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Abstract

Various rheological devices (plane Couette cell, four-roll mill, film tenter) impose approximately linear, planar flow, from which nematic
polymers have been characterized across ranges of flow type and strength. Theoretical predictions of monodomain responses of nematic liquids
are predominantly for simple shear flows, studied from disparate scale models: continuum theory of Leslie–Ericksen, mesoscopic theory of
Landau, deGennes and many others, and kinetic theory of Hess, Doi and Edwards. Our goal here is to illustrate consequences of a monodomain
correspondence principle of kinetic and mesoscopic theory for nematic polymers consisting of arbitrary aspect ratio spheroids. The principle
states that the bulk rheology of monodisperse nematic polymers for all linear flows in the plane of shear and any concentration can be deduced
directly from a model system consisting of pure shear flow and a renormalized molecular aspect ratio parameter. The observation that there
is a “trade-off” between molecule shape and flow is not new (cf. [Proc. R. Soc. London, Ser. A 102 (1922) 161; Proc. R. Soc. London,
Ser. A. 146 (1934) 501; Principles of Non-Newtonian Fluid Mechanics, McGraw-Hill, London, 1974; J. Rheol. 42 (5) (1998) 1095]). Our
contribution is to precisely formulate the principle in terms of the solution space of kinetic or mesoscopic models coupled with the relationship
between stresses: a two-parameter model generates solutions for an entire four-parameter family of experiments. The wealth of predictions,
and available numerical codes, for nematic polymer response in simple shear can be brought to bear on different flow types. We then illustrate
a variety of concrete applications. As a primary example, we deduce the monodomain attractors and phase transitions versus flow-type for
four-roll mill flow settings of a nematic polymer. We further provide continuous families of planar flow types of different aspect ratio liquids
that have identical monodomain dynamics. Finally, we analyze pure planar extension and straining flows as a limit of the correspondence
principle.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Planar flow devices serve as the prototype for laminar
processing conditions of nematic polymer films. Further-
more, the shear problem for nematic polymers has been
studied in great detail as the testbed for comparison of the-
ory and experiment. Indeed, the rheological benchmark of
continuum, mesoscopic, and kinetic theory for liquid crys-
tals and nematic polymers has been their ability to match
laboratory shear measurements of orientation alignment and
oscillatory phases, their transitions versus molecular proper-
ties and shear rate, and features of normal stress differences
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and shear stresses (cf.[3,5,6]). Other flow devices, such as
the four-roll mill (cf. [7,8]), allow one to vary and control
the relative strength of the vorticity and extensional flow
components within the class of two-dimensional, approx-
imately linear velocity fields. Our goal here is to develop
precise links between the molecular orientation distribution
and stresses in planar linear flows of standard devices.

The kinetic theory of Doi for spheroidal rigid macro-
molecules is based on the Jeffery orbit equation for the
molecular axis of symmetrym,

ṁ = Ω̂ · m + a[D̂ · m − D̂ : mmm], (1)

where the geometry parameter,

a = r2 − 1

r2 + 1
, (2)
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parametrizes the effect of the molecular aspect ratior =
L/d of the lengthL of the symmetry axis to the diameter
d of the circular transverse cross-section (0< r < 1 and
−1 < a < 0 for platelets,r > 1 and 0< a < 1 for rods).Ω̂
is the vorticity tensor, and̂D the rate-of-strain or deforma-
tion gradient of the flow. Asa andD̂ only appear through
their productaD̂, the orientational probability distribution
function (PDF)f(m, t) of the Doi kinetic theory, and all
second-moment tensor models derived from Doi theory, ad-
mit a symmetry[9,10] where the molecule shape parameter
a and flow straining component̂D can be adjusted in uni-
son, with an identical orientational response! This observa-
tion dates back to Jeffery[1] and has been noted by many
authors (c.f.[3,4,11–13]).

In this paper, we extend this observation to a more gen-
eral correspondence principle: the monodomain response
of all aspect ratio nematic polymers in two-dimensional
linear flows (except pure extension) can be deduced from
the flow-phase diagram of simple shear flow with an ex-
tended aspect ratio parameter,ā = ωa, whereω is pre-
scribed by the linear planar flow parameters (Eq. (26)
below); non-vortical planar flows require a limit, discussed
in Section 4.3. We remark that this correspondence prin-
ciple is related to the concept of a “sliding parameter”
of [14,15] in their network models of entangled polymer
dynamics.

2. Kinetic theory

We briefly recall the Doi kinetic theory (cf.[5,10,16]) for
homogeneous liquid crystal polymers (LCPs), as well as the
pre-closure form of mesoscopic models derived from kinetic
theory. The PDFf(m, t) denotes the probability density that
the spheroidal molecule has axis of symmetry in direction
m (‖m‖ = 1) at timet. We choose to measure time in units
of the bulk rotational relaxation timescale,

t0 = D̂−1
r , (3)

which defines adimensionless timet utilized in the remain-
der of this paper. (We note thatD̂r has a scaling behavior
with respect to aspect ratio, cf.[6], which is implicitly ac-
counted for in the results of this paper.)

The Smoluchowski equation forf(m, t) is given by[5]:

Df

Dt
= R ·

[
Dr(m)

(
Rf + 1

kT
fRV

)]
−R · [m × ṁf ],

ṁ = Ω · m + a[D · m − D : mmm], (4)

where the dimensionless rotational diffusion coefficient
Dr(m) is

Dr(m) =



1, for constant rotary diffusivity(∫
‖m′‖=1

‖m × m′‖f(m′, t)dm′
)−2

, otherwise,
(5)

which has been normalized by the average (bulk) rotational
diffusion rateD̂r, Eq. (3);R = m× (∂/∂m) is the rotational
gradient operator;D/Dt(·) denotes the dimensionless mate-
rial derivative∂/∂t(·) + v · ∇(·); v = (Ω + D)x is a linear
velocity field already scaled with respect to the rotational
diffusion timescalet0 = D̂−1

r ; D andΩ denote dimension-
less rate-of-strain and vorticity tensors,

D = 1
2(∇v + ∇vT), Ω = 1

2(∇v − ∇vT); (6)

k is the Boltzmann constant;T the absolute temperature;V
the Maier–Saupe mean-field excluded-volume potential,

V = −3
2NkTmm : 〈mm〉, (7)

M = 〈mm〉 =
∫

‖m‖=1
mmf(m, t)dm; (8)

andN is a dimensionless polymer concentration, which from
Eq. (7) characterizes the strength of the excluded-volume
potential. Below we will explicitly define a Peclet number,
Pe, for the ratio of flow rate to molecular relaxation rateD̂r
after we parametrize the linear velocity field.

Mesoscopic or averaged orientational properties are de-
rived fromf through the second-moment orientation tensor:

Q = 〈mm〉 − 1
3I. (9)

A dimensionless dynamical equation forQ is then derived
by taking the second moment of the kineticEq. (4),

∂

∂t
Q − Ω · Q + Q · Ω − a[D · Q + Q · D]

= 2

3
aD − 2aD : 〈mmmm〉

− 1

Λ

[
Q −N

(
Q + I

3

)
· Q +NQ : 〈mmmm〉

]
,

(10)

whereΛ is the usual approximation forD−1
r ,

Λ =
{

1, for constant rotary diffusivity,(
1 − 3

2Q : Q
)2
, otherwise.

(11)

Mesoscopic models derive from(10)by positing a partic-
ular closure rule for expressing the fourth moment in terms
of the second moment. The caveat we require for this pa-
per is that the closure rule itself does not depend ona or
∇v, so thataD : 〈mmmm〉 remains linear inaD, andQ :
〈mmmm〉 does not depend on∇v or a. All second-moment
closure models we are aware of satisfy these properties. See
[9] for several examples. In this way, all mesoscopic mod-
els retain the fundamental kinetic theory symmetry between
molecular aspect ratio and flow gradient[10].



M.G. Forest et al. / J. Non-Newtonian Fluid Mech. 118 (2004) 17–31 19

3. A correspondence principle for planar linear flows
and a generalized aspect ratio parameter

3.1. General planar linear flow

Consider a general linear planar flow fieldv, confined to
thex–y plane in Cartesian coordinatesx = (x, y, z):

v =

 p1 p2 0
p3 −p1 0
0 0 0


 ·


 x

y

z


 , (12)

wherep1, p2 andp3 are arbitrary dimensionless flow pa-
rameters (recall time has been scaled byD̂−1

r ). The corre-
sponding dimensionless vorticity and rate-of-strain tensors
are

Ω = p2 − p3

2


 0 1 0

−1 0 0
0 0 0


 ,

D =




p1
p2 + p3

2
0

p2 + p3

2
−p1 0

0 0 0


 . (13)

It will be convenient to work with the following basis for
the gradient of linear two-dimensional flows:

Ω̄ = 1

2


 0 1 0

−1 0 0
0 0 0


 , D̄shear= 1

2


 0 1 0

1 0 0
0 0 0


 ,

Dext = 1

2


 1 0 0

0 −1 0
0 0 0


 , (14)

which correspond to the vorticity tensor (Ω̄) of all
two-dimensional linear flows in thex–y plane, the
rate-of-strain tensor (̄Dshear) of pure two-dimensional shear,
and the deformation tensor (Dext) for pure two-dimensional
extensional flow, respectively. Then,Eq. (13)can be written
as:

Ω = (p2 − p3)Ω̄, D = (p2 + p3)D̄shear+ 2p1Dext,

(15)

so that the two-dimensional flow(12)can be represented by:

v = ((p2 − p3)Ω̄ + (p2 + p3)D̄shear+ 2p1Dext) · x. (16)

Finally, for all flows with non-zero vorticity, we normalize
with respect to the vorticity strengthp2 − p3,

v = Pe

(
Ω̄ + p2 + p3

p2 − p3
D̄shear+ 2p1

p2 − p3
Dext

)
· x, (17)

which specifiesthe normalized flow rateor Peclet number,
Pe (the ratio of the norm of the vorticity flow component to
the molecular relaxation ratêDr):

Pe= p2 − p3, (18)

and the remaining flow parameters((p2 + p3)/(p2 −
p3), (2p1)/(p2 − p3)) specify the planar flow type.

We now make contact with a few standard flows associ-
ated with rheological devices.

• Horizontal plus vertical shear. If p1 = 0, the flow is a
superposition of horizontal shear (v = (p2y,0,0)) and
vertical shear (v = (0, p3x,0)):

v = Pe

(
Ω̄ + p2 + p3

p2 − p3
D̄shear

)
· x. (19)

This class of mixed shear flows has been studied by
[17,18]. The flow type(as opposed to strength) is called
strongif p2p3 > 0 (in the sense that the magnitude of the
strain rate exceeds the vorticity), andweakif p2p3 ≤ 0.
In [18], a flow-type parameterα is introduced, which in
our context is proportional top2/p3. In this paper, we
call Eq. (19)the canonical flow, because after a rotation
of coordinates (x, y), any general planar linear flow can
be transformed into this two-parameter family in the
rotated coordinates (see below).

• Horizontal shear. If p1 = p3 = 0, thenPe= p2:

v = Pe(Ω̄ + D̄shear) · x. (20)

This is the simple shear flow analyzed throughout the
literature (cf.[6]). Our definition of the Peclet number is
consistent with the usual choice

Pe= D̂−1
r γ̇, (21)

whereγ̇ = (D̂rp2) is the (dimensional) shear rate.
• Vertical shear. Assumep1 = p2 = 0, Pe= −p3,

v = Pe(Ω̄ − D̄shear) · x. (22)

• Four-roll mill flows. Settingp3 = −p2, so thatPe= 2p2,
we get the four-roll mill flow:

v = Pe

(
Ω̄ + p1

p2
Dext

)
· x. (23)

Detailed discussions about four-roll mill models can be
found in[7,8,19,20,22]. Fig. 1shows streamlines for sev-
eral different values ofω = |p1|/p2.

Note that if we letp2 → 0 in the four-roll mill model,
then the vorticity component vanishes, and we get the
extensional flow:

v = 2p1Dext · x. (24)

which is studied in[19,20,22].
• Pure straining (non-vortical) flow. If p2 = p3, then again

the vorticity vanishes,

v = 2(p2D̄shear+ p1Dext) · x. (25)

Pure extensional and straining flows will be analyzed be-
low (Section 4.3) in dual limits on flow parameters and
the aspect ratio parameter.
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Fig. 1. Streamlines for four-roll mill flows as a function of the extension-to-vorticity parameter,ω = |p1|/p2.

• Planar flows with a zero deformation axis. If p2
1+p2p3 =

0, then the vorticity and rate-of-strain tensors have the
same magnitude and the streamlines of the flow field are
straight lines (see, e.g., the central graph inFig. 1, where
p1 = p2 = −p3). Equivalently,∇v has a zero eigenvalue
with multiplicity 3, and there is one axis in thex–y plane
with zero flow deformation, orthogonal to the streamlines.
Pure shear is the prototype for which first (N1) and second
(N2) normal stress differences are uniquely defined, and
all of these flows withp2

1 + p2p3 = 0 likewise admit
analogs ofN1 andN2 (see, e.g.,[3] or [21]).

3.2. The correspondence principle for kinetic theory

The following statement asserts the correspondence be-
tween any general planar linear flow of a nematic liquid
of arbitrary aspect ratio and the horizontal shear response

of nematic polymers with a renormalized aspect ratio para-
meter.

If f(m, t) solves the SmoluchowskiEq. (4) with shape
parameter a(2) for the general planar linear flow(12),
thenf(Um, t) solves the Smoluchowski equation with shape
parameter:

ā = ω · a, withω =
√

4p2
1 + (p2 + p3)2

p2 − p3
, (26)

for simple shear flowEq. (20)with Peclet numberEq. (18),
whereU is an orthogonal matrix of rotation in the plane of
flow,

U =




cosδ sin δ 0

− sin δ cosδ 0

0 0 1


 , (27)



M.G. Forest et al. / J. Non-Newtonian Fluid Mech. 118 (2004) 17–31 21

with angle−π/2 < δ ≤ π/2 uniquely determined by:

cos 2δ= p2 + p3√
4p2

1 + (p2 + p3)2
,

sin 2δ= −2p1√
4p2

1 + (p2 + p3)2
. (28)

We defer the proof of this statement toAppendix A.
The molecular shape parametera, the flow parameters

{p1, p2, p3}, and the PDFf(m, t) of the Smoluchowski
Eq. (4)define atriple:

(a, {p1, p2, p3}, f(m, t)). (29)

If we define:

f̄ (m, t) = f(Um, t), (30)

then the above correspondence can be expressed symboli-
cally as a mapping betweentriples:

(a, {p1, p2, p3}, f(m, t)) → (ā, {0,Pe,0}, f̄ (m, t)), (31)

assuming the vorticity is nonzero. Flows with zero vortic-
ity require a dual limit, deferred toSection 4.3. The PDF
f(m, t) for linear flow (12), parametrized by{p1, p2, p3},
for molecules of aspect ratio parametera, is related in a
many-to-one correspondencewith the PDFf̄ in rotated coor-
dinates(x̄, ȳ, z)T = U(x, y, z)T, in simple shear flow̄v(x̄) =
(Peȳ,0,0), with renormalized aspect ratiōa = ωa. The co-
ordinate rotation accounts for one flow parameter, and a sym-
metry principle in[10] absorbs the second flow parameter.
Thus,one flow strength parameter Pe�= 0 and one general-
ized aspect ratio parameter̄a suffice to determine the PDF
for any planar linear flow(with non-zero vorticity) of any
aspect ratio nematic liquid.

Another way to conceptualize the parameter count goes as
follows. First we rotate thex–y plane by angleδ (clockwise
if δ < 0, anti-clockwise ifδ > 0), Eq. (28). In the new
coordinates̄x–ȳ, the vorticity and rate-of-strain tensors(13)
become, withω defined in(26),

UΩUT = Ω = PeΩ̄
UDUT = PeωD̄shear,

(32)

so that, the general linear flowEq. (17) transforms to the
canonical flow of the form:(19)

v̄ = Pe(Ω̄ + ωD̄shear) · x̄. (33)

This rotation of coordinates by angleδ leavesΩ invariant and
removes the extensional strain componentDext, Eq. (14). If
ω > 1, the canonical flow-type (33) is called “strong” and
“weak” if ω ≤ 1 [17]. Simple shear is characterized byω =
1.

The second step is motivated as follows. Since the
Smoluchowski equation and all corresponding mesoscopic
tensor approximations have been investigated thoroughly
with simple horizontal shear(20), i.e., ω = 1 in (33), we

seek to transform all canonical flows (33) to simple hori-
zontal shear(20). In this way, previous results and intuition
gained from shear predictions, and even existing numerical
codes, can be transformed to monodomain responses in
general two-dimensional linear flows. To accomplish this
second step, we simply need to scale the factorω from
(33), similar to observations in[1–4], which we implement
by the symmetry principle in[10]: the straining component
of strengthω in (33) is mapped to 1 by scaling the aspect
ratio parameter:a → ωa.

Note that the normalized shape parameterā can have
any values,̄a ∈ R. Since|a| < 1 for real aspect ratiosr,
0 < r < ∞ (see(2)), ā real with |ā| > 1 in a simple shear
flow is equivalent to an imaginary value ofr. Alternatively,
this correspondence shows that application of the Doi the-
ory with |a| > 1 in simple shear corresponds to another
planar flow type of a physical aspect ratio liquid, indeed
a one-parameter family of planar flows and aspect ratios
linked byωa = constant! (see below for a variety of exam-
ples). This gives credence to applications of the Doi theory
for |a| > 1 [23] and to the use of any real shape parameter
a, as a “sliding parameter”[7].

Fig. 2 depicts the correspondence principle graph-
ically. Any general linear planar flow with non-zero
vorticity, by (17), uniquely determines the ordered pair
((2p1)/(p2 − p3), (p2 + p3)/(p2 − p3)) (which specifies
the flow type) and the Peclet numberPe (which can be
considered as a third coordinate transverse to the plane
of Fig. 2, parametrizing strength of that flow-type). The
horizontal axis represents all four-roll mill flows(23), and
the vertical axis represents all canonical flows(19). Simple
shear (with rate parameterPe= p2) (20) is the single point
(0,1). Retaining the parameterPe transverse toFig. 2, we

Fig. 2. Graphical illustration of the projection of the four-parameter general
linear planar flow-liquid system(p1, p2, p3, a) onto the corresponding
two-parameter simple shear flow-“liquid” system(Pe, ā).
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want to map this entire plane onto(0,1), retaining the
correspondence between kinetic theory “triples” in the pro-
cess. Each point in this 2D space has “polar coordinates”
determined by the rotation angleδ and the renormalization
“radius”ω. (The angle in this figure is determined assuming
Pe= p2 − p3 > 0. If Pe< 0, signs of all angles should be
reversed.) If we rotate thex–y axes by the angleδ, every
planar flow(17) becomes a canonical flow (33) in the ro-
tated coordinates so that the plane inFig. 2 is mapped onto
the vertical axis. Flows with zero vorticity lie at∞ in Fig. 2
and are handled separately inSection 4.3. After we renor-
malize the aspect ratio, the canonical flow then becomes
the simple shear flow, i.e., the vertical axis is then mapped
onto the simple point(0,1). SincePe was arbitrary in this
two-step correspondence, one retains a flow-strength degree
of freedom and a renormalized aspect ratio parametera.

We make a note here about the moments of the PDF.
Since after the rotation step,m in the original coordinates
becomesm̄ = U · m, we have:∫

‖m̄=1‖
m̄m̄f(m̄)dm̄ = U

(∫
‖m=1‖

mmf(m)dm

)
UT,

(34)

that is,

Q̄ = U · Q · UT. (35)

For higher moments, we can establish corresponding rela-
tionships, which are particularly important for identifying
mesoscopic properties of kinetic theory (Section 3.4below).

3.3. The correspondence principle for mesoscopic theory

The results above clearly extend to the pre-closure aver-
aged system(10) for any closure rule onD : 〈mmmm〉 and
Q : 〈mmmm〉 that does not depend ona or v. To better un-
derstand the correspondence between general linear planar
flow and the simple shear flow, we illustrate the results for
the mesoscopic model(10) with the Doi closure:

∂

∂t
Q − [Ω · Q − Q · Ω] − a[D · Q + Q · D]

= 2

3
aD − 2aD : Q

(
Q + 1

3
I

)

− 1

Λ

[
Q −N

(
Q + 1

3
I

)
· Q +NQ : QQ+ 1

3
I

]
,

(36)

whereΩ andD are given in(13), or equivalently, withPe=
p2 − p3,

D = Pe

(
p2 + p3

p2 − p3
D̄shear+ 2p1

p2 − p3
Dext

)
, (37)

Ω = PeΩ̄. (38)

Pre- and post-multiply theEq. (36)by U andUT, Eqs. (27)
and (28), respectively, and notice that

UQUT = Q̄, (39)

Λ(Q) = Λ(Q̄), (40)

U(Ω · Q−Q · Ω)UT = (p2−p3)(Ω̄ · Q̄−Q̄ · Ω̄), (41)

U(D · Q + Q · D)UT

=
√

4p2
1 + (p2 + p3)2(D̄shear· Q̄ + Q̄ · D̄shear), (42)

UDUT =
√

4p2
1 + (p2 + p3)2D̄shear, (43)

UD : QQUT =
√

4p2
1 + (p2 + p3)2D̄shear: Q̄Q̄, (44)

UQ · QUT = Q̄ · Q̄, (45)

UQ : QQUT = Q̄ : Q̄Q̄. (46)

ThenQ̄ satisfies

∂

∂t
Q̄ − Pe[Ω̄ · Q̄ − Q̄ · Ω̄] − āPe[D̄shear· Q̄ + Q̄ · D̄shear]

= 2

3
āPeD̄shear− 2āPeD̄shear: Q̄

(
Q̄ + 1

3
I

)

− 1

Λ

[
Q̄ −N

(
Q̄ + 1

3
I

)
· Q̄ +NQ̄ : Q̄Q̄ + 1

3
I

]
,

(47)

which is exactly the Doi closure model in simple shear flow
with shape parameter̄a. This proof is valid for any closure
rule with the caveat noted above:

If Q is any solution to a closure form of the mesoscopic
Eq. (10) with shape parametera for the general planar
linear flow (12), thenQ̄ ≡ U · Q · UT is a solution to the
same closure model form of(10) with shape parameter̄a =
ωa for simple horizontal shear.

If we define the mesoscopic triple as in(29):

(a, {p1, p2, p3},Q), (48)

then the above correspondence principle can be stated sym-
bolically as the map

(a, {p1, p2, p3},Q) → (ā, {0,Pe,0}, Q̄). (49)

3.4. The correspondence for mesoscopic properties:
birefringence, major director, and stresses

Note that the order parameters ofQ for the triple
(a, {p1, p2, p3},Q) are exactly the same as those ofQ̄ for
the triple (ā, {0,Pe,0}, Q̄), since the eigenvalues ofQ are
invariant under orthogonal similarity transformations. Here,
we refereither to Q(f) and Q̄(f̄ ) extracted from the ki-
netic theory correspondenceor to Q andQ̄ as the primitive
variables of any mesoscopic closure model. This means all
birefringence and biaxiality propertiesare identical in the
mappings(31) and(49).

The respective frames of directors are related by the co-
ordinate rotation,

ni = UTn̄i, i = 1,2,3, (50)
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whereni are directors for the triple(a, {p1, p2, p3}, f or
Q), and n̄i the directors for the triple(ā, {0,Pe,0}, f̄ or
Q̄). As a consequence,for all steady in-plane flow-aligned
solutions, the Leslie alignment angleφL for (p1, p2, p3, a)

is determined by:

φL = φ̄L + δ, (51)

whereφ̄L is the Leslie alignment angle for the simple shear
with the triple (ā, {0,Pe,0}, Q̄), and δ is defined in(28).
We emphasize that each radial line of flow types inFig. 2
defined byδ = constant,Eq. (28), share exactly the same
Leslie flow-alignment angleφL for in-plane steady states,
if they exist. Whether flow-aligning (FA) steady states ex-
ist, and if they are stable, can be deduced from the simple
shear problem with generalized aspect ratioā. This analysis
is discussed in detail for various mesoscopic closure mod-
els in [9,24] and for the particular Doi closure in complete
generality in[25]. These existence and stability features of
FA states vary with bothPe and ā. We shall give explicit
illustrations in the application section, including characteri-
zation of theFA-unsteady transitions. Analogous and more
generaltime dependentmonodomain responses also exist,
e.g.,φL(t) = φ̄L(t)+ δ for confined in-plane solutionsf or
Q. Indeed, as we shall illustrate,entire solution spacesof
kinetic and mesoscopic theory have precise correspondences
analogous to(51).

We treat the LCP system as incompressible so that the
stress tensor consists of three parts: the pressure−pI, the
viscous stressτv, and the elastic stressτe. The extra stress
corresponding to the triple(a, {p1, p2, p3}, f(m, t)) is given
by [5,6,26]:

τ(a,{p1,p2,p3},f(m,t))

= τe
(a,{p1,p2,p3},f(m,t)) + τv

(a,{p1,p2,p3},f(m,t)) (52)

with

τe
(a,{p1,p2,p3},f(m,t))

= 3ackT[Q −N(Q + 1
3I)Q +NQ : 〈mmmm〉], (53)

τv
(a,{p1,p2,p3},f(m,t))

= 2η0D + 3ckT[ζ3(a)D + ζ1(a)(DM + MD)

+ ζ2(a)D : 〈mmmm〉], (54)

whereη0 is the solvent viscosity,

ζ3 = ζ(0)

I1
, ζ1 = ζ(0)

(
1

I3
− 1

I1

)
, ζ2 = ζ(0)

[
J1

I1J3
+ 1

I1
− 2

I3

]
,

r =
√

1 + a

1 − a
, I1 = 2r

∫ ∞

0

dx√
(r2 + x)(1 + x)3

,

I3 = r(r2 + 1)
∫ ∞

0

dx√
(r2 + x)(1 + x)2(r2 + x)

,

J1 = r

∫ ∞

0

xdx√
(r2 + x)(1 + x)3

, J3 = r

∫ ∞

0

xdx√
(r2 + x)(1 + x)2(r2 + x)

,

(55)

ζ(0) is a free parameter to be experimentally characterized,
and c the number density of LCP molecules per unit vol-
ume. Note that the mesoscopic stresses(53)and(54) involve
only the second and fourth moments off , and in the case
of a mesoscopic closure model, the closure rules forQ :
〈mmmm〉 andD : 〈mmmm〉 needed for(10) also uniquely
specify the stress tensor.

The correspondence principle(31) or (49) gives
us a mechanism to construct the extra stress tensor
τ(a,{p1,p2,p3},f(m,t)) or τ(a,{p1,p2,p3},Q) directly from the cor-
responding triple(ā, {0,Pe,0}, f̄ (m, t)) or (ā, {0,Pe,0}, Q̄).
The coordinate axes defined by the rotation matrixU given
by (27) define the principle axes of deformation. In these
new coordinates, the stress tensor becomes:

τ̂ = U · τ(a,{p1,p2,p3},f(m,t)) · UT = τ̂
e + ωPeτ̂v

, (56)

where

τ̂e = 3ackT[Q̄ −N(Q̄ + 1
3I)Q̄ +NQ̄ : 〈m̄m̄m̄m̄〉],

τ̂v = 2η0D̄shear+ 3ckT[ζ3(a)D̄shear+ ζ1(a)(D̄shearM̄

+ M̄D̄shear)+ ζ2(a)D̄shear: 〈m̄m̄m̄m̄〉].



(57)

In other words,̂τ in (56) is the representation of the stress
tensor for the triple(a, {p1, p2, p3}, f(m, t)) in the new ro-
tated coordinates. Note that in the above formula(57), the
second and fourth moment tensors are extracted from the
triple (ā, {0,Pe,0}, f̄ (m, t)), whereas the shape parameter
is the real shape parametera of the LCP. In the original
physical coordinates, we may rewrite(56) as:

τ(a,{p1,p2,p3},f(m,t)) = UT · τ̂
e · U + ωPeUT · τ̂

v · U. (58)

The apparent viscosityη, first and second normal stress
differencesN1 andN2 for the triple(a, {p1, p2, p3}, f(m, t)),
are then naturally defined by the standard simple shear
formulas:

N1 = τ̂x̄x̄ − τ̂ȳȳ,

N2 = τ̂ȳȳ − τ̂z̄z̄,

η = τ̂x̄ȳ

Pe
.




(59)

This definition makes physical sense if the flow has a zero
deformation axis (i.e.,p2

1+p2p3 = 0), in whichx̄ andȳ give
the primary flow and flow gradient directions, respectively.
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4. Applications

The results ofSection 3allow us to extrapolate many rhe-
ological propertiesfrom simple shear flow with an extended
molecular aspect ratioto any general planar linear flow
with any prescribed physical aspect ratio. They also allow
one to begin with a prescribed planar flow of a given as-
pect ratio nematic liquid, then determine the corresponding
shear ratePeand renormalized aspect ratio parameterā, and
solve the Smoluchowski equation in simple shear to get the
response.

4.1. Linear flows of nematic liquids with identical
monodomain attractors

The main implication of this correspondence principle is
that there is a large (two continuous parameter) redundancy
in monodomain responses as one considers all linear planar
flows and all aspect ratio nematic liquids. As we illustrate
below with several concrete examples, one can simultane-
ously vary flow type and molecular aspect ratio and preserve
equivalent monodomain responses, with two continuous de-
grees of freedom. As a special case, one can fix molecular
aspect ratio and vary flow type with one degree of freedom
and the monodomain responses are equivalent. Furthermore,
this relationship holds for all flow strengthsPe, Eq. (18), so
thatentire flow-phase diagrams are equivalent, including all
phase transitions.

We now make this “redundancy” explicit. Suppose we
solve for all triples(ā, {0,Pe,0}, f̄ (m, t)) versus nematic
concentrationN and flow ratePe, for fixed ā ∈ R. The set
of all such stable solutions for fixed̄a comprises the sim-
ple shear phase diagram of monodomain attractors versus
(N,Pe), provided in[27,28]for ā = 1. We now want to infer
a class of planar flows and physical aspect ratio liquids that
share the identical phase diagram. We can therefore con-
clude rheological properties for a broad class of experiments
without any further calculations. If the correspondence re-
quires ā �= 1, then the same numerical code can be used
instead of having to derive new Galerkin expansions.

We first recall fromFig. 2 and the discussion above that
any planar linear flow determined by{p1, p2, p3} for p2 �=
p3 can be parametrized by the ratioω of rate-of-strain to
vorticity and the rotation angleδ. For any two parameters
ω ≥ |ā| (so that|a| = |ā/ω| ≤ 1) andδ ∈ (−π/2, π/2],
from (18), (26) and (28), we get an explicit parametrization:


p1 = −1

2
ωPe sin 2δ,

p2 = 1

2
(ω cos 2δ+ 1)Pe,

p3 = 1

2
(ω cos 2δ− 1)Pe,

a = ā

ω
.

(60)

The correspondence principle(31) or (49) implies: for any
planar flow(12), with p1, p2, p3 given by(60), and liquids
with shape parametera given by(60), all solutions, kinetic
(f ) or mesoscopic(Q), their stability and flow-induced
phase transitions, are in one-to-one correspondence with
the solutionf̄ or Q̄ of the “liquid” with shape parame-
ter ā in pure shear flow with Peclet number, Pe. We note
f̄ or Q̄ are uniquely specified by(Pe, ā), independent
of δ andω; the values(δ, ω) are only required to recon-
structf or Q through rotation byU(δ) and to specify the
physical aspect ratioa = ā/ω of the flow (12). We now
give several examples. In these examples, we will fix the
concentrationN at a nematic value of Doi kinetic theory,
N = 6. Other illustrations with variableN are possible, but
omitted.

We also note that the planar linear flow determined by
(60) is hyperbolic ifω > 1, elliptic if ω < 1. (Fig. 1 has
examples for the four-roll mill model.)

4.1.1. Example 1
Suppose we fix(Pe, ā) = (1,2) in the target shear flow

problem, which specifies the kinetic triple(2, {0,1,0},
f̄ (m)). For all (δ, ω) ∈ (−π/2, π/2]× [2,∞), we can iden-
tify by (60) a two-parameter(δ, ω) family of kinetic theory
triples,

(a, {p1, p2, p3}, f(m))

=
(

2

ω
, {p1(δ, ω), p2(δ, ω), p3(δ, ω)}, f(m)

)
, (61)

with the identical number, type and stability of mon-
odomain stationary distributionsf , or orientation tensor
Q of a particular mesoscopic closure model. From kinetic
simulations of the system(2, {0,1,0}, f̄ (m)), we find that
a flow-aligning PDFf̄ (m) is the unique stable state for
N = 6, imaged inFig. 3 (there are also two unstable
flow-aligning solutions and two unstable logrolling solu-
tions, shown inFig. 4 by taking a vertical slicePe = 1).
From f̄ (m), we extractQ̄(f̄ ) from the first three spherical
harmonic amplitudes (see[10]), compute the eigenvalues
and eigenvectors of̄Q, thereby extracting the major direc-
tor n̄ = ( cos φ̄, sin φ̄,0) with φ̄L = 27.5◦, consistent with
Fig. 3.

We now vary(δ, ω), thereby creating a surface,Fig. 5, of
linear flows(p1, p2, p3), where attached to each planar flow
(p1, p2, p3) on this surface is the physical aspect ratioa =
ā/ω as indicated by(60). At each point on this surface, all
stationary PDFsf and mesoscopic tensorsQ are uniquely
prescribed bȳf or Q̄:

f(m) = f̄ (UTm), Q = UT · Q̄ · U. (62)

Note fromQ(f), we immediately getφL(δ, ω) = φ̄L + δ.
The alignment angle is independent ofω, and therefore,φL
is identical on the raysδ = constant inFig. 2 or Fig. 5. For
this entire two-parameter family of flows and aspect ratio
liquids, no oscillatory stationary distributions exist, which
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flow

flow-gradient

vorticity

0.2

0.4

0.6

0.8

Fig. 3. The steady flow-aligned distribution functionf(m) for pure shear flow,Pe = 1, nematic concentrationN = 6, and generalized aspect ratio
ā = 2. This PDF is the unique stable solution for the two-parameter(δ, ω) family of planar flows of aspect ratio liquids specified byEq. (60). The peak
orientation of the PDF defines the major director,n, which lies in the (flow, flow-gradient) plane at numerically determined Leslie angleφL = 27.5◦.
The color bar corresponds to values off(m), m ∈ S2, in essence a kinetic analog of mesoscopic order parameters.

is determined solely from the solution of the single triple
(2, {0,1,0}, f̄ (m)).

Note that on this surface (Fig. 5), we have freedom to
fix ω, which fixes the physical aspect ratioa, Eq. (60), i.e.,
we fix the nematic liquid and the ratio of rate-of-strain to
vorticity. Each fixedω ≥ 2 (circles inFig. 2) corresponds
to a curve of linear flows(p1, p2, p3)(δ) of a fixed nematic
liquid for which the monodomain PDFsf and tensorsQ are
identical up to rotation byδ: the two green curves inFig. 5
correspond toω = 2,2.5, equivalently to:

a= 1(r = ∞) : (p1, p2, p3)|ω=2

= (− sin 2δ, cos 2δ+ 1
2, cos 2δ− 1

2), (63)

0 2 4 6 8
Peclet number Pe

0.2

0.1

0

0.1

0.2

0.3

0.4

a 2
0

LR

FA

FA

FA

Fig. 4. The kinetic theory simple shear phase diagram forā = 2, variable
normalized shear ratePe, nematic concentrationN = 6, corresponding
to all stationary PDFs̄f for (ā = 2, {0,Pe,0}, f̄ ). For each stationary
solution f̄ , we give the value ofa0

2, which is proportional toQxx +Qyy,
computed by the amplitude of the PDF projection onto the spherical
harmonic functionY0

2 . The solid line depicts the unique family of stable
steady flow-aligning solutions, while dashed lines show unstable steady
solutions. There are no oscillatory solutionsf̄ . In the text we discuss a
two-parameter family of flow types and liquids,(a, {p1, p2, p3}, f), with
equivalent phase diagrams off vs. Pe.

and

a= 0.8(r = 3) : (p1, p2, p3)|ω=2.5

= (−5
4 sin 2δ, 1

2(
5
2 cos 2δ+ 1), 1

2(
5
2 cos 2δ− 1)),

(64)

Fig. 6 shows some flow streamlines for differentδ with
ω = 2; the flow streamlines are related by a rigid rota-
tion by δ. The correspondence principle then confirms the

2

1

0

1

2

p1

1

0

1

2

p2

0.5

0

0.5

1

1.5

p3

Fig. 5. A “surface” of linear flowsv, Eq. (17), where the flow parame-
ters (p1, p2, p3) have surface coordinates(δ, ω) according to(60). This
particular surface is specified byPe= 1 andā = 2. Each flow prescribed
by a point on this surface is associated with a specific molecular aspect
ratio (r) that depends only onω, r = √

(ω + 2)/(ω − 2). All flows asso-
ciated with this surface have equivalent monodomain dynamics: the same
number, type, and stability of stationary solutions of kinetic theory or
mesoscopic closure model. Furthermore, the solutions are all given from
the kinetic or mesoscopic theory with simple shear flow at fixedPe and
fixed generalized aspect ratioā. The two green curves inside this surface
correspond to level curvesω = 2,2.5, for which more detailed properties
are discussed in the text andFig. 6.
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Fig. 6. Streamlines vs. flow parameterδ, Eq. (28), for the linear flows defined in(60) with fixed flow strength,Pe= 1, and fixed ratio of rate-of-strain
vs. vorticity, ω = 2. These are the streamlines associated with one of the green curves (ω = 2) in Fig. 5. The unique monodomain attractor when these
flows are applied to infinitely thin rods at nematic concentrationN = 6 is flow-aligning, with Leslie angleφL = 27.5◦ + δ depicted by the axis of
symmetry of the red ellipses.

necessary conclusion that all of these flows induce steady
flow-alignment with Leslie angleφL = δ + φ̄L with φ̄L =
27.5◦ for a = 1, N = 6, andPe= 2.

4.1.2. Example 2
Rather than fix bothPeandā in the target shear flow prob-

lem, we now fix only the generalized aspect ratio parameter
ā = 2 and determine the shear-phase diagram versusPe for
all triples (2, {0,Pe,0}, f̄ ). The numerical result is shown
in Fig. 4. Once again we choose the nematic concentration
N = 6 for this simulation (Fig. 3 depicts the unique stable
flow-aligning solution atPe= 1). From our correspondence
principle, we now infer a two-parameter(δ, ω) family (flow
and liquid) of triples(a, {p1, p2, p3}, f)(δ, ω), defined by
(60), each with this identical phase diagramversusPe =
p2 −p3. (We amplify that the only difference lies in the ac-
tual solutions associated with each branch, which are related
by the constant rotationU(δ), as defined in(27).) To give
specific examples of flows and liquids with this identical
phase diagram, we can fix the physical aspect ratioa = 1, by
fixing ω = 2, with ā = 2; another choice isa = 0.8(r = 3)
with ω = 2.5, and so on. Then for all(p1, p2, p3, a) given
by (60), the solutionsf or Q versusPe= p2−p3 are equiv-
alent toFig. 4. As we vary flow type throughδ ∈ (π/2, π/2],
the rate-dependent phase diagramFig. 4 is the same for the
entire two-parameter family(δ, ω).

4.2. Four-roll mill model

The four-roll mill invented by Taylor[2] has been ex-
plored for rheological characterization of nematic liquids in

several laboratories[7,20]. Recall fromEq. (23)that this de-
vice corresponds to the restrictionp2 + p3 = 0. The ratio
of the rate-of-strain to vorticity is identical to our renormal-
ization factor:

ω = |p1|
p2

, (65)

and the Peclet number becomes:

Pe= 2p2. (66)

Note our parameters(ω,Pe) are related to(γ,w) in [7] by
ω = 1/w, Pe = 2γ/(1 + w), whereγ is used to measure
the magnitude of the local gradient, andw the ratio of vor-
ticity to rate of strain. The streamlines of the four-roll mill
for variousω > 0 are shown inFig. 1. For ω > 1 the
streamlines are hyperbolic. For 0≤ ω < 1, the stream-
lines form a family of ellipses. Ifω = 0 (p1 = 0), the
flow is purely rotational; and whenω = ∞ (p2 = 0), the
flow is purely extensional. Asω varies between 0 and∞,
the flow is a linear superposition of pure rotation and pure
extension.

Recall the four-roll mill is represented by the horizontal
axis in Fig. 2. The rotation angleδ determined by the cor-
respondence is always−45◦ for p1 > 0 or 45◦ for p1 < 0.
The transformation matrixU, Eq. (27), is then, forp1 > 0,

Umill =
√

2

2




1 −1 0

1 1 0

0 0
√

2


 . (67)
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We takeδ = π/4 in formula (60), then the four-roll mill
model can be parametrized byPe andω in the following
way:


p1 = −1

2
ωPe,

p2 = 1

2
Pe,

p3 = −1

2
Pe,

a = ā

ω
.

(68)

We now deduce various monodomain properties of four-roll
mill flows of different aspect ratio nematic liquids from the
target shear problem.
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Fig. 7. The kinetic bifurcation diagram computed from kinetic theory(ā = 1, {0,Pe,0}, f̄ ) with nematic concentrationN = 6 in simple shear flow
of infinitely thin rods.a20 is the projection of the PDF̄f onto the spherical harmonic functionY0

2 ; a21 the projection off̄ onto Y1
2 . These attractors

(solid curves), unstable states (dashed), and phase transitions are shared by a two-parameter(δ, ω) family, Eq. (60), of linear flows and aspect ratios,
as explained in the text. Notice the dramatic difference between the attractors and phase transitions ofFig. 4, where the only difference is̄a = 2 vs.
ā = 1. The attractors are labeledLR for logrolling steady states (major director aligned with the vorticity axis),K1 for kayaking (periodic rotation of
the major director around the vorticity axis),K2 for tilted kayaking,OS for out-of-plane steady states,TW for tumbling/wagging, andFA for in-plane
steady flow-alignment. TheK2 and OS attractors occur inpairs, mirror-symmetric with respect to the plane of deformation.

4.2.1. Example 3
Suppose we seek the entire four-roll mill monodomain

phase diagram of a fixed aspect ratio liquid, e.g.,a = 1
or 0.8, and fixed flow type (ω = constant.), allowing for
variable flow rate (Pe= 2p2). From(68), all kinetic triples
(a, {p1, p2, p3}, f) are determined from thePe-dependent
shear diagram for the triple(ā, {0,Pe,0}, f̄ ). Fig. 7 depicts
all stable (solid) and unstable (dashed) solutions forā =
1, N = 6, and variablePe. For any physical aspect ratio
a, if we let the ratio of rate-of-strain to vorticity be cho-
sen so thatωa = ā = 1, then the four-roll mill shares
this Pe-dependent phase diagram. For example, for discotic
molecules witha = −1,−0.8,−0.5, or rod-like molecules
with a = 1,0.8,0.5, the corresponding flow types are deter-
mined byω = −1,−1.25,−2 for discotics orω = 1,1.25,2
for rods, respectively; then all six of these distinct four-roll
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Table 1
Stable kinetic theory responses for variable aspect ratio parameterā with
fixed concentrationN = 6, and fixedPe= 8.5

ā (0, 0.764) (0.764, 0.932) (0.932, 0.959) (0.959, 0.998)
State(s) LR LR/TW TW/K1 TW

ā (0.998, 1.057) (1.057, 1.081) (1.081,∞)
State(s) K2 OS FA

mill flow experiments share thePe-dependent phase diagram
Fig. 7.

4.2.2. Example 4
As another application, we show how todetermine phase

transition boundaries versus aspect ratioa and flow-type
ω for four-roll mill flows from knowledge of monodomain
transitions in pure shear. Suppose, under pure shear flow,
a monodomain transition happens at aspect ratioā for fixed
Pe = Pe∗; i.e., (ā, {0,Pe∗,0}, f̄ ) corresponds toa bifurca-
tion where attractors̄f undergo a transition. Then by(68),
the identical transition will occur at the samePe∗ if:

ωa = ā, (69)

which is a prescription for the continuation of transition
curves. To illustrate, we numerically solve the kinetic PDF
equation forf̄ with N = 6 andPe = 8.5 and search for
monodomain attractor transitions due to variable shape pa-
rameterā; the results are listed inTable 1. For the spe-
cific valuePe∗ = 8.5, the solution space contains a variety
of monodomain transitions at indicated valuesā: logrolling
(LR) to kayaking (K1), tumbling/wagging (TW) to tilted
kayaking (K2), tilted kayaking to out-of-plane (OS) steady
solutions, and out-of-plane to in-plane flow-aligning (FA)
solutions. These phase transitions each persist along curves
ωa = ā = 0.764,0.932,0.959,0.998,1.057,1.081, respec-
tively, as shown inFig. 8. For example, theLR to K1 tran-
sition, with bi-stableTW, persists for all flow-typesω and
aspect ratiosa with ωa = 0.932, at the samePe∗ = 8.5, with
N = 6. The flow parameters are given by(p1, p2, p3) =
(1/2)Pe(−ω,1,−1). We may further fix the molecule geom-
etry, e.g., specifya = 0.9 (equivalentlyr = √

19). Then as
ω = ā/a varies in the four-roll mill model,the flow-induced
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Fig. 8. All stable states for the family of four-roll mill flows with fixed flow-ratePe = 8.5 and nematic concentrationN = 6, depicted vs.
extension-to-vorticity parameterω and molecular aspect ratio parametera. Seven different monodomain phase transitions occur on the curves shown. The
right figure is the blow-up of the phase transition boundaries for 0.8 ≤ a ≤ 1, together with the unique and bi-stable attractors in each parameter domain.

Table 2
Four-roll mill monodomain attractors and phase transitions due to
flow-type variations inω, with N = 6, r = √

19, Pe= 8.5

ω (0, 0.849) (0.849, 1.036) (1.036, 1.066) (1.066, 1.109)
State(s) LR LR/TW TW/K1 TW

ω (1.109, 1.174) (1.174, 1.201) (1.201,∞)
State(s) K2 OS FA

monodomain transition sequenceof Table 1ensues, as listed
in Table 2. (Alternatively, we can fix the flow type,ω =
constant, and vary the molecular aspect ratioa = ā/ω, and
then the identical transition sequence occurs again due to
variation in molecular shape.)

4.2.3. Example 5
As an example of the application of the stress formula de-

veloped in the last section, we chooseā = 0.9,N = 6. Using
kinetic theory, we have computed that for the simple shear
model determined by the triple(ā = 0.9, {0,Pe,0}, f̄ ),
flow-aligning states are the unique attractors whenPe >

13.7. Then,for all ω, the four−roll mill model determined
by the triple

(a, {p1, p2, p3}, f)
=

(
a = 0.9

ω
,

{
−1

2
ωPe,

1

2
Pe,−1

2
Pe

}
, f

)
, (70)

has unique flow-aligning attractors whenPe > 13.7 with
specific properties given by the correspondence principle
(31). If we letω = ±1, i.e.,p1 = ±p2, thenp2

1+p2p3 = 0,
for which the flow and flow gradient directions are orthogo-
nal and fixed. From the stress tensor formula(56) and (57),
the first and second normal stress differencesN1, N2 and
the apparent viscosityη are plotted inFig. 9 for ω = 1. We
conclude from these results thatN2 < 0 andη increases
slightly with higher flow rate. The most striking prediction
is thatN1 changes sign, from negative to positive, at a crit-
ical Pe along theseFA attractors! Thus, the often-reported
sign changes inN1 associated with shear-rate-dependent
monodomain transitions (cf.[6]) are predicted to occur in
four-roll mills within FA steady responses. Here we have
used the correspondence to infer analogs ofN1 andN2.
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(ω =1, a 0.9)

Fig. 9. Rheological predictions of four-roll mill flows in theFA regime
with streamline geometryω = 1, where the corresponding physical as-
pect ratio (r = √

(1 + a)/(1 − a) = √
19). First and second normal stress

differences,N1, N2, and the apparent viscosity,η, associated with stable
flow-aligned monodomains of kinetic theory, with fixed nematic concen-
tration N = 6, depicted vs. monodomain flow-ratePe. The left endpoint
of these curves corresponds to onset of flow-aligning attractors (from
out-of-plane steady states), whereas the right endpoint is chosen arbitrar-
ily since FA states persist forPe> 13.7.

4.3. Pure straining flow

For pure straining flows (p2 = p3), (25), the correspon-
dence principle discussed inSections 3.2 and 3.3needs to
be refined because we have normalized with respect to the
vorticity strength,p2 − p3. First we point out that any pure
straining flow can be mapped to the pure extensional flow
(24)by a rotation of the flow and flow-gradient plane. To see
this, we simply use the rotation matrixU defined in(27) to
transform all pure straining flow,p2 = p3 (including pure
extensional flow,p2 = p3 = 0) to:

v̄ = 2
√
p2

1 + p2
2D̄shear· x̄. (71)

In our correspondence, relationships betweenPe, ā, δ and
{p1, p2, p3} can be written in the following way:

āPe= a

√
4p2

1 + (p2 + p3)2, (72)

Pe= p2 − p3, (73)

andδ is the rotation angle defined in(28). If we let Pe→ 0
in the canonical flow (33), we clearly get the pure straining
flow (71), but the constraint(72) requires we simultaneous

haveā → ∞ with finite productāPe= 2a
√
p2

1 + p2
2.

To summarize, pure planar straining flows of nematic liq-
uids with aspect ratio parametera, |a| ≤ 1, correspond to
a “nematic liquid” with aspect ratio parameterā → ∞ in
simple shear flow with vanishing flow ratePe → 0, such

that āPe = 2a
√
p2

1 + p2
2. The correspondence in terms of

kinetic triples is:

(a, {p1, p2, p3}, f) ↔ lim
Pe→0


2a

√
p2

1+p2
2

Pe
, {0,Pe,0}, f̄


 .

(74)

To illustrate, we numerically calculate stable steady states
for a = 1 in pure planar extensional flow withp1 = 100
andp2 = p3 = 0, using the Doi closure model forN = 6.
The solution is:

Q =




0.664238 0 0

0 −0.332515 0

0 0 −0.331723


 . (75)

Then we numerically compute the stable steady state for
ā = 106, Pe= 2 · 10−4 in pure shear. The result is:

Q̄ =




0.165863 0.498378 0

0.498378 0.165862 0

0 0 −0.331725


 . (76)

The rotation angle inU, (27), is δ = −π/4, which mapsQ̄
to Q.

Q = UTQ̄U =




0.664240 −5 × 10−7 0

−5 × 10−7 −0.332516 0

0 0 −0.331725


 .

(77)

5. Conclusion

We have precisely formulated and applied a correspon-
dence principle that relates monodomain response between
shear flow and linear planar flows of spheroidal nematic flu-
ids. The principle is valid for the Doi–Hess kinetic theory
and all mesoscopic closure models derived from it. Whereas,
numerous authors have noted this observation, the aim of
this paper is to show both simplicity and depth in the conse-
quences of this principle. We have illustrated how to solve
the four-roll mill flow of a nematic liquid from an existing
kinetic theory code for pure shear. We have shown how to
search for monodomain phase transitions, e.g., flow-aligning
to kayaking, which result from varying the flow type of a
fixed nematic liquid. Various other applications are illus-
trated, including how to solve pure extensional flow by a
dual limit of shear with vanishing shear rate and unphys-
ical aspect ratio parameter. Finally, we have provided the
correspondence between stress tensors in a pure shear flow
and linear planar flows, which affords analogs of normal
stress differences and shear stress in special cases.Table 3
schematically represents the correspondence. The first row
corresponds to a general linear flow, defined in(12) and
determined by three flow parameters{p1, p2, p3}; a is the
physical LCP aspect ratio parameter;f andQ are the cor-
responding solutions of the kinetic and mesoscopicEqs. (4)
and (10). The second row corresponds to simple shear flow
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Table 3
Any linear planar flow{p1, p2, p3} of a nematic polymer with aspect
ratio parametera (the first row) can be transformed to a simple shear
flow with Peclet numberPe defined in (18) by a rotation(27) and a
renormalized aspect ratio parameterā, (26)

p1 p2 p3 a f Q

0 Pe 0 ā f̄ Q̄

The PDFs and second-moment tensors then explicitly related by the
correspondence principle of kinetic and mesoscopic theory, given in the
text.

with flow ratePe; ā is the renormalized molecule geometry
parameter(26); f̄ and Q̄ are the corresponding solutions
to the kinetic theory or mesoscopic tensor model in simple
shear. In this correspondence, the nematic polymer concen-
trationN is fixed, but arbitrary. This fact is nontrivial since
nematic polymers at rest have a rich equilibrium phase dia-
gram versus concentration, whose fate in shear flow is quite
complex (c.f.,[16,27,28]). The illustrations given here show
how this shear behavior maps across the space of planar
linear flows, but one must keep track of the molecule as-
pect ratio as the flow parameters vary. The principle can be
exploited in other ways, also illustrated. For example, one
may posit a desired flow response mode of a given nematic
polymer, such as kayaking or flow-aligning or even chaotic.
From the shear flow-phase diagram, one can then prescribe
families of flow-types and -rates with the prescribed mon-
odomain response mode.

Appendix A. A proof of the kinetic correspondence
principle

We supposef(m, t) is the solution of the Smoluchowski
equation under the general planar linear flow as defined in
(12). For the orthogonal matrixU given in (27), define:

n = Um, (A.1)

for any unit vectorm. Also, define a new function:

f̄ (n, t) = f(UTn, t) = f(m, t). (A.2)

We first notice the following chain-rule formulas for deriva-
tives:
∂

∂m
f̄ (n, t) = UT · ∂

∂n
f̄ (n, t), (A.3)

∂

∂m
· f̄ (n, t) = U ·

(
∂

∂n
· f̄ (n, t)

)
. (A.4)

Also, we write:

Rm = m × ∂

∂m
, Rn = n × ∂

∂n
, (A.5)

and the Maier–Saupe potential as

Vm(f(m, t)) = −3NkT

2
mm :

∫
‖m‖=1

mmf(m, t)dm. (A.6)

Notice that,

Vm(f(m, t))

= −3NkT

2
(Um)(Um) :

∫
‖m‖=1

(Um)(Um)f̄ (Um, t)dm

= −3NkT

2
nn :

∫
‖n‖=1

nnf̄ (n, t)dn = Vn(f̄ (n, t)).

(A.7)

Therefore, by the chain rule,

∂

∂m
Vm (f(m, t)) = ∂

∂m
Vn(f̄ (n, t)) = UT · ∂

∂n
Vn(f̄ (n, t)),

∂

∂m
· ∂

∂m
Vm(f(m, t))

= ∂

∂m
· ∂

∂m
Vn(f̄ (n, t)) = ∂

∂n
· ∂

∂n
Vn(f̄ (n, t)).

The Smoluchowski equation can be written as:

d

dt
f(m, t)

= Dr(a)
∂

∂m

[
∂

∂m
f(m, t)+ 1

kT
f(m, t)

∂

∂m
Vm(f(m, t))

]

− ∂

∂m
[ṁf(m, t)]. (A.8)

Sincef(m, t) is the solution to the Smoluchowski equation
with general linear flow,

d

dt
f̄ (n, t)

= d

dt
f(m, t)

= Dr(a)
∂

∂m
·
[
∂

∂m
f(m, t)+ 1

kT
f(m, t)

∂

∂m
Vm(f(m, t))

]

− ∂

∂m
· [ṁf(m, t)]

= Dr(a)
∂

∂m
·
[
∂

∂m
f̄ (n, t)+ 1

kT
f̄ (n, t)

∂

∂m
Vm(f(m, t))

]

− ∂

∂m
· [ṁf̄ (n, t)]. (A.9)

From the chain rule above,

∂

∂m
· ∂

∂m
f̄ (n, t) = ∂

∂n
· ∂

∂n
f̄ (n, t), (A.10)

∂

∂m
·
(
f̄ (n, t)

∂

∂m
Vm(f(m, t))

)

= ∂

∂m
f̄ (n, t) · ∂

∂m
Vm(f(m, t))

+ f̄ (n, t)
∂

∂m
· ∂

∂m
Vm(f(m, t))

= ∂

∂n
f̄ (n, t) · ∂

∂n
Vn(f̄ (n, t))

+ f̄ (n, t)
∂

∂n
· ∂

∂n
Vn(f̄ (n, t)), (A.11)
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and
∂

∂m
· [ṁf̄ (n, t)] = UT ∂

∂m
· [ṅf̄ (n, t)]. (A.12)

Therefore, the function̄f(n, t) satisfies the Smoluchowski
equation:

d

dt
f̄ (n, t)

= Dr(a)
∂

∂n
·
[
∂

∂n
f̄ (n, t)+ 1

kT
f̄ (n, t)

∂

∂n
Vn(f(n, t))

]

− ∂

∂n
· [ṅf̄ (n, t)]

= Dr(a)R ·
[
Rf̄ (n, t)+ 1

kT
f̄ (n, t)Rf̄ (n, t)

]
−R · [ṅ × f̄ (n, t)]. (A.13)

The Jeffery orbit becomes:

ṅ = Uṁ = U(Ω · m + a[D · m − D : mmm]). (A.14)

It is easy to check, for the specificU defined in(27),

UΩ · m = Ω · n = (p2 − p3)Ω̄ · n,

UD · m =
√

4p2
1 + (p2 + p3)2D̄ · n,

UD : mmm =
√

4p2
1 + (p2 + p3)2D̄ : nnn,

(A.15)

whereΩ̄, D̄shearare defined in(14). Therefore, the Jeffery
orbit can be written as:

ṅ = Pe(Ω̄ · n + ā[D̄ · n − D̄ : nnn]), (A.16)

with Pe and ā defined in(26) and(18). This is exactly the
Jeffery orbit obtained from the simple shear flow(20).
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