutral kaon system as a small difference in the
K, decay rates to the m~e*v, and 7Te~7, final states. This difference is quantified via the charge
asymmetry ¢ defined as

['(Ky, = 7 etre) —T(Ky, — e 7,)

d=
I'(Ky, = 7m7ety,) + (K — 7e7e)

= (0.327 £0.012) %, (35)

where the number quoted is the experimental measurement of .

As already noted in Equations (16) and (17), the final state 7 ~e* v, can only come from the decay of
the K° component in the beam, while 7 *e~7, final states must come from K°. From Equation (26),
the K, eigenstate can be expressed in terms of the K and K° eigenstates as:

K1) (1+€)|K") +(1—¢)|K)] . (26)’

1 1
RRVravl
Hence the decay ratesto 7 e*v, and 7 e 7, are

D(Kp, = met 1) oc [(KO|KL)|” oc |1+ €¢? ~ 1+ 2Re(e)
D(Kp, = 76 7) oc (KK )[* oc [1— ¢ ~ 1 — 2Re(e)
where, with |e| < 1, we have made the approximation
1E+e?=(1%xe)(1£e)~1+2Re(e).
The charge asymmetry is therefore

o (1+2Re(e)) — (1 — 2Re(e))
(14 2Re(e)) + (1 — 2Re(e))

giving finally

d ~ 2Re(e) = 2|e| cos ¢

where ¢ = |e|e’?. The measurements of |¢| and ¢ obtained from studies of 77 decays, given in
Equation (33), can then be used to predict § = 0.33 %, in good agreement with Equation (35).

The charge asymmetry § defined in Equation (35) is based on semileptonic decays at large times ¢
such that the Kg component of the beam has died away to negligible levels, leaving an essentially
pure K;, beam. It isaso interesting to study semileptonic decay rate asymmetries at a general time ¢,
allowing tests of T and CPT conservation to be made. The details of these calculations are deferred
to the examples sheet; here we just summarise the results.

For an initially pure K° beam, and in the presence of CP violation, the CP-conserving strangeness
oscillation expressions found above in Equations (12) and (13) become

|:€*Fst + eert + 267(FS+FL)t/2 COS Amt]

[1 — 4Ree] [e 5! 4 e Tt — 2e~ (T HTLI2 005 At]

14



The effect of CP violation is simply to introduce an extra overal relative normalisation factor of
[1 — 4Ree] between the two expressions. Similarly, for an initial K°, the CP conserving expressions
of Equations (14) and (15) become

MK}y = K% oc 1 [1+4Ree] [e7"" + e — 2~ (IsHL/2 g Amt]

1
NKY, — K°) o ; [e7"st 4 e Tel 4 26~ (S T2 cog Amt]
The extrarelative normalisation factor isnow [1 + 4Ree].
The decay ratesto m e*v, and 7*e 7, for aninitial K® can be written down directly as
Ry =T(K)_y = 7 etwe) = Nyt [e7s 470+ 26~ (IsHTLIE/2 (g Amt| (36)
R =T(K_y = 7te ) = Npe 2 [1 — 4Ree] [e 5" 4 e T — 2e (T2 0o Amt] . (37)
For an initial K°, the corresponding expressions are
R, =T(K]y = 7 e"ve) = Nyepd [1 + 4Ree] [e 75" + e 11l — 2~ (ISTTLINZ cog Amt]  (38)
R.=T(K]_,—7te Ue) = Npeyd [e 75" + e + 2~ (IsHILIY/2 g Amt] . (39)
When CP violation is taken into account, the asymmetry A »,,, defined earlier as

(R4 +R_)—(R_+Ry) ,
Asm = (Ry + R_) + (R_ + R,) (22)

therefore retains the same form as for the CP conserving case, Equation (23), namely

2¢~ Ts+TL)/2 09 At

e_FSt + e_FLt

AAm = (23),

From Equations (37) and (38), we see immediately that, because of the additional factors 1 + 4Ree,
the rate for the transition K° — K° isno longer equal to the rate for the transition K° — K°:

F(K(t):o - KO) # F(K?:o - KO) .

Besides being an example of CP violation, this can equally well be viewed as a manifestation of
T violation: the laws of physics are not invariant under the time reversal transformationt — —¢ at a
microscopic level °. A fundamental result of Quantum Field Theory is that a Lorentz-invariant field
theory must be invariant under the combined symmetry CPT. Inthissense, T violationisan inevitable
consequence of CP violation, and vice-versa.

Thelevel of T violation can be quantified by defining the time-reversal asymmetry Ar:

A= N'K® — K% - I'(K* - K?)
"7 IR - K% + (K —» KO) |

SThis is distinct from the asymmetry in the direction of time provided by the second law of thermodynamics, which
can emerge even if the underlying physical laws are time-reversal invariant.

15



A non-zero value of Ay isthen asigna for T violation (known as the Kabir test) [3]. In terms of
measurable semi-leptonic decay rates, thisis
NKY, = 7 etv,) — T(K)_, — 7Fe™7,)

Ar = —=; - 0 pip—
DKy = m7ety) + T(K)_, = 7te7,)

From Equations (37) and (38), it follows that, to good approximation, A is a constant, independent
of time:

Ar ~ 4Re(€) = 4le| cos ¢ |.

Thisasymmetry has been measured by CPLEAR, with the results shown in Figure 6. A fit to the data
gives

Ar = (624 1.7) x 107?,

in good agreement with other measurements of the CP violation parameter ¢ = |e|e™?.

§.0.04
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0.01

PyULAAAR AAARR AR AR R
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—0.01

7002 \‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\
2 4 6 8 10 12 14 16 18 20

Neutral—kaon decay time [Tl

Figure 6: The asymmetry A asafunction of proper time, in units of the K 5 lifetime s, from the CPLEAR
experiment.

Finally, the semileptonic decays can be used to test that CPT is conserved, i.e. that the rates for the
transitions K® — K° and K® — K° are equal. The appropriate asymmetry in thiscaseis

NK° - K% - I'(K° - K?)
N(K° — K°) + I'(K® — K?)

Acpr =

which can be determined experimentally by measuring

N(K)_y — mety,) — T(KL, — 7te )
T(KY_y = metve) + T(K)y — nte )

ACPT =

From Equations (36) and (39), we expect Acpr = 0 at al timest. The CPLEAR measurement of
thisasymmetry is shown in Figure 7 and is clearly consistent with conservation of CPT.
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Fi gure 7. The asymmetry Acp7 as a function of proper time, in units of the K g lifetime 7, from the
CPLEAR experiment.

8.7 CP Violation in the Neutral Kaon System: Summary

In summary, with CP violation taken into account, the decay ratesto  for an initially pure K° or K°
beam are

1
N(K)_, — 1) = 5(1 — 2Re€) Nuy [e75" + |e|2e 0! + 2[e|e TLHT9)Y 2 cos(Am.t — ¢)]  (30)
— 1
NKY, = 7r) = 5(1 + 2Re€) Ny [e775" + [e]?e ™ — 2ele LA 2 cos(Am.t — ¢)] (3L

The corresponding decay rates for semileptonic final states are

T(K)_y — 7 et 1) = Nyt [e7"88  e71l 4 26 (S HILN2 cog At ] (36)
T(K)_y = 7€ V) = Nypeyt[1 — 4Ree] [e7" 3! 4714 — 2~ (IsHILI2 g Amt] 37y
T(K_y = 7 e"ve) = Nyept [1 + 4Ree] [e 75" + e 11 — 2 (ISTTNZ 005 At (38
(K, = e ) = Nyt [e T8 4 e TV 4 26 T H 02 005 At] (39)

These decay rates are plotted in Figure 8.

A comparison with the CP conserving case shown earlier in Figure 3 shows immediately that the
most visible consequence of CP violation is the existence of 77 decays at large decay times. Also
present, but not visible in the plots because of the small relative size of the effect, is the fact that the
7 et v, decay rate is dlightly greater than the 7*e 7, decay rate at large times, as quantified by the
CP violating charge asymmetry §. The small number of extra CP-violating Ks — w77 decays at
small timesis also too small to be visible.

17



0 ¢4 —
0t Y Pure K"att=0

decay rate (arbitrary units)

decay rate (arbitrary units)

0 5 10 15 20 25
t/10°s

Figure 8. Summary of neutral kaon decay rates as a function of time for an initially pure K ° beam (top
plot) and for an initially pure K° beam (bottom plot), with CP violation taken into account. The  ~ v, and
7t~ v, fina states (not shown, for clarity) aresimilar to m ~e v, and 7+e 7. The 7707 final state (also
not shown) issimilar to 7+ 7~ x°. The small difference between the 7 —e* v, and 7T e~ 7, decay rates at large
times (the semileptonic charge asymmetry §) is too small an effect to be visible in the plot, as are the small
number of extra CP-violating 77 decays at small times.
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8.8 TheNeutral B Meson Systems

As well as the neutral kaons, there are heavier neutra meson systems where particle-antiparticle
oscillations are possible, in particular the B} — B? and B? — B? systems:

B =(bd), BY=(bd), B’=(bs), B = (b5

As discussed in the Appendix, the equivalent of the neutral kaon states K and Ky, for the BY — B
system are the “heavy” (H) and “light” (L) eigenstates

]‘ 0 Do
Bu) = \/TW (|B) +n|B)) (40)
Bu)= —— (41)

— (|IB% = »|BY) ,
where the complex constant n (not to be confused with the parameter n appearing in the Wolfenstein
parameterisation of the CKM matrix) is equivalent to (1 — €) /(1 + €) in the kaon system. In contrast
to the neutral kaon system, where the theoretical uncertainties on the prediction of the parameter ¢ are
relatively large, the parameter n in the B system can be reliably predicted in the Standard Model:

—i283

n=e

where /3 is one of the angles of the unitarity triangle. In the B system, the coefficients involved in
the state mixing are therefore approximately pure phase factors (e ~2%) rather than numbers close to
unity, so that n isamore convenient parameter than e.
Equations (40) and (41) can beinverted to give

1

[B%) = 5v/1+ [n? (|Bu) + [Br)) (42)
B%) = 3 VI I (1Ba) — [Bu)) 2

The By and By, eigenstates have well-defined masses my;, m;, and lifetimes 1/T'y, 1/T;,, and evolve
with time according to

IBu(t)) = |Bu) 0u(t) = |Bn) o imut—Trt/2
IBL(t)) = [By) 01,(t) = |By) e~ mut=Trt/2

where we have introduced the functions
QH(t) = e—imHt—FHt/Z’ 9L (t) = e—imLt—FLt/Q . (44)

As also discussed in the Appendix, afeature of the B meson systems is that, in contrast to the kaon
system where ;, > 75 (I'L < I's), thetwo B eigenstates have very similar lifetimes:

Mp~Iy =T
Asin the kaon system, the mass difference between the By; and B, eigenstatesis very small:

mug ~ my, = M; Am = myg — my, > 0; Am < M .
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8.9 B Meson Oscillations

From Equation (42), asystem whichisinitially in a pure B? state evolves with time as
1
‘Bo(t» =5V L+ [n|? [0 |Bu) + 61, |Br)]
1 — _
=5 [0u ([B”) +n[B") + 60 ([B”) —n [BY))]
= 5 0+ 60) [B) + (0 — 61) [B°)
= f1(t) [B®) +nf( \B°> (45)

where we have introduced the functions
1 1 _. 1 1 1.
Folt) = 5 [Bu(t) £ 0,(1)] = e 02Tl 4 CemilmmgTur,
Since the By and By, lifetimesare very similar (T', ~ I'y ~ T'), these functions simplify to

eféFt (efimHt + efimLt)

fi (t) ~

N[

1 1 1 1
672Ft6712(mH+mL)t |:67,2(mHmL)t =+ 67,2(mHmL)t:|

N =

1 , 1 1
672Ft677’Mt |:612Amt + 622Amt:|

N[

where Am = myg — my, > 0. Hence we have

1
fr(t) = e Me 2" cos(L Amt)
. 1
f-(t) = —ie™™Mte2  sin( Amt)
and the time evolution of a system whichisinitially pure B® can be written

IB°(t)) = e7"M'e™2 2" " [cos(Amt) ) [B%) — insin(3Amt) |B%)] . (46)

For asystem whichisinitially in apure B® state, we have
B(1)) = %m 01 [Bu) — 01, |By)]
- [on([B) 1 \E°>> —0u(|B) = n[B"))]
(9H —0u)[B%) +3 5O+ 00) )
- Ef— () [B%) + £ (1) \B°>

and hence

N[

[B(0)) = =121 |~ sin(}mt) [B°) +cos(hAms) [B°) (47)
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We therefore expect B? «» B flavour oscillationsin the B system analagousto K° « K° strangeness
oscillations in the neutral kaon system. The oscillation probabilities for an initial B® can be read off
directly from Equation (46):

['(Bi_y — B%) = e " cos’*(1Amt) (48)
I'(B)_, - B°) = I e Sin2(%Amt) (49
while those for an initial B® are given by Equation (47):

I'(By_, — B’) = e " cos*(Amt) (50)
2
e M'sin®($Amt) . (51)

Ui

The effect of B oscillationsis shown in Figure 9 for abeam which isinitially pure B®. The measured
value of the By — By, mass differenceis Am ~ 3.2 x 1071° MeV, corresponding to an oscillation
period 7osc = 27r/Am =~ 12.8 ps. Thisisto be compared with the measured B lifetime 7 ~ 1.5 ps.
Thus, as seen in the figure, only a limited oscillation is visible in practice because the number of
B mesons remaining decays rapidly.

I'(By_, — B’) =

l——— 17—
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Figure 9: B° and B? intensities as a function of time for a beam which is initially pure B®, showing the
effects of B oscillations.

A comparison of Equations (48) and (50) showsthat CPT is always conserved:
I(B, — B°) =T'(B_, — B’),

while a comparison of Equations (49) and (51) showsthat CP violation:
[(Bi_, — B°) # ['(B., — B)

requires |n| # 1. Since n = e~ in the Standard Model, we expect || = 1 to very good approxima-
tion, and it will therefore be very difficult to detect CP violation purely through the mixing of the B°
and B states (the dominant source of CP violationin the K® — K° system).

Fortunately, as showninthe next section, large CP violating asymmetries are expected in other aspects
of the BY — B system. Within thelast few years, CP violation hasin fact finally been observed outside

the neutral kaon system, through study of the decay BS(BS) — J/¢Ks.
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8.10 CP Violation in theB System

The J /4 (which we shall henceforth abbreviate just to ¢) is a charmonium cc state with J7¢ = 1~
and hence is a CP eigenstate with eigenvalue C' P = +1. To very good approximation (i.e. neglecting
CP violation effects in the mixing of neutral kaons) the K is a CP eigenstate with C'P = +1. Since
the B°(B®) has zero spin, the K final state must have orbital angular momentum L = 1. Overall
therefore, in the decay B°(B") — ¢Kg, the final state must be an eigenstate of CP with eigenvalue
CcP=-1:

CP(yKs) = CP(¢).CP(Ks).(-1)* =+1.+1. -1 = —1.
For the final state J/¢K;,, the overal CP eigenvalue becomes CP = +1 since now the K;, has
CP=-1:

CP(yKy) = CP(%).CP(Ky).(-1)F =4+1. = 1. — 1 = +1.

For asystem whichisinitially in apure B? state, Equation (45) gives the amplitude (matrix element)
for adecay to Y Kg to be
A(B® — ¢Ks) = (yKs|H|B(t))
= f4(t) (Ks|HB®) + nf_(t) (Ks|H|B")
(VKs|H[B)

= (YKs|H|B®) | f1.(t) +nf- ()W

The decay of a B® or B® to /Kg occurs in two steps, as a decay to /K° or K followed by kaon
mixing to give a Ks: B B

B? — ¢K° — ¢Kg; B? — ¢K° — ¢yKg
But B — ¢K° involvesb — ccs while B® — ¢ K° involvesb — ccs, S0

AB” = ¢K") o ViV, AB" = YK") o Vo, Vg

cs?

which, in the Wolfenstein parameterisation, are purely real and equal to each other. It can be shown
that the kaon mixing has no further effect on the ratio of B® and B® amplitudes, giving overall
Kg|H|B®
(RSB _
(YKs|H|B)

Hence, up to the overall normalisation factor of | (Ks|H|BP) |, we have

P(BiZy — ¥Ks) o | f4(t) +nf ()]
= e " |cos(2Amt) — ie”’ sin(3 Amt)‘
= ¢ (1 — sin(Amt) sin 23) (52

where we have used the complex relation |21 + 23|? = |21]? + |22|? & 2Re(2]22). Similarly, for an
initial B® we have

_ 1 2

T(Bl_, = ¢¥Ks) oc [f4(t) + Ef— (t)
= e "|cos(2Amt) — 2% sin(3 Amt)‘

=e (1 + sin(Amt) sin 2/3) . (53)
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As usual, we can define an asymmetry A(t) which isindependent of the unknown overall normalisa-
tion factor:

I'(B)_, = ¢Ks) — I(BY_, = ¥Ks)
I'(BiLy = ¢Ks) + D(BiLy = ¥Ks)
From Equations (52) and (53) we obtain the clean Standard Model prediction

Ayxs(t)

Ayk,(t) = sin(Amt) sin 23

This analysis applies also to the final state /Ky, except that now the v K, system has CP = +1
instead of C P = —1. It can be shown that this induces a change in sign of the B® and B® amplitude

ratio: -
(YKL|H|B?) _

(VKL |H[BY)
Thisinturn gives a change in sign of the asymmetry:

Ayk, (t) = —sin(Amt) sin 23

8.11 Appendix: The CKM Matrix
8.11.1 TheWolfenstein Parameterisation

The CKM matrix is a unitary matrix which relates the weak interaction eigenstates d’, ', b’ to the
strong interaction eigenstates d, s, b:

dl Vud Vus Vub d
S =1Va Vs Vb 51 -
o' Via Vis Vi) \b

We state without proof that if any of the elements of the CKM matrix are complex rather than real,
then the Standard Model can accommodate CP violation. We also assert that a complex CKM matrix
requires at least three generations of quarks (i.e. CP violation is not possible with only two genera-
tions), and that a3 x 3 CKM matrix can always be parameterised in terms of three observable mixing
angles and one observable phase angle, for example as the product of three rotation matrices:

Verkw = R23(923, 0) X R13(913, —5) X R12(912, 0) (54)
1 0 0 C13 0 813677;6 C12 si2 0
=10 ¢35 893 X 0 1 0 X | —s12 ¢ 0 (55)
0 —S93 Cog —s513€°0 0 e 0 0 1
C12C13 $12€13 s13€7"0
= (512023 - 0125238136i(5 C12C23 — 5128238136i(5 523C13 > (56)
512523 — 012023513€i6 —C12523 — 512023513€i6 C23C13

where s;; = sin6;; and ¢;; = cos 6;;. Thisisan exact parameterisation based on three mixing angles
0.2, 023, 0,5 and a phase angle 6 which enters through the phase factor e?.

23



The Wolfenstein parameterisation [4] is obtained by defining
512 = A, Sog = AN, sise 0 = AN (p — in)

and isparticularly useful because it reflects the observed hierarchy of the measured values of the CKM
matrix elements. Here, A isarea parameter of order unity (A ~ 0.83) while )\ is approximately the
sine of the Cabbibo angle:

A~ sinfo ~ 0.22 .

The remaining parameters, p and 7, enter ase® = (p + in)/+/p? + n? and fix the complex (CP vio-
lating) component of the CKM matrix.

The Wolfenstein parameterisation can be obtained to any desired order of accuracy by Taylor expand-
ing the ¢;; and s;; in powers of the parameter A:

012:\/1—)\2 :1—%)\2—é)\4+0()\6)
Co3 = V1 — A2\ = 1142\ — 1408 L O(\12)

cig = V1= ADS(p2 +112) = 1 = A20°(0° + %) + O(A"?)
si3 = AN\ p? + 2

Keeping only terms up to O(\3), which is sufficient given the precision of current measurements, the
CKM matrix is

Vud Vus Vub - %)‘2 A A)‘3 (p - i77)

Voarm = | Vg Vie Vi | = A 1—1x2 AN? +0(\Y) (57
Via Vis Vib AN(1—p—in) —AN 1

At this order, only V., = AX*(p —in) and V;; = AN*(1 — p — in) are complex; the remaining

seven elements are real. I1n the Wolfenstein parameterisation, CP violation arises if the constant 7 is
non-zero.

8.11.2 TheUnitarity Triangle

The diagonal elements of the unitarity equation VCKMV(;‘KM = I show that the moduli squared in any
row of the CKM matrix sum to unity:

|Vvud|2 + |Vvus|2 + |V11b|2 =1 (58)
Veal* + Vi |* + [V [* =1 (59)
Vial? + Vi + [Vip I =1 (60)

Similarly, writing the unitarity relation in the form VCTKMVCKM = [, the sum within any column of
the CKM matrix is also unity:

Vial® + Veal* + [Vig> =1
Visl” + [Vig|? + Vi =1
Vo> + [Vap [P + [V |* =1
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The off-diagonal elements of the unitarity relation VCKMngM = I provide six further equations:

(uc) VeaVia + VesVis + Voo Vi, = 0 (61)
(ct) ViaVea + VisVes + Vi Vi, = 0 (62)
(ut) ViaVia + VisVas + Vi Vi, =0 (63)
(ds) ViaVis + VeaVes + ViaVis = 0 (64)
(sb) VisVab + VesVap + VigVip, = (65)
(db) ViaVab + VeaVep, + ViaVip, =0 (66)

These equations correspond to six triangles in the complex (p,n) plane. Particularly useful as a
means of representing current measurements connected with CP violation is the triangle represented
by Equation (66):

Vo Vi a2 AN (p + in)

u

ViaVii, ® AN (L — p — in)

\\v

A

VeaVi, m —AN

Scaling thistriangle by dividing all sidesby afactor |V, V. | &~ A)3 then givesthe unitarity triangle,
with base of length unity along the real axis and apex at the point p + n:

(p,n)

ViaVib/[VeaVai| ViaVin/[VeaVid|

\\7

(0,0) (1,0)

VeaVar/IVea Vi
In the Wolfenstein parameterisation, two of the CKM matrix elements are complex: V,; and V, .
These elements can be expressed in terms of the angles 5 and ~y of the unitarity triangle as

Vig = AN(1 = p—in) = [Vygle ™

Vip = AA?’(P —in) = |Vub|67i7

u
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8.12 Appendix: Particle-Antiparticle Mixing (non-examinable)

The wavefunction of a single particle of mass M and lifetimer = 1/T at rest evolves with time as
w(t) _ AefI‘t/Zefth ,

giving aprobability [+/|? oc et = e~!/7 appropriateto exponential decay. Thiswavefunction satisfies
the time-dependent Schrodinger equation

. .0
(M = 3i0)(t) = i [(t)) -
For the K® — K° system, the wavefunction becomes a linear combination of the K° and K° states:

[%(t)) = a(t) [K°) +b(t) [K°) (67)

and the time-dependent Schrodinger becomes a two-dimensional matrix equation for the functions

a(t) and b(t):
-1 () 5 )

My, M 'y T
= —Lr= [ 12) 1, 11 12
H=M 2ZI‘ (MQI MQZ) 22 <F21 F22) )

For the Hamiltonian to be hermitian, we must have

with Hamiltonian

My = My, My = My,, My = Ms,;
Iy =T, [y =1, [ =175 .

If CPT is conserved, it can be shown further that the diagona elements of each matrix must be real
and equal to each other:

MH = M22 =M and FH = FZZ =T

where M and I" are real constants. Overall, therefore, the Schrodinger equation must take the form
M — lZF M12 - lirlz a . 5 a
2 2 [ -
(Ml*2 —Lir, m-Lir J\o) T \b) | (68)

The coupled differential equations for a(t) and b(¢) in Equation (68) can be solved by first finding
the eigenstates (which we shall call K;, and Ks) of the Hamiltonian H and then transforming Equa-
tion (68) into the K, Kg basis. The eigenvalues and eigenvectors of H can be found by solving the

equation
M — lZF M12 — lirlg p P
2 2 _
(Mfz - %ZTE M — %ZT q) A q) (69)

This equation has non-trivial solutions only if the determinant | H — AI| = 0 vanishes:

(M — il = X)? — (M, — 5il'},)(Mis — §il1s) = 0.
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Thisgives

A= M — LT £/ (M}, — §iT},) Mz — i) (70)

Writing the two possible solutions as \; = m; — 1il; with i = 1,2, or equivalently i =S, the
eigenvalues are

)\L = my, — %ZFL =M — lZF + \/ Mﬁ - lZFTQ)(Mlz - %Zrlz) (71)

)\5 = Mg — %ZFS - —ZF \/ Mikz ZF12 M12 _iFIZ) (72)

where my,, mg, I't, and I's are real constants which we shall see below are the masses and inverse
lifetimes of the Ky, and Kg states.

The eigenstates corresponding to the eigenvalues \;, and As can be found by substituting Equa-
tion (70) into Equation (69):

(M — LiD)p 4 (Myy — Lily)g = {M — il + \/(Mi‘z — 5i072) (M2 — %irw)} p

(Q) " My — %ﬂwfz (g) _ My — %iFT2
P/ Mys — %iFIZ, P/)g My — %ZTIQ

Thus, denoting the eigenstates corresponding to the eigenvalues A ;, and \s by |K;,) and |Kg), we have

which gives

H |Ky) = (mr, — 5il't) [Kp)
H [Ks) = (ms — 3iT's) [Ks)

with normalised eigenstates
Ky) = (1 - (K% + 7 [R%) (73)
= e (1K) [ (74

where we have defined

Mty — 51T,
Mo — %iFIZ
Inverting Equations (73) and (74), in the Ky, K basis the wavefunction ¢ (t) of Equation (67) be-
comes

n= (75)

(1)) = a(t) [K°) + b(t) [K°)
=1+ P { (2)(KL +Ks) + %)(KL - Ks)}
_ Vil [as(t) [KL) + as(t) [Ks)]
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where the functions ay, (¢) and as(t) are defined as

ar(t) = a(t) + —=; as(t) = a(t) — —= . (76)
The Schrodinger equation, Equation (68), can be used to obtain differential equationsfor the functions
ar,(t) and as(t). For ag, (t) for example, we obtain

.%_.@_i_zﬁb
“or "ot T

: : Lo 1 :
= [(M — LiT)a + (M, — 3il12)b] + ; (M7, — LiT},)a + (M — iT)b]

2

b 1 -
= (M — 4D ( > (Myy — 5iT12)b + 77(M1*2 —5il)a

> + (M — —ZF12 b+ \/ (Mf, — Flz)(Mfz - %iFfz)a

e
(a + > (M7, — FIQ)(Mf2 ZT’{Z) (a + %)

( mi, — —ZFL)(LL

where we have made use of Equations (75), (71) and (76). A similar argument works for the function
as(t), giving atogether

In matrix notation thisis

my, — %ZFL 0 ar, _ ZQ ar,
0 mg — %ZPS as ot \as /)’

which isjust the time-dependent Schrodinger equation inthe K, K¢ basis.

The differential equations for a;,(¢) and as(t) are easily solved to give

—imLt—FLt/Z

~

ar(t) x e

as (t) o e—imst—Fst/2

and the general solution to the time-dependent Schrodinger equation is therefore

w(t) — ALefimLtfl—‘Lt/Z |KL> + AsefimStfl—‘st/Z |KS>

where A, and A are complex constants which are determined by theinitial conditions. Thisform of
the solution demonstrates explicitly that the eigenstates K, and Ky are indeed the neutral kaon states
with definite mass (mg, my,) and lifetime (1/Ty,, 1/Ts).

The casey = 1 corresponds to CP conservation with eigenstates
_ 1 _
Ky = — (|JK°) + |K° Ks) = — (|K%) — [K")) .
Ku) = (K9 +[R%). 1K) = - (1K) = &%)
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In the kaon system, it is found that » ~ 1 and it is convenient to introduce the small parameter ¢ to
guantify the amount of CP violation present:

_1-n
€E = —.
1+n
This can be inverted to give
1—e¢
77_1+€
and, interms of ¢, the neutral kaon eigenstates become
1 _
Ki)= ————[(1+6¢)|K") + (1 —¢) |K°
1) = s (10 [K) + (1= [K)]
1 _
Ks) = ———[(1+¢) |[K") — (1 —¢) [K")] .
Ks) = e (149 [K) — (1= [K)]

The analysis above applies also to the neutral B meson systems BY — B and B? — B?. For the
B mesons, some simplification is possible because the off-diagonal decay matrix element is very
small:

Pia| < [Mig] .

This condition arises because the B mesons have avery large number of possible decay modes avail-
able to them, which are charge conjugates of each other (e.g. B° — K*7— and B — K—7), but
only asmall fraction of the decay final states are common to both the B® and the B (e.g. B — 77—
and B® — 77 7). With |T'1,| small, the eigenval ues of Equations (72) and (71) become

AL =my, — 3l & M — 3il + | M|
As =ms — 2iTs & M — 3T — | My,

Hence, the eigenstate By, is heavier than the eigenstate Bs:
my, & M + | Mis|, ms & M — | M|
and the two eigenstates have approximately the same lifetime:
I'~T'g~T.

Thisisin contrast to the neutral kaon system where the two eigenstates decay into very different fina
states (Kg — 7w, K, — mom, wlv) and therefore have very different lifetimes.

Given these features of the B meson systems, it is standard to refer to the B eigenstates as “heavy”
(H) and “light” (L) rather than “short” (S) and “long” (L), so that Equations (74) and (73) become

1 0 no
Bu) = NIFTT (IB") +n|B%)
1
Br) =

Jine (IB%) —n[B%) .
We then have
Am =my — my, & 2| M| .
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For the B systems, Equation (75) simplifiesto

My — 5y, [My, _ M
M12 — %irlz M12 |M12|
Unlike the kaon system, where virtual u, ¢ and t quarks all contribute, mixing in the B systemsis

completely dominated by the Feynman box diagrams with two virtual top quarks. For the B meson,
for example, the dominant diagrams are

W= £
b ————\V/ VS \p—— d b d
t bt W™ Wt
d —— "\ /" S\S\p—— D d < b
w+ t

The dependence of the matrix element M7, on the CKM matrix elements can therefore be reliably
predicted:

My o< (Vig t)l;)Q :
In the standard Wolfenstein parameterisation of the CKM matrix, the elements V,, and V;, are given
by Vi, = [Vi4le # and V;,, ~ 1. Therefore, to very good approximation,

6—i26 )

’]’]:

Also, the mass differenceis

Am =~ 2| M| o |thvtb|2 .

Measurements of the flavour oscillation frequency determine Am, which in turn determines the prod-
uct [Viq Vi |-
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9 Spin 1 Particlesand Gauge Invariance

(Non-examinable)

9.1 Relativistic Electromagnetism

In units where ¢ = o = ¢ = 1 (“Heaviside-Lorentz’ units) Maxwell’s equations in vacuo, in the
presence of charge density p(x, t) and current density J(x, t), are

0B
P A ot
V-B=0 V/\B:J—i——aat

The electric and magnetic fields E and B are given in terms of the scalar and vector potentials ¢, A
by

Introducing the 4-vector potential A* = (¢, A) and the 4-vector current j* = (p, J) allows Maxwell’s
equations to be expressed in the compact covariant form

O b = 7j" ()

where F'* is the antisymmetric field strength tensor

0 —-E, —E, —E,
E 0 -B, B

WY — Qi AV QY AL x z Y

FM = grA” — 9" A £ B o B 3)
E. =B, B, 0

Combining Equations (2) and (3) gives the following covariant equation for A*:
O, (OMA” — 0" AF) = 57

or equivalently

2 A* — 9#(9,AY) = j* (4)
where 5 5 52
2 vo_ = e - - _ 2
=00 - (55).(59) -4 ov

is the d’ Alembertian operator.



Operating on Equation (2) with 9, gives immediately the continuity equation
d,7" =0

which, in terms of p and J, is

op B
E—FV-J—O

expressing conservation of electric charge. The symmetry underlying this conservation law is gauge
invariance.

9.2 Gauge lnvariance
The electric and magnetic fields E and B in Equation (1) are unchanged by the application of a gauge
transformation
A—- A =A+Vy
p_ . Ox
b =0

where x = x(z) = x(t, ) is any function of position and time. In 4-vector notation, a gauge
transformation can be written compactly as

Au—>AL =A,+0,x
Choosing x(x) to be a solution of the equation
0%y = —3d, A"

gives
8”A;L =0" (A, +0,x) = —Py+DO%y =0

Thus, dropping the prime, gauge invariance can be used to impose the Lorentz condition
0, A" =0

in which case Equation (4) becomes
2AF = jH (5)

Even after imposing the Lorentz condition, there is still some freedom in the choice of the potential
A*; we can still make a gauge transformation of the form

Ay — A=A, +0,A (6)
where A(t, ) is any function which satisfies
PA=0. (7
Under this transformation we have
Al = 0" (A, + 0u\) = 0" A, + PN = 04,

so that the Lorentz condition 0# A,, = 0 is indeed preserved (as are Maxwell’s equations).
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9.3 Photon Polarisation

For a free photon (i.e. p = 0,J = 0: i.e. j# = 0), Equation (5) for the potential A* becomes
[PAR =0 . (8)
This admits plane wave solutions of the form
Al = bl 9

where the 4-vector €* is the polarisation vector of the photon and ¢* is its 4-momentum. Substituting
Equation (9) into Equation (8) gives

: 0 0 Y
0=[PA* = 9”9, (e'e %) = ¢~ ——e T
v ( ) ox, OxY
=t aa . —iq,,e_iwA = —ig” - —iq,,e_iq*ﬁ = —Pete 1"
Ty
and hence
¢ =0

reflecting the fact that a free (real) photon is massless.
The Lorentz condition, 9, A* = 0, gives
0=0,A" =0, (e”e‘iq‘”) = €0, (e‘iq'”) = —ique_iq"”

and hence
que’ =0 (20)

which reduces the number of independent components of e# from four to three. Further, the additional
gauge freedom represented by Equation (6) can be exploited by choosing a gauge function

iq.x

A =iae”

where « is a constant. It is straightforward to verify that this expression for A does indeed satisfy
Equation (7). Under this gauge transformation, the 4-vector potential becomes

Al = Ay + 0N = €,e 0" + 0, (iae ") = e, — iy (iae”") = (e, + agu) e 4T
The electromagnetic potential is therefore left unchanged by the replacement
€y — GL =€, + aqy,

which in turn means that two polarisation vectors ¢, and ¢, differing by a multiple of g,, describe the
same photon. In the Coulomb gauge, this freedom is used to set the time component of the polarisation
vector to zero:

e = (0, €)

and Equation (10) then gives

eq=¢€e¢"—€e.q=0 = e.q=0
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Thus a real photon has only two independent polarisation vectors, both of which must be transverse
to the photon direction. For example, for a photon travelling along the =z axis, possible choices are the
plane polarisation states

ey =(0,1,0,0); ey = (0,0,1,0)

or the circular polarisation states

1 1
e’ = —(0,1,—1,0); ey = ——(0,1,1,0) . 11
It can be shown that e_ corresponds to a polarisation state in which the photon spin is directed in the
—z direction (i.e. S, = —1) while ¢, corresponds to S, = +1. In particular, for a photon travelling

in the +z direction, e_ (e,) corresponds to a left-handed (right-handed) photon with helicity h = —1
(h = +1), while for a photon travelling in the —z direction the helicities are reversed.

9.4 Relativistic Electrodynamics

In classical electrodynamics, the equation of motion of a particle of charge e in an electromagnetic
field can be obtained by applying the minimal substitution

p—p—cA; E—FE—ep

For a non-relativistic free particle obeying

2
gl
2m
minimal substitution gives
B ep— P A
2m
and so leads to the Hamiltonian 42
— €

In the Part Il Quantum Mechanics Il course, this Hamiltonian was shown to lead to the Lorentz force
equation
F=¢cE+ecvAN\B.

Minimal substitution works equally well in relativistic quantum mechanics where it can be written
compactly as
pu - pu — eAH
or, since p* = 10*, as
o' — 0" 4 ieAt .
The equation of motion for a spin § Dirac particle in an electromagnetic field can be obtained by
applying minimal substitution to the free particle Dirac equation

(iv"0, —m)1p =0



giving

Y (i0, —eAy)p —mp =0 (12)

(a result which already appeared in Section 2.20). The term —ey* A, represents the interaction
between the electromagnetic potential A, and the fermion spinor ) and ultimately gives rise to the
vertex factor —ie~* in the Feynman rules for QED.

9.5 Local Phase Transformations
Applying a gauge transformation
Ay — A=A, +0.x
to Equation (12) gives
v (10, — eAL) W —mip =0
= Y (10, — eA, — edux) Y —myp =0

This is not of the same form as the original equation (Equation (12)) because of the term containing
d,x; 1.e gauge invariance has (for the moment) been lost.

Invariance can be restored if, as well as applying a gauge transformation to the electromagnetic po-
tential A,,, we simultaneously apply a local phase transformation

b =y = e X0y (13)

to the spin ; field ¢. Under such a transformation, the phase of ¢ is transformed by an amount which
varies with position and time. Applying a gauge transformation and a local phase transformation
together, Equation (12) becomes

~H [iau — eA;L] W —my)' =0. (14)
Equation (14) contains the factor

(i0, — eA )¢ = [i0, — e(Ay + 0ux)] (e ")

(10, — eAu)(eiieXT/)) —e(9ux) (eiiexw) . (15)

The first term on the right-hand side is

(10, — eAu)(eiieXT/)) = eiiexiauw + 6(8#X)67iexw — eA#e*ieXw
= 7" [i0, — eAy + e(0ux)] ¥

so that Equation (15) is

(10, — eA )Y = e "X [i0), — eA, + ed, x| — e(D,x)e "X
= X0, — ey



Thus, the combined effect of a gauge transformation and a local phase transformation is simply to
multiply the quantity (i, —eA,, )¢ by the phase factor e ~*“x. Applying this result, and Equation (13),
to Equation (14) then gives

e "Xyt (i), — eAu] P —me Xehp =0 .
After cancelling the factor of e ~%*X, we recover the original Dirac equation, Equation (12).

In summary, the form of the equation of motion is preserved under the simultaneous application of a
local phase transformation and a gauge transformation:

¢ — ¢/ — e—iex(w)¢
Ay — A, = A, + 0ux(z)

The above argument can also be completely reversed: if we demand that the free particle Dirac
equation
(iv"0, —m)yp =0
be invariant under a local phase transformation
Y= =@y
then we must introduce a massless gauge boson A, which transforms as

A, — AL =A,+0,x(2)

and satisfies Equation (12). The form of the interaction between the spin % particle ) and the gauge
boson A, is then completely specified. The principle of local phase invariance underpins the quantum
field theories not only of the electromagnetic interaction (QED) but also of the strong (QCD) and
electroweak interactions.

9.6 Massive Spin 1 Particles

Returning to Equation (4), the 4-vector potential A* for a free photon (j* = 0) satisfies the equation
[12A* — 9+(9,A%) = 0. (16)

Equation (16) is the general equation satisfied by A#*, without imposing any particular choice of gauge
such as the Lorentz condition 9, A* = 0.

The Klein-Gordon equation for a spin 0 boson of mass m is
(O* +m*)p=0

This suggests that the equation describing a massive particle can be obtained from that describing a
massless particle via the replacement (02 — (02 4+ m?. Applying this procedure to Equation (16) gives
the following equation for the field B* of a spin 1 particle of mass m:

(0% + m*)B* — 0"(9,B") =0 (17)
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Operating with 9, then gives

(El2 + mZ)aﬂB” —0,0"(0,B") =0
= (D2 + m2)8uB“ — DQ(&,B”) =0
= mzﬁuB” =0
and hence
0,B"=0. (18)

Thus, for a massive spin 1 particle, we unavoidably have 0, B* = 0; this is not a gauge condition
reflecting a particular choice of gauge. Using this result, Equation (17) becomes

(0% +m?)B, = 0. (19)

For a free particle with 4-momentum p#, Equation (19) admits plane wave solutions of the form
B, = eue_ip"“w
Substituting this into Equation (18) gives
pue’ =0, (20)

which reduces the number of independent components of e from four to three. Unlike the case of a
massless photon however, Equation (19) for a massive particle does not allow a gauge symmetry, and
the number of independent spin components cannot be reduced further.

For a particle of mass m, energy E and momentum p travelling along the z axis, with four-momentum
p* = (E,0,0,p,), the three independent polarisation 4-vectors ¢* satisfying Equation (20) can be
taken to be

p.>0 p. <0

1

N A S
1

= —(0,1,-i,0) S.=-1 h=-1 h=+1
\/5( )
1

ef = —(p,,0,0,F) S, =0 h=0 h=0
m

The 4-vectors e_ and ¢, are the same as those already introduced in Equation (11) for the photon and
are known as transverse polarisation states, reflecting the fact that the electric and magnetic fields in
an electromagnetic wave are transverse to the direction of motion. The new longitudinal spin state ¢,
is present only for a massive particle (and in fact also for a virtual photon).

For a spin 1 particle at rest, the longitudinal (helicity 0) polarisation 4-vector becomes simply

¢ =(0,0,0,1)..



10 W Decay

10.1 Matrix Element for W~ — e~ v, Decays

The leading-order Feynman diagram for thedecay W~ — e 7, is

Ve
y2

Ps3

e

The Feynman rules determine the invariant matrix element to be

IW _n1

—iMri = €,(p1) - u(ps) - _ZEV 2(1 - ’75) ~v(pa)

where ¢, (p;) is the polarisation four-vector of the W— (with four-momentum p,), and p; and p, are

the four-momenta of thee~ and 7., respectively. Hence

aw

M = EGM(Pl)ﬂ(p:z)V“%(l — ") v(pa) |-

This involves the scalar product of the polarisation four-vector €,(p;) with a weak charged-current

four-vector j# whichis (V' — A) inform:

g . 0 '
My = —Wéu]“a = U(p?,)’Y“%(l —7°)v(pa) -

V2

The current j* and matrix element M¢; will be evaluated in the rest frame of the W, neglecting the

mass of the electron (and antineutrino):

Ps

Py

<

[¢]



Without loss of generality, the four-momenta of the W —, e~ and 7, can be taken to be
p1 = (mw,0,0,0), ps = (E, Esin6,0, F cos @), ps = (E,—FEsinf,0,—Fcosf) (2)

10.2 TheLepton Current

In the massless limit, only left-handed (h = —1) particles and right-handed (h = +1) antiparticles
participateina (V' — A) interaction. Hence, for the lepton current j# to be non-zero, the electron must
be |eft-handed and the antineutrino right-handed, i.e. we must choose *

u(ps) = uy(ps), v(ps) = v1(pa) -
The current j# then becomes
3" =y (ps)y" 5 (1 = 7)oy (pa) = Uy (ps)y"v1(pa) (3)

where we have used the fact that v°v+ = —uv; in the massless limit, and hence (1 — 7°)vy(ps) =
v1(pa)-

The lepton current j* = u;(p3)y"v+(p4) in Equation (3), and the final state four-momenta p; and
p4 in Equation (2), are identical to the muon current and muon four-momenta already considered in
Section 4.2 in connection with the QED scattering processe*e~ — u+ . There, it was found that 2

Uy (p3)y*vi(pa) = 2E (0, — cos 6, —i, sinf) |
aresult which can be carried over directly to W~ — e~ 7, decay.

In summary, for W~ — e~ 7, decay, only one of the four possible final state spin configurations gives
anon-zero contribution to the matrix element:

7" =1, (ps)V"L(1 — 7°)vs(pa) = 2E (0, — cos @, —i,sinb) |,

namely the configuration with a left-handed (negative helicity) electron and a right-handed (positive
helicity) antineutrino:

i

VT(p4)

14

c

1This can be shown formally using the same arguments as in Section 7.1.1 for neutrino scattering, or the results of
Question 17 on the examples sheet.
2See Equation (11) in Handout 4.



10.3 W~ — e v, Decay Rate

For a spin-one particle of mass m, energy £ and momentum p travelling along the z axis, with four-
momentum p* = (E, 0,0, p,), the polarisation four-vectors €', ¢" and ¢{' corresponding to the spin
eigenstateswith S, = +1,S, = —-1and S, =0 are

1 ) 1 ) 1
6’12—75(0,1,@,0), G’i:ﬁ(O,l,—z,O), ef_‘:E(pz,O,O,E).
Hence, for the parent W boson (at rest with p, = 0, E = myy), the polarisation 4-vectors e/ (p, ) are
1 1

et = ——(0,1,4,0), e = —(0,1,—1,0), e =(0,0,0,1) .

Y \/5( ) \/5( ) L= )
The scalar product e.; for each of these spin eigenstatesis

1
€ —E(o, 1,7,0) - 2F (0, — cos 0, —i,sin ) = V2FE(1 — cos 0)
1 ) .
e E(O, 1,—i,0) - 2E (0, — cos #, —i,sin 8) = V2E(1 + cos )
e’ (0,0,0,1)-2E (0, — cos @, —i,sinf) = —2F sinf .

From Equation (1), the corresponding values |M ,|?, |M_|?, |My|* of the matrix element squared
| Mgi)? = Lg% (e.5)? are then given by 3

M |?=1¢% [V2E(1 - )] = g2 m2 - 1(1 — cos0)? 4

| M| = 39w ( cost)| = gwmw 4( cos 0) (4)
2 _ 1.2 29 1 2

|M_|* = 59w \/§E(1+cosﬁ) = gwmiy - 7 (1 +cos®) (5)

My |? = Lg% [-2Esin0)? — g&m? - Lsin? 0 ©6)

The differential decay rate dI"/d<2 is obtained from the matrix element squared as

dl’ p*
— == My
dQ 327r2m%v| al”

where p* = myy /2 for W decay. Hence we obtain, for each of the three possible W spin eigenstates,

dI'y . gxzzvmw
dQ 12872

dl- ggmw
dQ 25672

dr'y gawmw
dQ 25672

Using

(1 —cosf)?, (1+cosh)?, sin @ .

4
/i(licosﬁ)zdcosﬁdd):/%sinzﬁdcosﬁdgzﬁz?7r

to integrate over all possible decay angles, the total decay rate is found to be the same for each W~
spin eigenstate:

g%vmw
4871

I =T,=0 =

3Note that the factors of % (1 + cos#)? and 1 sin® 6 are precisely those that emerged in Section 4.8 from a calculation
of the overlap probabilities of the spin eigenstates |1, —1), |1, 0), |1, +1) using standard “ Part 1B” quantum mechanics.
4See Equation 14 of Handout 3.



10.4 Unpolarised W~ — e~ v, Decay

For a sample of unpolarised W bosons, where the spin of each W boson is randomly oriented in
space, the W bosons are effectively an equal mix of the three polarisation states e, e_ and ¢;,. The
corresponding matrix element squared is obtained by averaging over the three possible initial spin
states of the W~ :

(IMi?) = 5 (IMy PP+ [M_|? + [ M%)
= 39wy [1(1 = cos6)” + L(1 + cos8)* + L sin” 0]
1

= ~gpmiy - @)

The spin-averaged matrix element istherefore a constant, independent of 8, implying that the decay of
unpolarised W bosons isisotropic. Thisisto be expected since, for aW boson at rest with randomly
oriented spin direction, there is no preferred spatial direction associated with the decay process.

For an isotropic two-body decay, the total decay rate is given by

p* 2 mW/2 1L, 5
T=—L" (M) = S
87rm%v<| il Srm3, 3 WwW

so that, for unpolarised W decay,

2
Jwmw
—_ 8

481 )

Thisresult could equally well be obtained by averaging the total decay rates for each individual spin
state:

(W —ev)=

1
F(W—>eu):§[F,+F+—|—FL] .

Finally, once it is appreciated that the decay of an unpolarised particle must be isotropic, the calcula-
tion of the total decay rate can be simplified by noting that it is only necessary to calculate the matrix
element for one particular spatia orientation of the final state. For example, choosing the electron
to be emitted in the +2z direction, the spin states of all the particles involved can be written down
immediately as

_ <= W s

([
<

The total spin of thee 7, fina stateis S, = —1, and the matrix element M¢; will therefore be non-
zeroonly if theinitial W™ isinthe spin eigenstate ¢ _. The matrix element for the above configuration
istherefore given by M, with 8 = 0. From Equation (5), the matrix element squared is therefore

<
A

(¢

\ 4
@)

|M,|%9:0) = g%vm%v :
Since the decay of unpolarised particlesisisotropic, thisresult must apply equally for all angles 6:
| M| = gymyy -
Including a factor 1/3 to average over the three possible initial spins of the W~ then immediately
gives Equation (7) again.



11 TheZ Resonance

11.1 ete~ Annihilation in QED

We begin by reviewing the results obtained in Handout 4 for the QED processe™e™ — v* — u*

et

The Feynman rules determine the invariant matrix element to be

62

Msi = =gy [0(p2)7"u(p)] [F(p3)7"0 (pa)]

(1)

where p; and p, are the 4-momenta of theincoming e~ and e*, p3 and p, are the 4-momenta of the
outgoing 1~ and i, and s = (py + p2)? = (ps + p4)? isthe centre of mass energy squared. At high
energy, as a consequence of helicity conservation, the matrix element was found to be non-zero for

only four out of the sixteen possible spin configurations in the scattering:

eger = it ¢ Mrr == (€%/8)gu [0,(p2)7"us(p1)] [T (p3) 7" vy (p4
erel = up iy 0 My == (€2/5) g [Ty (p2) V" ur (p1)] [T, (03) 7" 01 (P4
epeq — uphy ¢ Mg =~ (€2/8) g [T1(p2) " uy (p1)] [T (3) 7" vy (pa
epen = pppg o M == (€2/5) g [Tr(p2)y"uy (1)) [T, (p3)7" 01 (P4 ]

(4)
e’(1+ cos @) (5)

where 6 is the angle of the outgoing 1~ with respect to the incoming electron direction in the centre

of mass frame:

-

N 1

< et

P>
P4

u—F




Using
do 1
dQ  64n2s
and e? = 4« then gives the following differential cross sections:

| My;]? (6)

dO’RR dO’LL 042

o = an s reest)”
dO'RL dO’LR 042
0 - 40 :4—8(1—(3059)2.

Since [ (1 cos f)?d cos § = 8/3 and d2 = 27d cos 6, we obtain the following total cross sections:

Ao
3s

Thus, in QED, the total cross sections for left-handed and right-handed particles are identical, reflect-
ing the fact that parity is conserved.

ORR = ORL = OLR = OLL =

The unpolarised differential and total cross sections are obtained by summing over the final state ;1™
and .~ spinsand averaging over theinitial statee™ and e~ spins:

Mg]?y =1L e [2(1 + cos0)? 4 2(1 — cos 0)?] = e*(1 + cos? 0 @)
22
which gives
do 11 dO’RR dO'RL dO’LR dO’LL _Oé2 2
Q-2 a0 Tan Tan Tan | T ndtesd)
and
. 4o
025'5'[0RR+0—RL+0—LR+ULL]: 38 .

The matrix element of Equation (1) can be reformulated in a way which makes more evident the
allowed spin configurations and allows for a direct comparison with the equivalent weak interaction
processete” — Z° — puT i~ discussed below. Inserting trivial factors of

1=114+9")+1i1-9%

into each of the currentsin Equation (1), allows the QED matrix element to be expressed as

My = Mg + Mgy, + Mg + My, (8
where
Mgr = —(€*/8)gu [T(p2)7"*5(1 4+ 7 u(p1)] [@lps)7'5(1 +7°)v(ps)] )
Mgr = —(€°/8)guw [0(p2)7"5(1 +7")u(p1)] [@(ps)y” 5(1 = 7°)v(pa)] (10)
Myg = —(€°/8)guw [0(p2)7"5(1 = 7" ulpr)] [@(ps)y”5(1 +7°)v(p4)] (11)
My, = —(€2/5) g [0(p2)7"5(1 = ¥ )u(pr)] [u(ps)v’5(1 = 7°)v(ps)] (12)

For the matrix element Mgy of Equation (9), for example, the electron and muon currents each have a
V + A structure. Intherelativisticlimit, these currents are non-zero only for right-handed particlesand

2



left-handed antiparticles, i.e. only for the choices u(p1) = ut(p1), v(p2) = vy (p2), u(ps) = ur(ps),
v(ps) = U¢(p4)1
62
Mrr = =— g [01(p2)7"3 (1 +7)us (p1)] [T (ps)7" 5 (1 +77)vy(pa)] -

Since §(1+)us (pr) = u(p1) and L (1 + 7)o, (ps) = v, (ps), we have
2
e

Mrr = =— gy [0y (p2) Y ur(p1)] [@r(p3)y vy (pa)]

which isidentical to the expression for Mgy in Equation (2). Similar arguments hold also for Mgy,
Mir and My,

In the formulation of Equations (8)-(12), the QED matrix element M¢; has been broken down into
four contributions of equal strength, determined by the value of ¢ = 47a. We shall see in the next
section that the matrix element for the processe*e~ — Z° — u 1~ resolvesinto four contributions
similar in structure to those of QED but each of different strength, reflecting parity violation in the
weak interactions.

11.2 ete~ Annihilation on the Z° Resonance
11.2.1 Thematrix element Myg;

For the weak interaction process ete™ — Z° — ptp~, the virtual photon is replaced by a (real or
virtual) Z° boson:

et

The Feynman rules give

—iMg = [W(pz) : —igZ“Y“%(C% - 0275) : U(pl)] : 7" [ﬂ(p?,) : —igz“YV%(Cl\A/ - Cl/i75) : U(p4)]

where ¢§, and ¢, are the vector and axial vector coupling constants for the electron, and ¢4, and ¢; are
the vector and axial vector coupling constants for the muon *. Hence

2

g _ _
Mi=-5—""5 — g [0(p2)7"3 (¥ = 47" )ulp)] [8(ps)7"3(X = Ry )u(pa)] -
Z
!In the Standard Model, the coupling constants are ¢, = cf; = —1 + 2sin® yw and ¢§ = ¢y = —1, wherefyy isthe

Weinberg angle.



Defining the left-handed and right-handed coupling constants ¢y, and cg by
Hev—cea?’) =cs(1=7") +eri(1+79°)

we have
cL:%(chrcA), CR = %(CV—CA)

or equivalently
Cy = C|, + CR, CA = C[, — CR -

In terms of ¢;, and cg, the matrix element becomes

Gy [ T L1 — 7 )ulon) + o)7L (1 + 1 ()]

My = ——2—
s —mj

x [ T(ps)y"5(1 = 7")v(pa) + g Wps)y"5(1 +7")v(pa)] -
Multiplying out, the matrix element is seen to be the sum of four similar contributions,
Mg = Mg + Mgy + Mpr + My,

where

Mrr = == cich g [B(p2) "5 (1 +7")ulpr)] [@(p)7 3 (1 +77)0(pa)]

My, = —— _gzm2 Rt G [0(p2)7"3 (1 + 7" )ulpy)] [@(ps)7"5(1 = 7")v(pa)]

Mi = == gun (702750 = 9)u)] (807 31+ 7)o (pa)]
M = _s—gizm%cidﬁ g [0(p2)7"5(1 = 7" )ulpy)] [@(ps)7" (L = 7")v(pa)] -

These expressions are identical to those already considered for the QED process, Equations (9)-(12),
except for the replacement

2
£ 92 (13)
5 5 —my

and for the additional overall factors of c§ck, ckcl, ¢t.ck and ¢f.cf', giving different overall strengths
to each contribution.

11.2.2 Evaluation of the cross section

Applying the transformation of Equation (13) to the results of the QED calculation in Equations (2)-
(5), and including the extra coupling constant factors cg and ¢, we obtain immediately the matrix



elements squared for the weak interaction processee™ — 7% — utpu=:

2 2
|MRR|2 = ( Yz 2) (c%)Q(c’é)sz(l + cos 9)2 (19)
s —m2
2 2
| Mg |* = ( 9z 2) (¢£)?(c4)?s*(1 + cos 0)? (15)
s —m2
2 2
M = () (21— coso? (19
Z
2 2
Ml = (22 ) P20 - cost)?. &
Z

Because of the contribution 1/(s — m2) from the Z° propagator, these expressions become divergent
when /s = myz. (In the centre of mass frame, for example, this occurs when the incoming beam
energies are both equal to £ = my/2). This problem is resolved by taking into account the fact that,
unlike the photon, the Z° is an unstable particle with a finite decay width. This is accomplished by
making the replacement

my, — my — Zrz/2 . (18)

Under this transformation, a wavefunction ¢ ~ e "™ becomes ) ~ e "¢ T*/2, This gives a proba-
bility density which varies as || ~ e~ = ¢~*/7, asrequired for a particle with lifetime 7 = 1/T.

Applying the transformation of Equation (18) to the factor s — m? gives
s—mp — S—m%+imZFZ+iFQZ ~ s—my+imgly

where the approximation I' ; < my, has been used in the last step. Hence

( 1 >2
2 }
5 —mj

It will be shown below that this results in a total cross section which has a Breit-Wigner resonance
shape as a function of energy, centred around a resonant peak at \/s = mz and of width T'.

L _ L . (19)

— 2 — 22 272
s —my +imzly, (s —my)? +mzl,

Making the replacement of Equation (19), and using Equation (6), gives the following differential
Cross sections:

dURR 1 g%s .

10 = 607 (s — 22 o (R () (1 + cos )
dO-LL ]_ g%s r2 ) )
dQ2 - 6472 (S — m%)Z + m%FZZ (CL) (Cl]j) (1 + cos 9)

dO—LR 1 g%s .
dQ 642 (s — m2)? + m2l2 (c£)?(ck)*(1 — cos 0)?
do—RL . 1 g%s

N )2 (c)*(1 = cos6)* .
dQ 6472 (S—m%)2+m%FZZ (CR) (CL) ( Cos )



The corresponding total cross sections are

ORR = ! 98 (ck)*(ck)”
127 (s — m2)2 + mil?

oL = 1;7r (s — m%g)gswL mzT?, (£)*(et)”

LR = I;ﬂ' (s — m%g)%i— mzl'% ()" (ck)*

ORL = ! 98 (ck)*(cf)? -

127 (s —m2)? + m2T%,

Thus, for the weak interactions, the cross sections for the various allowed spin configurations are no
longer all equal, but depend on the values of the left-handed and right-handed couplings to the Z°:

ORR X (CE)Z(CQ)Qa ORL X (CE)Z(Cﬁ)Za

our o (c)*(cr)*,  oww o (cf)*(

7
CL

)*)-

(20)

The differences in magnitude of each of these cross sections is a reflection of parity violation in the

weaK interactions.

11.2.3 The cross section with unpolarised beams

For unpolarised electron and positron beams, the matrix elements squared of Equations (14)-(17)
must be summed over thefinal state ™ and 1.~ spins (helicities) and averaged over the initial e~ and

et spins. Thisgives
(|Mg?y = - L [|Mgr|? + [Mio]? 4+ [Migr|* + | Mge|?]
2 2
) 97 2
()
x ([(eR)*(ck)” + (c1)*(cf)’] (1 + cos0)” + [(cR)*(cf)” + (c

Thelast linein the above equation can be rearranged as

N[

L
2

1

= — [(5)? + ()] [()* + (¢h)?] (1 + cos®0) + 25§y ey cos B

where we have used
2

2 2 _ 2, 2 _ 2
cv—l—cA—Q(cL—i—cR), CvCA = Cf, — CR -

Hence the unpolarised differential cross sectionis

do 1 9
dQ ~ 64n?s (M[)
1 1 gy s

T 64n2 4 (s—m2)? + m2l%

X (% [(c5)? + (¢5)?] [(4)? + (h)?] (14 cos® B) + 2¢5,¢5 chrch cos 9> :

6

[(ck)* + (cf)?] (1 + cos™0) + 2 [(c)” — (cf

(21)



Integrating over the full solid angle using dQ = 27d cos¥, fjll(l + cos?@)dcosf = 8/3, and
[* ! cosfdcosd =0, givesthe total cross section

1 g5 s

= 1027 (s —m2)? wmarg, L&) QL@+ (7). (22)

o

11.2.4 TheBret-Wigner resonance formula

In Question 26 on the examples sheet, the decay rates (partial widths) for the decays Z° — e*e™ and
Z° — it~ are shownto be

N = ee) = 20 [(6h)2 4+ (eh)?] = L2 [(64)? + ()]

241 487
2 2
_ gzmy, gzmsz,
D(Z° = 7)== [( ) + ()] = T = () + (h)7]

Hence the total cross section for the processe*e~ — Z° — 1~ in Equation (22) can be written as

1 gss 487 \° 0 _ _
= T(Z° = eTe )T(Z° — ut
T (s = m2)2 4+ m2l'% (g%mz> ( erer )T W)

B 127 S

= r(z° te \I(Z° tuo).

m2 (s —m2)?+m2l? (27 = eTe)T(Z0 = p7p)
This result applies equally if the .~ pair isreplaced by any other kinematically-allowed fermion-
antifermion final state. Therefore, in general, for the processete~ — 7Z° — ff using unpolarised
beams, we have

127 S
m2 (s —m2)? +miT?%

olete — 7" — ff) = Ly (23)

whereT; = ['(Z° — ete”) and['; = ['(Z° — ff). Note that although Equation (23) has been derived
working in the centre of mass frame, all quantities appearing in the equation are Lorentz invariant, so
that Equation (23) in fact appliesin any reference frame.

For energies near the peak of the resonance, we can write \/s = myz + A say, with A small. Then
s &~ m% + 2mzA and

(S — m%)Z + m%FQ ~ (szA)Q + m%FQ = 4m% [AZ + in] = 4m% [(\/g — mz)2 + lFQ] .
Near the resonance peak, theete~ — Z° — ff cross section isthen

127 S
img (5 — ma)? + 17

olete” = 7% — ff) ~ Iy
Changing notationto E = /s and E, = m, we then recover the Breit-Wigner resonance formulain
the form in which it appeared in the Part 11 Particles and Nuclear Physics course:

. g)\2 FZFf

E) =2
U( ) Ar (E_EO)Q_'_iFQ

7



whereg = (2J +1)/(2s; + 1)(2s2 + 1) = 3/4 isthe spin counting factor and

27 4
A= —r~ —

E my
isthe deBroglie wavelength of either of the incoming particlesin the centre of massframe (in natural
units).

11.3 The Forward-Backward Asymmetry

For the QED processe™e™ — v* — u* i, the unpolarised differential cross section of Equation (7),
do/dcosf oc (1 + cos?6), is symmetric about § = 90° (cosf = 0). For the weak interaction
process ete” — Z° — pp~ on the other hand, the appearance of the term proportional to cos 6
in Equation (21) leads to a cross section which is asymmetric about cos® = 0 2. The level of this
asymmetry can be quantified by introducing the forward and backward cross sections o and o

defined as ) .
do do
= dcosf = dcos@ .
oF /0 dcosg oB /1 dcosh © O

These cross sections correspond to the outgoing .~ being emitted in the forward or backward hemi-
sphere, respectively, as defined by the direction of motion of the incoming electron:

[t [

The forward-backward asymmetry Ay isthen defined as

The differential cross section of Equation (21) is of the form

do
dcosf

o A(1 + cos® ) + Bcosf

where A and B are constants:
A= [(ef)? + ()] [(e1)” + (cr)?]
B=2[(c;)* = ()] [(cf)* = (cR)?] -

2unless, by chance, one of the coupling constants c$, ¢, ¢4/, ¢4 happens to be zero, which in the Standard Model,
would requiresin? Gy = 1/4.




The forward and backward cross sections o and o are therefore given by

' 4.1
apoc/ [A(1 + cos®0) + B cos ] d0059:§A+§B
0

0 401
O'BO(/ [A(1 + cos®6) + B cosb] dc039:§A—§B,

-1

which resultsin aforward-backward asymmetry

Ao _or=os B 3 (@)~ (&®)] [(q) = (k)
ot (3/3)A 4 ()7 + () ()2 ()]
This can be written more compactly as
3 (Cf )2 o (Cf )2 2Cf Cf
Apg = ~AA here  |A;= ¢ R — VA : 24
S il IE AP @ @ () &9

For the weak interactions therefore, a non-zero forward-backward asymmetry is expected due to the
different coupling strengths of left-handed and right-handed particles to the Z° (cg # ¢1,). For the
corresponding QED process, the coupling strengths for left-handed and right-handed particles are
equal, and we expect Arg = 0 (at leading order).

11.4 TheLeft-Right Asymmetry

If polarised electron beams are available (as at the SLC linear e™e~ collider at SLAC for example), it
is also possible to measure the left-right asymmetry

between the cross sections o1, and oy for left-handed (negatively polarised) and right-handed (posi-
tively polarised) electron beams.

oy, - K OR - w

<= —=>

pt pt

Only the electron beam at SLAC can be polarised; the positron beam is still an unpolarised mix of the
two possible spin states.



The cross sections o1,, or are obtained by summing over the final state (1™, ©~) helicities, and
averaging over thee™ spinsin the unpolarised e* beam:

oLL + OLR)

ORL + ORR) -

N N =

o1, = (
OR — (
From Equation (20), we have o11, o (c§)?(c}')?, oLr o (¢§)?(ck)? etc.. Hence the cross sections o7,
and or areintheratio

o o (f)*(ef)® + (c)*(ch)” o< (1)

or o< (cp)* ()’ + (cR)*(ch)® o (cp)*

The left-right asymmetry istherefore

()= ()
A= @~ | (@)

A comparison of Equations (24) and (25) shows that while the forward-backward asymmetry App
measures the combination A, A,, of initial and final state couplings, the left-right asymmetry Ay is
sensitive to the initial state (electron) couplings alone. A combination of measurements of Arg and
Arr therefore allows A, and A, to be extracted separately.

10



12 Neutrino Oscillations

In the Standard Model, the three neutrino flavours v, v, and v, are all assumed to be exactly massless.
In addition, the three generations of |eptons are completely decoupled from each other, as exemplified
by the fact that the lepton numbers L., L, and L, are separately conserved. In interactions involving
aZ’, for example, transitions such as v, — v, or 7, — v, are allowed, while transitions such as
v, — v; Of 7, — 7, are forbidden. Similarly, in interactionsinvolving a W+ boson, transitions such
asv, — ¢~ and 7, — e arealowed, whiletransitionssuch asv, — p~ or 7,, — 7+ are forbidden.

In general, beyond the Standard Model, neutrinos are expected to have a small but finite mass. In
this case, the flavour (or weak) eigenstates v., v,, v, will in general be different from the mass
eigenstates v, v, v3 (With masses mq, ms, ms). The connection between the flavour and mass
eigenstates is described by a unitary 3 x 3 matrix, the PMNS matrix, analogousto the CKM matrix of
the quark sector. One consequence of the mismatch between the flavour and mass eigenstates is that
neutrinos produced as one flavour (a v, produced in 7+ — 171, decay, for example) can be detected
subsequently as a different flavour (v., for example, which gives an electron in a charged-current
interaction: v,p — e X). Neutrino flavour conversion can be studied by searching for neutrino
oscillationsin a beam of neutrinos.

In this handout, expressions for the neutrino conversion probabilities P(v, — 1) are derived, first
for the simple case of two neutrino flavours alone and then for the more general case of three neu-
trino flavours. The formalism will bear many similarities to that developed in Handout 8 to describe
strangeness oscillations in the neutral kaon system. The main differences are that we will now be
dealing with a general three-way mixing between three different types of particle, rather than an
oscillation between a single particle and its antiparticle, and that neutrinos are stable particles, in
contrast to the weakly-decaying neutral kaons. In addition, neutrino oscillations are “cleaner” in the
sense that the difficulties inherent in dealing with hadronic bound states are avoided.

12.1 Oscillations of two neutrino flavours

We consider first the case where there exists only two flavours of neutrino, v, and v, say. The flavour
eigenstates (or weak eigenstates) can be expressed in terms of the mass eigenstates ; and v, viaa

2 X 2 rotation matrix:
Ve [ cosB sinf v
(1/“> N (— sinf cos 9> <V2> 1)



where ) isaconstant rotation angle. Equation (1) can beinverted to give the mass eigenstatesin terms

of the flavour eigenstates:
viy _ (cost —sinf Ve
(1/2> o (sinﬁ cos ) (1/”) ’ (2)

Consider a neutrino which is produced in a pure v, state at timet = 0 (froman* — e*v, decay for
example). Theinitial wavefunction isthen

|V6(0)) = |ve) = |11) cos B + |v5) sinf . (3)

Choosing the +x axis to lie along the direction of travel of the neutrino, the mass eigenstates can be
taken to evolve as the plane waves

1 (1)) = |1y ePre=ibat o (t)) = |vp) eiP2e=iFat

where p; = |p,| and p» = |p,| are the three-momenta associated with each mass eigenstate, and
E, = /p? +m? and E, = \/p2 + m? arethe corresponding energies. At later timest > 0 therefore,
the neutrino wavefunction of Equation (3) becomes

Ve(t)) = |v1) P El cos O + |vy) €22l gin g .
Using Equation (2), this can be expressed in terms of the flavour eigenstates v, and v, as
Ve(t)) = [cos O |ve) — sin 0 |v,)] €™ 1l cos @ + [sin @ |ve) + cos @ |v,)] €7>* 2! sin 0
= |ve) (cos2 GeProiErt 4 gin? Hei””’iEQt) + |v,,) sin @ cos 0 (—eiplm’iElt + eip?m’iEQt) )

Thus, the wavefunction develops a v, component, giving rise to the possibility that the original v, is
detected as av,,. The probability that this occursis

P(ve = 1) = |(vulve(t))[*

. ; _; inoT—3q 2
— San 9C082 0 ‘_ezpla: iEqt + eng:v zE‘zt‘

= %sin2 20 (1 — cos [(p1x — Ert) — (pox — Ent)]) (4)

where the complex number relation |z 4 2z |*> = |21]? + |22]* & 2Re(2,25) has been used in the last
step. Neutrino masses are known to be very small, m; < p;, so that for each mass eigenstate, we have

E— m2
Di

Further, since neutrinos are extremely relativistic (v; ~ c¢), we can also make the approximation x ~ t.
Hence

pir (pi— B)o~ —fia~ — s ©

With these approximations, the v, — v, conversion probability of Equation (4) becomes

Am?2,L
P(ve — v,) = 1sin”26 [1 — cos (%)] (7

where we have defined
Ami, =m? —m3 .
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Wehaveaso set F ~ E; =~ E,, and replaced = by L to conform with standard notation.

Equation (7) corresponds to neutrino oscillations with wavelength

\ = A7 FE .
Am?,

Neutrino oscillations can occur only if there is a non-zero mass difference between the two mass
eigenstates, and therefore at | east one of the two masses must be non-zero. Note however that, because
of the cosine in Equation (7), neutrino oscillations are sensitive only to the absolute mass-squared
difference |m? — m?2|; they cannot provide information on the absolute values of the masses m; and
ma, NOr can they distinguish between the two possibilitiesm; > my and m; < ms.

Using the identity 1 — cos § = 2sin? §/2, we can also write Equation (7) in the form

. . Am2,L
P(ve — v,) = sin” 20 sin® (Tﬁ?) : (8)
The probability that the neutrino flavour remains unchanged, the survival probability, is clearly
2
P(ve — ve) = 1 — sin® 20 sin® (AZL;L> . 9

12.2 Oscillations of three neutrino flavours
12.2.1 General Expressionsfor the Oscillation Probabilities

In the case of three neutrino flavours, v, v, and v, Equation (1) generalisesto

Ve Uel UeQ UeS 41
vy = Uﬂl U#Q Uﬂ3 Uy
Vr UTI UT2 UT3 Vs

where U isaunitary matrix, UTU = I, known as the PMNS matrix (analogous to the CKM matrix in
the quark sector). Since U~! = UT = (U*)7, this equation can be inverted to give

* * *
" Uz Uz Us\ ([ve
_ * * *
v | =Usy Uy Us | v (10)
* * *
Vs Uy Uz Us) \wy

For asystemwhichisinitially in apure v, state, for example, the wavefunction at timet = 0 is
Ve(0)) = Uer [11) + Uea |12) + Ues |v3)

and evolves as | | |
We(1)) = Uit [11) €1 + Uy |vp) €28 4 Uy [1g) e~ 1P21



where here and in the following it is to be understood that ¢ ~*“* is being used as a shorthand for
ePir—ilit - Using Equation (10), the wavefunction v, () can be expressed in terms of the flavour
eigenstates as

Ve(t)) = Uer (U [ve) + Upy ) + Uy vr)) e 5
+ U (Ue*2 |ve) + U;2 |Vu> + Uy, |VT>) et
+ Ues (U:?, |ve) + UZ?, V) + Uz |VT>) e !
giving
Ve(t)) = (UaUje "™ 4+ UnUlye "' + UpgUlge ™ ™") v
el e2 e3
+ (Uel U;:lefiEllt + UegU:er”E?t + UegU;?,e’iE?’t) V) (1)
+ (U Uk e + UppUlye ™2 + UgsUsye ™) |vy)

The probability for neutrino flavour conversion, such asv, — v, can be read off directly as
Pt = 1) = |UaUpye P + UnpUpye P 4 UpgUlye 51|

In terms of Feynman diagrams, the first term on the right-hand side of the above equation can be
represented as.

et o

141

W+

A\

W-I—
Uel U;l

and similarly for the remaining terms with v, replaced by v, and v5. In this picture, the initial W+
could be a virtual Wt inar™ — e'v, decay for example, while the final W is a virtual W+
produced in a neutrino interaction of theform v, — = + X.

Using therelation
|21 + 29 + 23|2 = 21> + |2|® + |23]* + 2Re(2125 + 2125 + 2025) (12
where z, z, z3 are any three complex numbers, we can write the oscillation probability as

P(ve = v,) = |U61Uu1|2 + |U62Uu2|2 + |U63,ng,|2
+ 2Re [UaUl U Uppe "B 4 Uy Ur UsUpse P98 4 U Ur U Uge "F2 )
(13

Unitarity of the PMNS matrix gives (amongst others) the relation
UelU;l + UeZU/jQ + U83U23 - 0 .
Taking the modulus-squared of this equation, using Equation (12), then gives

UerUpa|? + UeaUp2|? + |UesUps|? + 2Re(Uer Usy U3y Upiy + Ued U Ul Uy + UeoUy UgUps) = 0.
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Using this relation to eliminate the sum U, U1 |? + [UeaUp2|? + |UesUys)? in Equation (13) allows
the conversion probability to be written as

P(ve = vu) = 2Re (Ua Uy USU [e=itE =2t _1])
+ 2Re (U61U21U:3Uu3 [efi(EleS)t — l]) (14)
+ 2Re (UnoUyUlyUys [P P90 1))

Similar expressions can be written down directly for the other conversion probabilities P(v, — v,),
P(v, — v,), €c..

The survival probability P(v. — v,) can be obtained from the coefficient of |, ) in Equation (11) as

i —3 _q 2
P(Ve = ve) = |Ua U e ™" + U Ulye 2" + UgsUlge ™| .

In this case, the relevant unitarity relationis
UaU, + UpUl + UsUl; =1,
and the expression equivalent to Equation (14) is
P(ve = ve) = 1 + 2|Ua1|*|Uws|*Re ([e_i(El_EQ)t —1])

+ 2|Up |2|Ues|*Re ([ F1=Et _ 1])
+ 2|U32|2|U33|2Re ([e*i(Eé*Es)t _ 1]) ‘

Remembering that —: F;t is being used as a shorthand for ip;x — i E;t, and using again the approxi-
mation of Equation (6), the time-dependent factors can be written as

Re [e’i(El’EQ)t — 1] = cos[(mz — Eit) — (pox — Eat)] — 1
(m3 — mi)L

4F

= —2sin?

=-2 sin2 A12 (15)

(and similarly for the other terms) where, for convenience, we have introduced

(m? —m3)L _ Am?,L
4F 4F

A12 =

Hence, finally,

P(l/e — Ve) =1- 4|U61|2|U62|25in2 AIZ — 4|Uel|2|Ue3|2 sin2 AIS — 4|U62|2|U83|2 sin2 A23 . (16)

Similar expressions can be written down directly for the other survival probabilities P(v,, — v,,) and
P(v. — v,). Notethat, due to the constraint

Aqg + Aoz = Ays,

only two of thethree A;; appearing in Equation (16) are independent.



1222 CPand T violation

Interchanging the labels“e” and “ 1" in Equation (14) gives

P(v, — ve) = 2Re (U U Uy U [e P10 — 1))
+ 2Re (U,n U UyisUes [e—z’(EI—Es,)t ~1]) (17)
+ 2Re (UM2U:2U;3Ue3 [e_i(Ez_E3)t - 1]) )

Comparing this expression with Equation (14), it followsimmediately that, unless the PMNS matrix
ispurely real, we have
P(v, = ve) # P(ve = v,) . (18)

In other words, if any of the PMNS matrix elements are complex, neutrino oscillations are not invari-
ant under timereversal, t — —t, and we obtain T violation.

Under a combination of C and P operations, |eft-handed neutrinos are transformed into right-handed
antineutrinos, and vice-versa. Thus, under CP, thetransition v, — v, becomesthetransitionv, — v,,,
for example. Under acombinationof C, Pand T (i.e. under acombined CPT operation), thetransition
ve — v, becomes the transition 7, — 7,. If the weak interactions are invariant under CPT, we
therefore have

PWs —7,) =Py, = ve) . (19)

Comparing Equations (18) and (19), we see immediately that, unless the PMNS matrix is rea, the
antineutrino and neutrino conversion probabilities are different:

PWe = v,) # Pve > 1) .

In other words, if any of the PMNS matrix elements are complex, we expect to observe CP violation
in neutrino oscillations. This is analogous to the quark sector where a complex CKM matrix gives
rise to CP violation in hadronic systems.

Combining Equations (17) and (19), and reordering the factors of U;; and Uy, gives

P = ,) = 2Re (U} \UnUe Uy [e P20 — 1])
+2Re (U U U Uy [T 1B 1))
+ 2Re (UU,nUpsUsy [P Bt 1]

Comparing with Equation (14), we see that the conversion probabilitiesfor antineutrinos are obtained
from those for neutrinos by replacing each PMNS matrix element U;; by its complex conjugate U

The possibility of observing CP violation in neutrino oscillationsis explored further in the examples
sheet. A search for CP violation will be the subject of an intense experimental effort over the next
decade or so, but as yet there is no evidence for such effects. For the remainder of this handout
therefore, we shall neglect the possibility of CP violation and consider a PMNS matrix which is
purely real.



12.2.3 Oscillation Probabilities Neglecting CP Violation

If the possibility of CP violation in the neutrino sector is neglected, the PMNS matrix can be taken to
be purely real, and Equation (14) becomes

P(ve = v,) = 2U1 Uy UeoUjoRe [e—i(El—Ez)t 1]
+ 22U Uy UsUygRe [e 1Bt 1]
+ 2U€2Uu2Ue3U#3Re [67i(E2*E3)t _ 1} )
Hence, using Equation (15), we obtain

P(ve — v,) = —4U U UpoU o 8in® Ajg — AU U,y UegUpz sin® Ayz — 4UeoU 19Ue3U,3 80 Agg
(20)

plus similar equationsfor P(v, — v,), P(v, — v;) €tC..

Similarly, neglecting CP violation, the survival probability P(v. — v.) of Equation (16) becomes

P(ve — vo) = 1 — AUL U2 sin® Ay — U2 U2 sin® Ay3 — 4UZUZ sin® Ags |, (21)

plus similar equationsfor P(v, — v,) and P(v; — v,).

It is easily seen from Equations (20) and (21) that, with U real, CP and T are now both conserved:
P(v, = ve) = P(ve = v,) = P(Ve — 7,), and so on.

12.2.4 Oscillation Probabilitieswith a Hierarchy of M asses

As will be explained in the next section, the data from a variety of neutrino experiments reveal evi-
dence for neutrino oscillations with two very different scales for the mass-squared difference Am?.
Specificaly, the value of Am? relevant to experiments using solar neutrinos and reactor antineutri-
nos, |Am?| ~ 7 x 107°eV?, is determined experimentally to be much smaller than that appropriate
to atmospheric neutrino oscillations, |[Am?| ~ 2 x 1073 eV

|A7n2 |solar < |A7n2 |atm0 .
This hierarchical structure of the mass eigenstates allows the expressions for the conversion and sur-
vival probabilities derived in the previous section to be greatly simplified, as we see below.

Sincethe sign of the mass-squared differences Am? |, and Am?, ., cannot be determined from obser-

vations of neutrino oscillations, two distinct ordering schemes are possible for the mass eigenstates:

\ ms —————— my ————— 2
m —F—— tk A,'nsola,r
AWthmo 2
A"natmo
v m
2 2
A777’301;11" t m —F— ms — v
Normal hierarchy Inverted hierarchy



The labelling of the mass eigenstates in each schemeis completely arbitrary. The convention adopted
isthat, in either scheme, the labels “1” and “2” are assigned to the solar/reactor mass splitting, with
the ordering my > m,. In either scheme, with this convention, we have

|Amiy| < [Amis| & [Amis| .

For anormal hierarchy of masses (left-hand side), we have

my < my < ms 0 < Ay € Agy = Agy
while for an inverted hierarchy of masses (right-hand side) we have *

ms K my < my 0 < Agp € Agg x Ay
For both the normal and inverted mass hierarchies, we have |A ;| ~ |Aqs/, SO that the conversion
probability of Equation (20) becomes

P(ve = v,) & —4U1 U, UeaUpo sin® Ay — 4(UerUpyy + UeaU,2)UesU s sin? Ags .

Using the unitarity relation
UelU,ul + UeQU#Q + U83Uﬂ3 - 0

this can be written

P(l/e — Vﬂ) ~ —4U81U“1U62U#2 sin2 AIQ + 4U823U33 sin2 Agg (22)

The same form holds for other conversion processes such as v, — v, and v, — v;:

P(Ve — VT) ~ —4U81U7—1U62U7—2 sin2 Alg + 4U623U33 sin2 A23 (23)

P(V# — I/T) ~ —4Uu1U71U#2U7—2 sin2 Alg + 4U33U33 sin2 A23 . (24)

The remaining conversion probabilities are given directly by
P(v, = ve) = P(ve = v,), P(v; = ve) = P(ve — v;), Pv, »v,) =Py, = v.).
For either mass hierarchy, the survival probability of Equation (21) can be written
P(ve = ve) & 1 — AUZ UZysin® Ay — 4 (U2, + UZ) UZysin® Aog
Unitarity of the PMNS matrix givestherelation
U4 +UL+U5=1

and hence the survival probability is

P(ve = ve) & 1 —4UZUZsin® Ay — 4 (1 — UZ) UZy sin® Agg

(25)

1Since the absol ute values of the masses m; cannot be determined from observations of neutrino oscillations, it is aso
possible that, even though the mass-squared splittings |Am 2, | and |Am2,| are very different, the neutrino masses them-
selves could all be approximately equal: my ~ ms &~ mg3. Thislatter possibility is, however, theoretically disfavoured in
most models.



with similar equationsfor P(v, — v,) and P(v,; — v.).

In summary, neglecting CP violation and assuming a hierarchical mass structure based on one large
and one small mass-squared splitting (JAm3?,| < [Am3,| ~ |Am?,]), the conversion and survival
probabilities are given by Equations (22)-(25) :
P(ve = v) = P(vy = ve) ® —4UeiUpn UeoUya sin® Ay + AUZU g sin® Ayy (22)
P(ve = v;) = P(vy — 1) = —4U U UpoU,p sin? Ajg + AUZUZ; sin? Agy 23y
P(vy = v;) = P(v; = ) & —4UnUn UpaUyg sin® Ay + 4U 23U sin® Ao (24)

P(ve = ve) & 1 — AUZ U2 sin® Ay — 4 (1 — UZ) UZysin® Agy (25)
P(v, = vy) = 1 —4U3 U2 sin® Ay — 4 (1 — Uly) Ulg sin® Agg
P(v; = v;) & 1 —AUA UZ,sin® Ay — 4 (1 — UZ;) Uz sin® Ay

In the next section, a subset of these equations will be used to interpret the experimental results on
neutrino oscaillations.

The wavelengths \;, and \.3 associated with the terms containing sin? A, and sin? A,; are

A7 FE A7 K

)\12 — o )\ — V5
2 23 95 -
Ami, Am3,

Since |Am?,| < |AmZ;], the oscillation probabilities of Equations (22)-(25) are a combination of
along-wavelength component due to the solar mass splitting [Am?2,| ~ 7 x 107°eV?, and a short-
wavelength component due to the atmospheric mass splitting [Am2;| ~ 2 x 1073 eV?,

12.3 Comparison with Experiment
12.3.1 Standard Representation of the PMNS Matrix

To interpret the data from neutrino oscillation experiments, it is useful to employ a particular, specific
representation of the PMNS matrix U. The standard representation universally used is obtained by
expressing U as a product of three rotation matrices based on angles 1., 6,3 and 6,3, together with a
complex phase factor e:

Uet Ue Ue 1 0 0 €13 0 size ¥ ci2 sz 0
Uﬂl ng Uﬂg =10 Co3 S93 X 0 1 0 X —S12 Ci12 0
Un Uy Uss 0 —so3 cCo3 —3136i6 0 C13 0 0 1
C12C13 $12C13 s13e™"%
= | —S12C23 — 0128235136i(5 C12C23 — 5128235136i5 S23C13 (26)
512523 — 0120238136i6 —C12523 — 812023813€i6 C23C13

where s;; = sinf;;, ¢;; = cosf;;. Thisisthe same form as that considered earlier for the CKM
matrix. All physical observables are independent of the particular representation of the PMNS (or
CKM) matrix.



In terms of the standard representation of Equation (26), with U,; = c¢i2¢13, Ues = s12¢13 and U,z =
s13, the v, — v, survival probability of Equation (25) becomes

P(ve = ve) & 1 — AU UZ sin® Ajp — 4 (1 — UZ) UZysin® Aog
=1- 4(012613)2(812013)2 SiIl2 AIZ — 4 (]_ — 8%3) 8%3 Sin2 Azg
=1- COS4 913 Sin2 2912 sin2 AIZ — sin2 2913 Sin2 Agg . (27)
This expression will be used below to discuss the evidence for neutrino oscillations obtained in ex-
periments studying solar neutrinos, and using antineutrinos from commercial nuclear power reactors.
Similar expressions can be written down for the conversion probabilities P(v. — v,,) etc., and will be
used below to discuss the results obtained by experiments studying neutrinos produced in cosmic ray

interactions in the Earth’s atmosphere. When considered together, we shall see that the experimental
results now constrain reasonably well the overall structure of the PMNS matrix.

12.3.2 Solar Neutrinos

For atypical solar neutrino energy of 1 MeV, the wavelength \,; associated with the “large” (atmo-
spheric neutrino) mass-squared difference Am2, ~ 2.5 x 1073 eV? is

ATE N 41 x 1 MeV
Am2, 2.5 x 10-3eV?
Thiswavelength is negligiblein comparison with the size of the neutrino production region in the core

of the Sun, and solar neutrino experimentstherefore detect only an average of many such oscillations.
The factor sin? A,3 in Equation (27) should therefore be replaced by its average value of one-half,

giving

P(l/e — l/e) =~ (]_ — %sinZ 2913) — COS4 913 Sin2 2912 SiIl2 AIZ .

As explained below, results from the CHOOZ reactor experiment show that the matrix element U3 =
s13 issmall, sothat s;3 ~ 0, ¢;3 &~ 1. The survival probability for solar neutrinos then becomes

P(ve — ve) & 1 —sin® 2015 sin? Ay (28)

which has the same form as the simple two-flavour survival probability expression of Equation (9).
Solar neutrino experimentstherefore primarily determine the angle 6, and the mass-squared splitting
Am?,.

As explained in the lectures, the survival probability for solar neutrinos is strongly affected by matter
effects, namely the coherent effect of scattering on solar material during the propagation of aneutrino
from the core to the surface of the Sun. Because solar material contains only electrons (not muons
or tau leptons), the propagation of electron-neutrinosis affected differently to that of muon- and tau-
neutrinos. It can be shown that, when matter effects are taken into account, the form of Equation (28)
remains valid but 6,5, and Am;, have to be replaced by effective values 67, and Am7} which are
calculable functions of 0,5, and Am4,. A combined analysis of al available data favours the so-called
LMA solution:

|Am2,| ~ 7 x 10 °eV?  sin?20;, ~ 0.8 (c12 = 0.85, 519 ~ 0.53)]. (29)

This interpretation of the data has recently received support from the KamLAND reactor experiment
(see below).
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12.3.3 Atmospheric Neutrinos

The energy of atmospheric neutrinosis of order 1 GeV. At this energy, the wavelength ), associated
with the solar term containing Am?2, ~ 7 x 10> eV? is
4T E 4 x 1 GeV

Al = = 0.197 GeV fm) = 35,000 km .
T AmS, T Tx 10 5eV? < eV fm) ’ o

Since this wavelength is several times the diameter of the Earth, oscillations due to terms containing
Am?, barely have time to develop between production of the neutrino in the Earth’s atmosphere and
itsarrival at the detector; such terms can therefore safely be neglected.

Atmospheric neutrino experiments observe only about one-half the expected number (assuming no
neutrino oscillations) of upward-going muon neutrinos. The number of downward-going muon neu-
trinos, and the number of electron neutrinos from all directions, are approximately as expected. This
suggests that the dominant conversion processisv,, — v, oscillations, and we consider this process
first. Neglecting the term containing Am?,, the oscillation probability for v, — v, oscillationsin
Equation (24) takesthe form

P(v, = v;) m AU U2 sin® Ags .
Since Uﬂ3 = S93C13 and U,3 = co3c13 WE have
2

A2 22 2 2 422 212 o 2
P(v, — ;) & 4553075053013 810" Agg = 4s5.55(1 — s75)° sin” Ags

which can be written

P(v, — vy) = (1 — s35)? sin® 2093 sin” Ays | (30)

Thisis of the same form as the standard two-neutrino oscillation formula, Equation (8). Since the
results from the CHOOZ reactor experiment show that the matrix element U3 = s;3 is small, atmo-
spheric neutrino oscillations primarily depend on the parameters Am2, and 6,3. The results from the
SuperK amiokande experiment determine that

Ami, ~2 x 107%eV? sin 2653 ~ 1.0, (023 A So3 A 1/\/§> .

Neglecting the A, term in Equations (22) and (23), the remaining conversion probabilities are given
approximately by

P(ve = vu) = P(vy — ve) m AULU s sin® Aoz = 457355575 sin” Ao

and

P(ve — v;) & AURU?Z sin® Az = 457505515 sin® Ags
where we have used U3 = s13, U,z = so3¢13 and U3 = c3¢13. These conversion probabilities are all
proportional to sin® 26,5, and are therefore small.

The results above are summarised in Figure 1, where the various conversion and survival probabilities
are shown as afunction of distance for aneutrino energy of 1 GeV, typical of atmospheric neutrinos.
The angle 6,5 has been arbitrarily set to a value of 11.5°, a little below the constraint 6,3 < 14.8°
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Figure 1: Oscillation probabilitiesfor aninitial v, (Ieft-hand plot) or initial v, (right-hand plot) for atypical
atmospheric neutrino energy of 1 GeV.

from the CHOOZ experiment. The oscillations are dominated by the transition v, — v, except for
neutrinos which traverse essentially a complete Earth diameter, where v, — v, and v, — v, v,
oscillations become significant.

Atmospheric neutrinos are initially produced in cosmic ray interactions as a mixture of v, and v, neu-
trinos (and antineutrinos), with approximately twice as many v, asv.. If theinitial flavour fractions
in abeam of neutrinos are specified by f.(0), £.(0), f-(0), with f.(0) + f.(0) + f-(0) = 1, then the
fractions f.(t), f.(t), f-(t) of each type of neutrino in the beam at alater time¢ is given by

1) = JA(O)P(ve = 1) + Fu(O)P (v, = 1) + [ (O)P(v, = 1)
Full) = FO)P(e = 1) + [ (0P, = 1) + [, (0)P(r = 1)
J(t) = FL0)P(We = v,) + (0P, = 1) + [ (0)P(vr = 1)

Figure 2 shows the composition of a “beam” of atmospheric neutrinos as a function of distance,
assuming an initial composition of one-third v, and two-thirds,, (and no v.). The v, fraction remains
approximately constant, even at large distances, because thetransitionsv, — v, and v, — v, partialy
compensate each other.

12.3.4 Reactor Experiments

Reactor experiments involve (anti)neutrino energies of order 1 MeV. At this energy, the wavelength
associated with the solar mass difference term in Equation (22) containing Am?, is

A E 41 x 1 MeV
Am2,  7x105eV?
while the wavelength associated with the atmospheric mass difference Am2, is

AT E 41 x 1 MeV
- Am3, T 2x10-3eV?

)\12 = X (0197 GeV fm) = 35km ,
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Figure 2: Neutrino fractionsin a“beam” of atmospheric neutrinos which initially contains twice as many
v, 8SVe, and N0 v;.

For the CHOOZ experiment, located about 1 km from the reactor core, oscillations due to Am?, do
not have time to develop appreciably, and the term involving Am?, in Equation (27) can safely be
neglected:

P(ve = ve) 1 —4 (1 — si3) s73sin® A . (31)

Thisis again of the same form as the simple two-neutrino survival probability expression of Equa-
tion (9). The null result from CHOOZ, i.e. P(v. — v.) =~ 1, therefore requires either s;3 ~ 0 or
s13 &~ 1. The latter possibility can be ruled out since then the atmospheric neutrino oscillation prob-
ability P(v, — v,) of Equation (30) would be very small; the CHOOZ result therefore determines
that the angle ;5 issmall. A detailed analysis of the data (considered also in the examples sheet)
gives

sin2 913 < 0.065 (913 < 14.80, S13 < 026, C13 > 097) .

In the KamLAND experiment, the detector islocated at atypical distance ~ 150 km from avariety of
nuclear reactors, so that the solar term involving Am?, in Equation (27) can no longer be neglected:

P(l/e — l/e) =1- COS4 913 sin2 2912 SiIl2 AIZ — SiIl2 2913 sin2 A23
~ 1 — sin% 265 sin® Ay
where the last line follows because 3 is small. This expression is the same as Equation (28) for
the survival probability in solar neutrino experiments. The measurement of a value of P(v, — )

(actualy P(v. — v.)) significantly below unity by the KamLAND experiment strongly favours the
LMA solution from the solar neutrino experiments, Equation (29).

13



Figure 3 illustrates the neutrino oscillation probabilities relevant to the CHOOZ and KamLAND re-
actor experiments, plotted for a neutrino energy of 1 MeV using the complete expressions in Equa-
tions (22)-(25). For the KamLAND experiment (well off the right-hand edge of the plot) the long
wavelength (\;,) oscillations are well developed while the small wavelength (\,3) oscillations are
only aminor perturbation. The KamLAND experiment is therefore primarily sensitive to the same
parameters, 0, and Am?,, as the solar neutrino experiments. On the other hand, the CHOOZ ex-
periment, at a distance of about 1 km, isonly sensitive to the short wavelength \,3 oscillations, and
places an upper limit on the amplitude (sin? 26,3) of these oscillations.

— — 0
. E,=1MeV, 6,;,=115
L L e e o TN

08 e e _-

Probability
o
(]
——

o
~

0.2

Distance / km

Figure 3: Oscillation probabilities as a function of distance for an initial v, (actualy 7,) of energy 1 MeV,
typical of reactor antineutrinos. The CHOOZ experiment is situated at a distance of about 1 km from a
reactor, while the typical distance of the KamLAND experiment from various reactors is about 150 km.
The high amplitude, long wavelength oscillations are driven by the mass-squared difference Am 2, ~ 7 x
10~3eV?2. The small amplitude, short wavelength oscillations are driven by the mass-squared difference
Am3, ~ 2 x 1073 eV2,

12.3.5 Putting it all Together

The experimental results on neutrino oscillations, and their impact on the parameters in the PMNS
matrix, can be summarised as follows:

1) Solar neutrino experiments (amixtureof v, — v, and v, — v, oscillations) favour the so-called
LMA solution

|Am?2,| ~ 7 x 107%eV?, sin?20;, ~ 0.8, 12~ 0.85, 513~ 0.53;

2) Atmospheric neutrino experiments are dominated by v, — v, oscillations with

Am2, ~ 2 x 1072eV?,  sin? 2053 ~ 1.0, o3 & 593 & 1/V2;
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3) The KamLAND reactor experiment observes a deficit of 7, antineutrinos which confirms the
solar LMA solution, while the CHOOZ experiment shows that the angle 6,3 is small:

sin? 05 < 0.065 .

Inthelimit #;3 = 0 (and hence ¢;3 = 1, s13 = 0), the PMNS matrix, Equation (26), takes the form

Ut Ue Ue C12 512 0
U,ul ng ng = | —S12€23 C12C23  S23
Un U Uss S12823  —C12523 C23

The structure of the PMNS matrix is therefore approximately

Uea U Ue C12 S12 0 0.85 0.53 0
Ulﬂ Ulﬂ ng ~ —812/\/5 Cm/\/i 1/\/5 ~ —0.37 0.60 0.71
Ui U Us S19/V2  —c/V2 1/V/?2 0.37 —0.60 0.71

The presence of two large mixing angles ¢, and 6,3, and the corresponding large mixing between
the neutrino flavour eigenstates, means that the PMNS matrix is very different in form to the approx-
imately diagonal CKM matrix in the quark sector.

From Equation (10), the PMNS matrix determined above corresponds to neutrino mass eigenstates
with the approximate form

512

V] R Clale — E (v, —v,) = (0.85)v, — (0.37) (v, — )
C12

Vo RS S1ale + 7 (v, —v:) = (0.53)re + (0.60) (v, — v7)

v3 & —= (v, +vr) ~ (0.71) (v, +v,) .

V2

Thereisasyet no experimental information on the phase angle § in the PMNS matrix. Obtaining such
information will require high sensitivity searches for CP violation in neutrino oscillations.
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12.4 Appendix: Particle Oscillations (non-examinable)

The neutrino oscillation probabilities in this handout were derived assuming that each neutrino mass
eigenstate propagated as a plane wave with definite energy F; and three-momentum p;. A more correct
treatment of neutrino oscillations takes into account the uncertainties in the positions and momenta
of the neutrino using a wave packet (or field theoretic) description. Thisisillustrated schematically
in Figure 4 for the case of two neutrino mass eigenstates v, and v».

Vi, Vo

VAN

Figure 4. Schematic illustration of neutrino wave packet propagation.

After propagating a sufficiently large distance, the individual wave packets no longer overlap and
neutrino oscillations no longer occur. The velocity »; associated with each mass eigenstate is given

by

v = 2
(2 El .
From Equation (5), we have
—=r1l+—,
Di 2pi
and hence
m
UV =~ ]_ — 5 -
2p;

After atimet, the spatial separation between the two mass eigenstatesis

Am?L
2p?

Ax = (v — )t =

where L ~ t isthe distancetravelled and p ~ p; = p».

As a concrete example, consider a neutrino of momentum 1 MeV which propagates over a distance
L = 100 km, with amass splitting Am? = 2 x 1073 eV Then

2 x 1073 eV? x 100 km
Axr ~ 5
2 MeV

This example serves to illustrate that, in all practical circumstances, the separation of the individual
mass eigenstates is a negligibly small effect, and that an approximate treatment using plane wavesis
perfectly acceptable.

~107"9 m.

Similar remarks apply also to strangeness oscillationsin the neutral kaon system.
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