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Abstract

In this paper, we describe a numerical method for
simulating flame propagation using complex physi-
cal and chemical models. A 4th order discretization
is used for the spatial derivatives. For the tempo-
ral integrations, we use preconditioning to produce
a highly efficient linearly implicit method with good
stability properties. Spectral deferred correction is
then employed to get higher order accuracy in time.
Solution adapted moving grids are used to track the
flame fronts. We test our method for the hydrogen-
air system using plane flame solutions as initial data.
The results demonstrate the accuracy, stabilty, and
efficiency of the method. As a final application, we
use our code to compute the quenching distance of
the flame front impinging normally onto a cold wall.

1 Introduction

The propagation of laminar flames is governed by
a system of partial differential equations that ex-
press the conservation of mass, momentum, energy,
and species, combined, in the zero Mach number
limit considered here, with some nonlinear algebraic
equations, e.g. see [15]. The solutions of these
partial differential-algebraic equations (PDAEs) typ-
ically have a steep front where the solution changes
rapidly in a small spatial region. These equations are
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difficult to solve numerically because of the strong
coupling among the chemical species and tempera-
ture which results in a high degree of stiffness in any
accurate discrete approximation. The goal of our re-
search is to produce a discretization with a high or-
der of accuracy on non-uniform grids and a time-step
stability constraint that is independent of the spatial
discretization, because such approximations can be
solved efficiently when combined with adaptive grid-
generation strategies.

This paper considers the one-spatial-dimension
problem for which we produce an algorithm that is
fourth-order accurate and for which the time-step sta-
bility constraint, for uniform grids, is constant for
sufficiently resolved grids. We provide strong numer-
ical evidence that when this method is combined with
adaptive moving-grids, the resulting simulations are
accurate, stable, and efficient. As a simple applica-
tion of our method, we compute the quenching dis-
tance of a flame impinging normally onto a cold wall.

2 One Dimensional Model

The one-dimensional model describes the dynamics
of plane flames. The equations are derived from the
general equations given in [15]. In an open system,
the pressure is almost constant in space and in time,
so we assume the pressure is constant and ignore the
momentum conservation equation. This yields the
simplified conservation equations:

pt+ (pv)e = 0, 1)

e +ve, = —q—m—Pv—m, (2)
p p

Vit = S-SV, ()

where, in the simulations described below, the in-
dependent variables satisfy 0 < z < 1 (the unit of
length is the centimeter) and ¢ > 0. The dependent



variables are: e, the total energy; v, the average ve-
locity; Y, the mass fraction of species i divided by
its molecular weight. N, will be used to denote the
total number of species. The pressure P is assumed
constant. The density p and the temperature T are
determined from the gas law equations:

P N

5 = pT;Y’, (4)
N '

e = Y YieT), (5)
=1

where, e; are the species internal energy, and R is
the gas constant. To complete the problem speci-
fication, we have to describe the computation of the
reaction rates, w;, the diffusion velocities, V;, the heat
flux, ¢, and the species energy. In this work, w; were
computed using the procedures built into the NASA
Glenn kinetics code LSENS [12]. The NASA Glenn
polynomial expressions [5] were used to calculate the
thermodynamic properties, and the routines for the
transport properties were adapted from the Sandia
1D flame code [9].

Equations (1)-(5) are a system of partial
differential-algebraic equations that have index 2.
Equations of index greater that one are difficult to
solve numerically [1] [8]. Therefore we derive an ex-
plicit equation for the velocity v. and thus reduce the
index of system of the PDAESs to 1. For convenience,
define:

N,
s1 = Y Yiel(T),
=1
N,
Sy = ZY’)
i=1
Neow; 1
s3 = — ——(pY'V')al,
3 ; P p(P )z]
N w; 1 -
S4 = Z[—z - = (vaz V’)z]ez(T) .
i1 PP

Then, by differentiating (4) and (5), and using the
conservation equations, we obtain the following sim-
ple first order ordinary differential equation for v

(6)

avy =0,

where,

9=
83 sS4 + 7

89 s1 T

8 =

Our numerical algorithm is designed to solve (2), (3),
(6), combined with the algebraic equations (4) and
(5). The initial and boundary conditions are problem
dependent and will be discussed in Sections 6 and 8.

3 Spatial Discretization

Following the ideas of the method of lines, all spatial-
derivative terms are first discretized, converting the
PDE problem into a system of ODEs in time. On uni-
form grids, we use the standard fourth-order central
differences on the interior of the grid and fourth-order
lopsided schemes near the boundary to discretize the
first order spatial derivatives [14]. For diffusion terms
like (a(z)ug)q, we first use fourth-order differences to
approximate u, midway between grid points and then
use the same formula to approximate the derivative
of aug (see [7]).

For a nonuniform grid, the mapping method [3] is
used to compute the derivatives. Suppose that z =
M (s) is a smooth mapping and the grid is given by
x; = M(s;) with the s;’s given by a uniform grid.
Application of the chain rule yields

a _ Ay, bz

7 = () (55)

2 2 2
o= (o~ w)(5)

and then the uniform grid formulas are used to dif-
ference the s-derivatives.

4 Temporal Discretization

The spatial discretization creates a system of ordi-
nary differential algebraic equations (DAESs) in time.
In this system let y be a vector containing all values
of the energy and species at the interior grid points,
and let z be a vector containing all other unknown
values, such as temperature and velocity at the inte-
rior grid points. Then the DAEs have the standard

form
vy =12,
7
{ 0 =g(y,2). @
For our system, due to the introduction of (6), g, is
invertible, so the system has index one [1]. Because



of this, the algebraic system can be inverted and z
eliminated from the system, which results in an ez-
tremely stiff system of ordinary differential equations
(ODEs). The explicit elimination of the the z vari-
able will destroy the sparsity structure of the system
(7), so this information is only used implicitly in our
computations.

Because of the stiffness of the ODEs, we use a semi-
implicit or preconditioned time-step algorithm to im-
prove the time-step stability:

(I =k )@ —y7) =
0 =

ki f(y, 27)
gyt 21,

(8)
9)

where k; is the time step size and J; is some gen-
erally rough approximation to the Jacobian of the
ODEs. So each step of the algorithm consists of up-
dating the y values followed by a solve for the z val-
ues. This discretization is first-order accurate as long
as (I — k; J;) is invertible and the J; are bounded,
independent of the definition of J;.

The choice of the preconditioner J; is based on
the Jacobian of f with respect to y. For example, if
f(y,z) is simply a fourth order central difference of
Ugz, then a good choice for J; is second-order cen-
tral difference approximation of ug, (see [7] for more
details). The advantage using this preconditioner is
that the resulting coeflicient matrix in (8) is block
tridiagonal and thus is cheap to invert.

Since fourth order discretization is used in the spa-
tial variable, we would also like to use higher-order
discretization for the time integration. There are two
distinct approaches that produce higher order meth-
ods based on a lower order method: extrapolation [§]
and iterated deferred correction [2]. Here we use the
second approach.

Because the algebraic equations in our PDAEs are
solvable, for t € [a, b] we can write our problem in the
form

F(y(t)),
yla) = o

(10)

This ODE can also be written as an integral equation,

t
vt =y + [ Fu@)as,
a
which is the form used in our derivation of the higher
order method.
Suppose the first order approximations at the
points t; < tp < -+ < t,, in [a, b] are computed. We

will apply the idea of deferred correction to the inte-
gral equation (11) using Gauss Quadrature on these
points. Define hj = tj_|_1 — tj and let :ljl,:ljz, - ',:ljm
be the first-order approximation of the solution at
these grid points. For the Lagrange interpolant §(¢)
of these first order solution values §j; at t;, define the
residue as:

(t) = y(a) + / F(5(s)) ds — (1)

With this residue, we construct the neighboring prob-
lem

t
y(t) = y(a) + / F(y(s) ds — e(t).

which has §(t) as its exact solution. Although the
exact solution is known, we still use the first order
method described above to find it numerically. The
new approximations ¢; are then

(I = hj J;)(j+1 — ¥5) = hj F(g;) — (ej+1 — €;)-

We expect that the error in §; approximating g; is al-
most the same as the error for §; approximating the
real solution y(t;). Therefore the corrected approxi-
mation

y;i =¥ + (F; — 75)

should be more accurate.
The correction can be done several times, resulting
in the Deferred Correction Algorithm:

L4 Forj:O,---,m, g;):g?

e For k=0,1,---, kmax, ¥& = y(a)
k k i k k k
du—d= [ PGt E)ds— @ -
J
Tirr =05 + (L= h; J3) (b F(75) = (€ = €5))
Gy =00+ @5 —95)

¢ Extrapolate the gj;-“m” values to the value ¢, at
t=0b.

In fact, the deferred correction algorithm does in-
crease the order of the method, which we will prove
elsewhere.



5 Other Issues

We complete our discussion of temporal integration
by mentioning two other issues: the spectral integra-
tion needed in the computation of the integral ap-
pearing in the deferred correction algorithm; and the
extrapolation needed when the integration nodes do
not contain the end point of the interval. As men-
tioned above, integration in the Deferred Correction
Algorithm is done by Gauss quadrature [6], as sug-
gested in [4].

So let s1 < 89 < --- < 8., be the usual m Gauss-
Legendre nodes on the interval [—1,1]. For a general
interval [a, b], the Gauss-Legendre nodes are then

1 1
t; = 5(b—a)s,-+§(b+a),

and integration is done by changing variables. Let
fi, f2,+ -+, fm be the values of f at these nodes. The
Lagrange interpolant of these values as a function of
s is

. m s—s;
LM(fs) =3 () fi o) =[] -
j=1 i#£] J ¢
Define
gi:/ Lm(fas)ds; 1=1,2,---,m,
-1

and then
m 8;
5= [ ds-g;.
=171
If the matrix S™ € R™*™ is defined by

i7j=1727"'7m

RHEES / 1cj(s) ds,

-1

then
g=8"f

with f = (f17f25 T afm)T and g = (917927 e 'agm)T'
The matrix S™ is called the spectral integration ma-

trix, and is only dependent on the number of nodes
chosen.

In the temporal integration, the whole time interval
is divided into subintervals, and the spectral deferred
correction is done in each subinterval. Let [to,%5] be
such an interval. If ¢, is not one of the nodes, then
we have not yet defined the value of the high-order

Co ¢1 Ca C3 C4
L4844 [ 4= ] 4=
2,80(1 2,60[2 2,60[2 25&1

Table 1: Coefficients of Extrapolation for m = 4

approximation here. We will use extrapolation on
the high-order solution yo and the corrected values
¥j, J = 1,---,m to define this value, because if we
only use the corrected values, the maximum order in
time will be reduced. The extrapolation of order m
is

m
. S 1-—s
glts) = chyj’ ¢ = H 5;— i
Jj=0 i#]
where, s = —1, and s;, j = 1,---,m are Gauss-

Legendre nodes in the interval [—1,1]. For m = 4,
the coefficients are listed in the Table 1 where a; =

—/B+B)/7, as = —/(3 = B)/7, and B = 2,/6/5.

6 Numerical Tests

We tested our implemention of the fourth-order in
space and time algorithm on the hydrogen-air fuel
system. At the inlet, the gas is assumed to be a sto-
ichiometric mixture at room temperature and atmo-
spheric pressure. The model involves 13 species. The
domain is truncated to the interval [0,1] with artifi-
cial boundary condition at x = 1. The hydrogen-air
mixture is injected with the velocity vg > 0 at the
left boundary.

At the cold boundary z = 0, Dirichlet boundary
conditions are imposed:

Y¥(0,1) Yg,
e(0,t) = e, (12)
v(0,t) = wg.

For the hot boundary x = 1, we use the conditions
analyzed in [11] for advection-diffusion equations:

077

ezz(1,t) = 0, (13)

Since the equation for v is first order, we do not need
any boundary condition for v at the hot boundary.



The initial conditions at ¢ = 0 are given by,

Yl(ib',()) = YE)i(x)aa
e(r,0) = eo(x). (14)

In [7], the steady state solution for the hydrogen-air o3
fuel was computed which has a flame front traveling
to the left at some speed between 236.86 and 237.90 S
cm/s. So if we choose the initial data to correspond R 0. 006
to this steady state flame and the velocity at the left SN
boundary to be zero (vg = 0), then we expect a flame
that propagates to the left at approximately this ve-
locity.

0.2 0.4 06 0.8 1

0. 14]

0.12

space Ei%;tj :I%iij E;%iij 0 é; E 0.4 0% 08 1

0.08,

0. 06

time | 1077 | 0.5 x 10~7 | 0.25 x 10~7

0. 04|

0.02

Table 2: Spatial and Temporal Steps

species errorl error2 order mole fraction of species

H>0, OH, Hs, O,
h=1/150 | h=1/300

velocity 0.138 1.73x107* | 9.63

H20 | 2.04x107* | 1.36 x10~® | 3.90

0. 00005

H2 1.74 x 107* | 1.03 x 10~° | 4.07 00008

0.00004|

02 |28 x10-* | 2.03x10-5 | 3.83 i -

0.00001 LRI
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1200
1000

N2 9.71x10°% | 7.98 x10°7 | 3.60

NO2 |258x107% | 1.06 x10°% | 4.60

2000

Table 3: Error and Order

1500}

1000}

First we checked the order of convergence of our
code by running it for a small time interval, 2 x 1075
with uniform (not adapted) grids in space and time
(Table 2). We choose base spatial and temporal steps
and successively divided this by two and estimated
the L2 norm relative error by computing the differ-
ence of the solution on the coarse grids and the finest mole fraction of species
grid. Table 3 contains the estimates of the errors and HO,, HyO-, temperature, velocity
order of convergence for the velocity and some of the
chemical species. From this table, we conclude that
the method is indeed fourth order. (We don’t have
an explanation for the behavior of the velocity error.)

0.2 Ovl.l 0.6 0.8 1

Figure 1: Front Traveling Left, 801 uniform points



time front speed
1x107% 237.077
2x10° 1| 237.032
3x10~* 237.032
4x10°% 237.028
5x10~* 237.030
6 x 101 237.031
7x107% 237.028
8 x10~* 237.028
9x10~* 237.029

1073 237.031

Table 4: Front Speed at Different Times

We used the steady-state solution computed in [7]
as initial data, with the front located around = = 0.4,
and then computed the solutions shown in Figures
1. We only display the some of the more interesting
species and the temperature and velocity for a uni-
form grid with 801 points and at the times 0, 2x 10~4,
4x107*,6x 107, 8 x 10~* and 10~3. The time step
size is 1075. As hoped, these profiles move smoothly
to the left. We computed the front speed by esti-
mating where the temperature was 1500°K and then
computing the velocity of this point. These speeds
are listed in Table 4. The computation of the front
speed in the steady-state code is an integral part of
the algorithm, so we would not expect to get exactly
the same speed here. We find the agreement excel-
lent.

# grid points | successful failed
200 10°7 [ 1.2 x 1077
400 5x 1079 6 x 107°
600 1x107% [ 1.1x107°
800 9x10°° 107°
1000 9x 1079 105
1200 8 x 107F 9% 1078
1400 8x10°%] 9x10°°
1600 9x10°° 1073

Table 5: Stable Time-Step Size

The most critical point for efficiency is not to have
a severe restriction on the time step for fine spatial
grids. Because we are preconditioning, rather than
using a fully implicit method, we don’t expect un-
conditional stability. What we do get is that for a

sufficiently fine grid, the stable time step is approxi-
mately constant and about 10~° as shown in Table 5.
This table is constructed by setting the final time to
103, and then adjusting the time step until we find
two times, one where the code runs to the final time
and one where the code halts on some error condition
before the final time is reached.

time H O N
1x10~% ] 0.29610 | 0.14903 | 0.55487
2 x 10~% | 0.29607 | 0.14903 | 0.55489
3x10~% ] 0.29605 | 0.14903 | 0.55491
4 %x10-%7]0.29602 | 0.14904 | 0.55494
5x 10~% | 0.29600 | 0.14904 | 0.55495
6 x 10~% | 0.29599 | 0.14904 | 0.55496
7 x 101 ] 0.29598 | 0.14905 | 0.55497
8 x 10~%* | 0.29597 | 0.14905 | 0.55498
9 x 10~* | 0.29597 | 0.14905 | 0.55498

1073 0.29596 | 0.14905 | 0.55499

Table 6: Conservation Test

Finally, we tested the conservation of atoms of H,
O, and N. For an 801 point uniform grid with time
step size 5 x 1075, the total mole fraction of these
atoms are listed in the table 6. Again, this shows
excellent conservation.

We conclude that the algorithm is indeed fourth-
order accurate and, once the front is sufficiently re-
solved by the grid, that the stability constraint on the
time step is constant. The constant time step con-
straint is ideal for the application of adaptive grids.

7 Adaptive Grid Generation

In the problems that interest us we always expect
at least one flame front where the solution of the
PDAEs will vary rapidly over short distances. Be-
cause, for our algorithm, the stability constraint on
the time step is constant for small spatial steps, we
can use highly resolved grids without adversely im-
pacting the number of time steps. This is ideal for the
use of solution adapted grids. Because our method is
higher-order accurate, it is a good idea to use smooth
grids. A method of choice is the moving grid adaptive
scheme described in [10]. This book uses a variational
approach to grid generation, but in one dimension
this is equivalent to several other simple methods.
Here we use the notion of the equidistribution of a



monitor function, but the variational ideas allow us
to extend the grid generation to more dimensions.

In the equidistribution approach one creates a non-
negative monitor function M (z) and then a mesh z,
such that the average of M achieves the same con-
stant value over each subinterval:

Th41

M(z)dz =C, k=0,1,---,N—1, (15)

Tr

where C' is a constant. In this and many other ap-
proaches it is common to take M a function of the
first and second derivatives of the solution of the dif-
ferential equations being solved, where this function
should increase as these derivatives increase.

If u is some component, of the solution then we take
M(z) = M(z,a,r) where

M(x,a,r) :a+ﬂM1+(1_ﬁ)M27 (]‘6)

with

My = ( - )2“’
max|ug|
M, = ( s )Zrza
max|ugg|
where « is a very small number and to keep M pos-
itive, B is chosen between 0 and 1. The nonnegative
parameters r; and ro are determined by numerical

experimentation. Next we define the map p by

_ foz M(z,q)ds

fol M(z,a)dz

p(z, @)

One easily checks that the mesh 0 =29 <21 < --- <
zy = 1 is equidistributed on [0, 1] with respect to M
if and only if

p(xk)_p(xkfl)zl/N7 k=17277N (17)

In practice, M is only available at the old grid
points, so linear interpolation is used to compute in-
termediate values. To produce the new grid points
we use Newton iteration to solve (17) for zj41 given
zy. That is, we use the iteration

M(w™) (wm‘"1 —w™) =A,,

with

w™ 1
Am:/ M(m)dz’—i/ M(z)dz,
Tk N 0

and then let zp41 = w®. In practice only a few
iterations are needed to meet our error tolerance.

A potential problem in the above grid generation
is that the grid may not vary smoothly. Typically,
the ratio of consecutive grid intervals may differ by
several orders of magnitude. Such grids adversely af-
fect the time-integration algorithm and the accuracy
of the solution. To control this, let h; = z; — ;1
for j=1,2,---, N, and then make the restriction

h;
hj,1

Q=

The constant C' is taken as 2.5 in our algorithm. If
a grid is produced that violates (18), we throw it
away and increase the parameter « in the expression
for M (16). This is repeated until (18) is satisfied.
Now suppose the whole time interval has been divide
into subintervals [¢;,t;4+1], 7 = 0,1, - - -, and a positive
integer [ is chosen, the static adaptive grid algorithm
is:
For j =0,1,---,

e Do the spectral deferred correction algorithm in
[tj,tj+1] using the current grid;

e if j is a multiple of I, define M as in (16) and
find proper parameters to get a new grid; then
interpolate the solution to the new grid points.

time front speed
1x10°% 237.55
2x 1074 237.27
3x 1074 237.70
4%x10°* 237.81
5x 10~% 237.68
6 x10~* 237.99
7x107*% 237.52
8§ x 10~* 237.85
9x10~* 237.64
1x1073 237.76

Table 7: Front Speeds on an Adapted Grid

From our numerical experiments we found that ev-
ery parameter in the monitor function plays an im-
portant role in the grid adaption. In most of the lit-
erature, r; was taken to be 2, which corresponds to
the arc length, and r, was also taken to be 2, which
corresponds to curvature. But in our computations,
those choices lead to failure in many cases. On the
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Figure 2: Front Traveling Left, 101 adaptive points

other hand, for the choices 11 = ro = 1, as well as
other suitable choices of these parameters, the com-
putations complete successfully. For good grids, we
take the parameter 3 near 0. If a is too small, the grid
produced does not satisfy the smoothness restriction
(18). For a too large, the grid produced does not
cluster points near the steep front. We haven’t found
a value of a that is successful for all computations,
but our experience is adequate to give a good choice
for any specific number of grid points.

To generate the solutions shown in Figure 2, we
used 101 points in a grid adapted using r; = ry =1,
B=0and a =5 x107%, and the temperature as the
monitor function. The initial data is the steady-state
solution used in Section 6, and the time step size was
taken to be 107%. The solution is plotted at the times
0,2x107%, 4x107% 6 x 107%, 8 x 10~* and 1073.
Table 7 records the estimated front speeds. This is
in excellent agreement with the results in Table 4 for
a uniform grid of 801 points.

Note that the fourth order method in time was
used. That is, we did the spectral deferred correc-
tion three times. A second order method in time was
also tried with several choices of the parameters in
the monitor function. None of them could run to the
designed time interval using 101 grid points and the
same time step size (107°).

8 Quenching Distance

As a final experiment, we tried to compute the
quenching distance of the flame, that is, the mini-
mum distance of the flame front from the cold wall. Tt
is well-known that this distance is not zero, meaning
the flame cannot reach the cold wall. To simulate this
phenomena, we set Neumann conditions on all species
at x = 0, keeping the temperature at 300°K. In each
time step, the density of the gas and the energy are
modified at the cold boundary by the equations (4)
and (5). wp is still set to be 0. The boundary con-
ditions (13) are still used at the hot boundary. The
steady fronts described in Section 6 are used as initial
conditions with the front nearby the boundary.

In our computations, there were 601 points in the
space grid. The adaptive grid technique was used
before the front approached the cold boundary. After
a sufficient number of grid points clustered at the
boundary, the grid was left unchanged. The time
step size was chosen as 2 x 1078 when the front was
very close to the cold boundary. Otherwise it was set
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Figure 3: Distance of the flame front to the wall

to be 2 x 1077, and even 10~°® when the front is far
away. Figure 3 shows the time behavior of the flame
position (¢4 is the time when the flame front is closest
to the wall). The quenching distance we got is 0.207
mm. In Figure 4, 5 and 6, some species, as well as
the temperature and velocity are plotted before and
after the flame reaches the quenching distance. We
could see the detail how the cold boundary affects
the fronts. It is particularly interesting to note that
essentially all the hydrogen is burned, while a layer
of oxygen remains.

We emphasize that these are preliminary compu-
tations. We expect more efficient (and longer) runs
by choosing appropriate parameters in the adaptive
grid techniques and using far fewer grid points.

9 Summary

We have proposed a high order method solving a time
dependent, one dimensional problem system of equa-
tions including complex models of reacting gases. Nu-
merous experiments show that the method is accu-
rate, robust and efficient. Typically, we simulate the
propagation of the flame using uniform or adaptive
grids. The correct front speed was obtained in ei-
ther case. As a first application, we used our code
to find the quenching distance of a flame impinging
onto a cold wall. More interesting applications will
be considered in the future.
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