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Synopsis

Oneof theconfoundingissuesin laminar¯ow processingof nematicpolymersis thegenerationof
molecularorientationalstructureson lengthscalesthat remainpoorly characterizedwith respectto
molecularand processingcontrol parameters.For planeCouette¯ow within the Leslie±Ericksen
continuummodel,theoreticalresultssincethe 1970syield two fundamentalpredictionsaboutthe
lengthscalesof nematicdistortion:a power law scalingbehavior, Er2 p, 1

4 < p < 1, whereEr is
the Ericksen number~ratio of viscous to elastic stresses!; the exponentp varies accordingto
whetherthestructureis a localizedboundarylayeror anextendedstructure.Until now, comparable
resultswhich incorporatemolecularelasticity ~i.e., distortions in the shapeof the orientational
distribution! havenot beenderivedfrom mesoscopicDoi±Marrucci±Greco~DMG! tensormodels.
In this paper, we derive asymptotic,one-dimensionalgap structures,along the ¯ow-gradient
direction,in `̀ slow'' Couettecells,which re¯ect self-consistentcouplingbetweentheprimary¯ow,
in-planedirector~nematic! andorderparameter~molecular! elasticity, andcon®nementconditions
~plate speeds,gap height, and director anchoringangle!. We then read off the small Deborah
number, viscoelasticstructurepredictions:The ¯ow is simple shear. The orientationstructures
consistof: two molecular-elasticityboundarylayerswith the Marrucci scalingEr2 1/2, which are
ampli®edby tilted plateanchoring;anda nonuniform,director-dominatedstructurethat spansthe
entiregap,with Er2 1 averagelengthscale,presentfor any anchoringangle.We closewith direct
numerical simulations of the DMG steady, ¯ow-nematic boundary-valueproblem, ®rst to
benchmarkthe small Deborahnumberstructureformulas, and then to documentonsetof new
¯ow-orientation structuresasthe asymptoticexpansionsbecomedisordered.• 2004TheSociety
of Rheology. @DOI: 10.1122/1.1626676#
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I. INTRODUCTION

Laminar¯ow processingof nematicpolymer®lmsandmolds is plaguedby the gen-
erationof molecularorientationalstructureson length scalesthat remainpoorly under-
stood. Thesestructuresimpart nonuniform material properties,which are believed to
compromiseperformancefeatures.Absentof a characterizationof nematicmesostruc-
tureswith respectto molecularand processingcontrol parameters,e.g., in the form of
structurescalingproperties,a systematicstudy of the mesostructure±materialproperty
relationshipscannotevenbegin.

The experimentaldocumentationof micron-scaletextures @cf. Larson and Mead
~1992,1993!; Donald and Windle ~1992!; Burghardt~1998!; Larson~1999!; the recent
review by Tan andBerry ~2003!# hascompelledmanytheoreticalandnumericalefforts
@cf. the recentreview by Rey and Denn ~2002!# to explain and simulatethe dominant
structurescales.The dimensionalanalysisof de Gennes~1974!, Marrucci ~1991!, and
Marrucci andGreco~1993! in planeCouette¯ow, usingthe continuumLeslie±Ericksen
~LE! theory, producesa similarity lengthscaleLM ; Er2 1/2, whereEr is the Ericksen
number, which measuresviscouseffectsrelativeto distortionalelasticity. The linearized
analysisof Carlsson~1986! on theLE modelcharacterizesa boundarypenetrationlength
consistentwith the Marrucci scaling. Larson ~1993!, Larson and Mead ~1992, 1993!
focusedon roll-cell structures,experimentallyand theoretically, which obeypower law
behaviorbetweenEr2 1/4 and Er2 1/2. Important early resultsincluded exact solutions
derivedby Manneville~1981!, Carlsson~1984!, andthe provocativeconceptof director
turbulence@cf. CladisandTorza~1976!#.

For nematic polymers, it is necessaryto go beyond the LE model and allow for
molecular elasticity as well as nematic director structures.~In terms of the second-
momentorientationtensor, this translatesto eigenvalueaswell aseigenvectorvariations.!
Absentof ¯ow or other applied®elds,the authors@Forestet al. ~2000,2001!# derived
families of exact steady-stateand traveling-wavesolutionsof a Doi±Marrucci±Greco
mesoscopictensor model. Thesefree-spacesolutions yield a variety of layered and
domain-wallstructures,andtranslateto familiar light-intensitypatterns.They areintrin-
sic nematicpolymerstructuresthat re¯ect a balancebetweenthe short-rangemolecular
elasticity potential~of Maier±Saupeform! and the intermediate-rangedistortionalelas-
ticity potential@of Marrucci andGreco~1991!#. Furthermore,theseintrinsic statesarise
eitherfrom optical axis distortionswith frozenorderparametervalues~consistentwith a
LE structure!, or from order-parameter-dominatedorientationaldistortions.Lacking an
applied ®eld such as shear¯ow and absentof con®nementconditions such as plate
anchoring,thesefamilies of structureshave no selectionmechanisms,either in which
typesof solutionsare resonatedor in lengthscalesof the structures.It is reasonableto
surmisethat local plate anchoringconditions,and local ¯ow type and rate, provide
selectioncriteria for order-parameterversusdirector-dominatedstructuremodes,andfur-
thermore,provide local andlong-rangelength-scaleselectioncriteria throughstressand
torquebalances.

In con®nedplaneCouettecell ¯ows, numericalstudieson variousmesoscopicDoi±
Marrucci±Greco~DMG! mesoscopictensormodels@Tsuji andRey ~1997!; Sgalariet al.
~2002!; Kupfermanet al. ~2000!# remaininconclusivewith respectto the Marrucci scal-
ing or relatedpowerlaw behavior. This is not surprising:theparameterspaceis too large;
eachmesoscopicmodelcorrespondsto a differentmesoscopicclosureapproximationof
the Doi kinetic theory@cf. ForestandWang~2003!#; eachmodelusesa variationon the
Marrucci±Grecodistortionalelasticitypotential;the choicesof spatialdimensionalityof
both ¯ow andorientationrelativeto the ¯ow axesvary; and®nally, thecouplingof ¯ow
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versusimposed̄ ow duringstructureevolutionarebothexplored.Given theaddedcom-
plexity of accuratenumericalsolversin con®nedgeometries,comparisonsare dif®cult,
andconclusionsregardingstructurescalingpropertiesremainelusive.

Given this appraisal,we aremotivatedtowardthreegoals:to extendde Gennes'and
Marrucci's dimensionalanalysisat theequationlevel to asymptoticconstructionof fami-
lies of exactsolutions,with ¯ow andcon®nementprovidingselectionof lengthscalesand
of thestructuretype~cf. boundarylayersversusstructuresthatspantheentiresheargap!;
to extendCarlsson's linearizedanalysisof platecon®nementconditionsto fully nonlinear
orientationalstructurepropertiesand scaling behavior, especiallyto identify whether
structurelength scalesinherit dependenceon the gap width; and to identify scaling
behaviorof the orderparametersaswell asdirectors,eachfree to interactaccordingto
the ¯ow-nematic-con®nementbalanceequations.

We considera DMG mesoscopictensormodel,allowing a full couplingbetween̄ ow
structureand director ~nematic! & order parameter~molecular! distortions,and with
imposedplatemotion andmolecularanchoringconditions.The model,basedon the Doi
closure,hasbeenbenchmarkedin thelongwave,monodomainregimeandsmallDeborah
numberlimit with simulationsof theDoi kinetic theoryat nematicconcentrations@Forest
et al. ~2003!#, andthe purenematicequationssupportthe families of inherentstructures
noted earlier @Forest et al. ~2000, 2001!#. The effect of closure rule, which strongly
affectsmonodomainresponseto shear¯ow @cf. ForestandWang~2003!#, will be high-
lighted whenwe reachthe resultsof our analysis.In short,the structureswe predictare
robust to closure,but prefactorsvary with the mesoscopicLeslie tumbling parameter,
which varieswith closure.

Following MarrucciandCarlsson,we describeone-dimensionalspatialstructuresthat
form in thegapbetweenparallelplatesmovingoppositelyat prescribedconstantspeeds,
with mesoscopicmolecularanchoringconditionsat the plates.Likewise, we assumean
in-planeorientationtensorandposit that thevelocity®eldvariesonly along theprimary
¯ow direction. This assumptionis not easilylifted; the out-of-planeanalysishasthusfar
provenunwieldy. Thestructuresandscalingpropertieswe derivehereare,therefore,not
applicableto out-of-planeorientationbehavior;thespatialanalogof out-of-planedirector
tipping is a topic of currentinterest.

From this formulation,we developa nonlinearasymptoticanalysisin the slow-plate
~small Deborahnumber! limit, which yields exactlysolvable,steady¯ow-nematicstruc-
tures. Fromtheexactconstructions,we simply readoff length-scaleselectioncriteriaand
structurescalingproperties,explicitly in termsof molecularparameters~nematicconcen-
tration N, moleculeaspectratio r , persistencelength l of distortional elasticity! and
processingconditions@gap width (2h), plate speeds6 v0 , and plate anchoringcondi-
tions on the molecular®eld#.

II. MODEL FORMULATION

We considerplanarshear¯ow betweentwo plateslocatedat y 5 6 h, in Cartesian
coordinates(x,y,z), moving with correspondingvelocity v 5 (6 v0 ,0,0), respectively.
Figure1 depictsthe crosssectionof the shear̄ ow on the (x,y) plane.Variationsin the
directionof ¯ow (x) andprimaryvorticity direction(z), andtransportin thevertical (y)
directionaresuppressed.Therearetwo apparent lengthscales: thegaphalf-width h and
thepersistencelengthl of thedistortionalelasticitypotentialof MarrucciandGreco.The
molecularparameterl is themesoscopicanalogof a Frankelasticityconstant;we restrict
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hereto the one-constantapproximationwherebend,splay, andtwist distortionconstants
are presumedequal.Thereare two obvioustime scalesin the model: a bulk ¯ow time
scale,

t¯ow 5
h

v0
, ~1!

anda nematictime scaleof averagerotationaldiffusivity,

tnematic5
1

6D r
. ~2!

Onecanalsoform scalesassociatedwith solventviscosityandthethreenematicviscosi-
ties,but in the weak¯ow limit they correspondto higherordereffects.

We nondimensionalizethecoordinates,variables,modelequations,andboundarycon-
ditions using the device scaleh, the nematic time-scaletnematic, and a characteristic
stresst 0 5 r h2/tnematic

2 , wherer is the liquid density:

xÄ5
1

h
x, tÄ5

t

tnematic
, vÄ5

tnematic

h
v, tÄ5

t

t 0
, pÄ 5

p

t 0
. ~3!

The following six dimensionlessparametersarisein the ¯ow-nematic equations:

Re5
t 0tnematic

h
, a 5

3ckT

t 0
, Er 5

8

N

h2

l 2 , mi 5
3ckTzi

tnematict 0
, i 5 1,2,3. ~4!

Re is the solvent Reynoldsnumber; Er is the Ericksen number of the DMG model
consistentwith Kupfermanet al. ~2000!, Fenget al. ~2000!; mi ,i 5 1,2,and3 arethree
nematicReynoldsnumbers,and a is a normalizedentropicparameter(c is a number
densityof nematicmolecules,k is the Boltzmannconstant,and T is absolutetempera-
ture!.

Our scalinginsertstheDeborahnumberDe in the¯ow boundarycondition,wherewe
can ef®ciently impose the slow plate limit. Since vx(y 5 6 h) 5 6 v0
5 h/tnematicvÄx(yÄ5 6 1), the dimensionlessaxial velocity at the boundaryis the ratio

of the bulk ¯ow ratev0 /h andnematicrelaxationrate6Dr :

uvÄx~6 1!u5 De 5
v0 /h

6Dr
5

v0 tnematic

h
. ~5!

The latter equalityprovidesanotherview on the slow plate limit, 0 , De ! 1. The
plate velocity condition and nematic time scale de®nea ¯ow direction scale, Dx

FIG. 1. Planeshear̄ ow geometry. Nonslip boundaryconditionsfor the velocity andboundaryanchoringfor
the orientationtensorgiven by the stablenematicreststateareprescribed,with major directoranglec 0 5 0
shownhere.A schematicmajor directorwindup is shownacrossthe shearingcell.
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5 v0tnematic, the distancethe platesmove in the unit timescaleof nematicrelaxation.
Then,De canbe alsowritten as

De 5
Dx

h
, ~6!

which is thereciprocalslopeof thestandardlinearshearvelocity streamlinepicture.The
asymptoticcondition 0 , De ! 1 assertsthe nematicrelaxationtime scale is much
shorterthanthe bulk ¯ow timescale,so that the platesmovea shortdistancerelativeto
the gaphalf-width over the timescaleof molecularrelaxation.

We hereafterdrop the tilde ; on all quantities,usingonly dimensionlessscalesand
variablesin all equations,solutions,and®gures. We notethemolecularaspectratio r of
spheroidalmoleculesentersthe Doi model throughthe dimensionlessparameter

a 5
r22 1

r21 1
.

Thebalanceof linearmomentum,stressconstitutiveequation,continuityequation,and
the equationfor the orientationtensorare

dv

dt
5 ¹ •~2 pI1 t ! ,

t 5 S2

Re
1 m3DD1 aaF~Q!1

aa

3ErHDQ:QSQ1
I

3D2
1

2
~DQQ1 QDQ!2

1

3
DQJ

1
a

3ErH1

2
~QDQ2 DQQ!2

1

4
~¹ Q:¹ Q2 ¹¹ Q:Q!J

1 m1HSQ1
I

3DD1 DSQ1
I

3DJ1 m2D:QSQ1
I

3D,

¹ •v 5 0,

d

dt
Q 5 V Q2 QV 1 a @DQ1 QD#1

2a

3
D2 2aD:QSQ1

I

3D
2

1

L HF~Q!1
1

3ErFDQ:QSQ1
I

3D2
1

2
~DQQ1 QDQ!2

1

3
DQGJ, ~7!

where

F~Q! 5 ~12 N/3!Q2 NQ21 NQ:Q~Q1 I/3! , ~8!

L 5 H1, with constantrotary diffusivity

S12
3

2
Q:QD2

, with orientation-dependentrotary diffusivity.
~9!

The boundaryconditionsfor the scaledaxial velocity vx are

vx~y 5 6 1! 5 6 De. ~10!
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We assumehomogeneousmesophaseanchoring at the plates, given by the quiescent
stablenematicequilibrium,

Quy 5 6 1 5 s0Snn2
I

3D,

s0 5
1

4
S11 3A12

8

3N
D, ~11!

wheres0 is the stableuniaxial order parameterspeci®edby the nematicconcentration
N . 8

3, and n is the equilibrium uniaxial director, assumedto lie in the shearplane
~̄ow ±¯ow gradientplane! at someexperimentallydictatedanchoring angle c 0 with
respectto the ¯ow direction,

n 5 ~cosc0,sinc0,0! . ~12!

The anchoringangle will appearprominently in the resultsbelow; plate preparations
yield tangential(c 0 5 0), homeotropic(c 0 5 p /2), or tilted (0 , c 0 , p /2) an-
choring.

We considerthe in-plane mesophaseorientationof LCPs with two directorsof Q
con®nedto theshearingplane(x,y), but still admittingbiaxiality. This constraintimplies
that two componentsin the matrix representationof Q must vanish,Qxz 5 Qyz 5 0.
Alternatively, theorientationtensorcanbewritten in termsof directorsandorderparam-
eters:

Q 5 s~y,t !Snn2
I

3D1 b~y,t !Sn' n' 2
I

3D, ~13!

with the directorsn,n' con®nedto the (x,y) planeand parametrizedby the in-plane
Leslie anglec (y,t),

n 5 ~cosc, sinc,0! , n' 5 ~2 sinc,cosc,0! . ~14!

The third director is rigidly constrainedalongthe vorticity axis.
The explicit coordinatechangebetweentheseQ representationsis

Qxx 5 s~cos2 c2 1
3!1 b~sin2 c2 1

3!,

Qxy 5 ~s2 b!sinc cosc,

Qyy 5 s~sin2 c2 1
3!1 b~cos2 c2 1

3!. ~15!

The Jacobian of the mapping (s,b ,c ) ! (Qxx ,Qxy ,Qyy) is ] (Qxx ,Qxy ,Qyy)/
] (s,b ,c ) 5 (b2 s)/3. Unlesss2 b 5 0, which is a uniaxial limit, the mappingis non-
singular. We shall switch betweentheserepresentationsto extractpropertiesof the ori-
entationtensor.

With thebiaxial representation~13! of Q, thetensorequationin Eq.~7! canbewritten
in termsof the orderparameters(s,b ) andthe Leslie anglec:
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] s

] t
5 2

1

L HU~s!1
2N

3
sb~11 b2 s!1

2

9Er
~s2 b !g~s,b !S] c

] yD
2

1
1

9ErF2 ~12 s!~12 b1 2s!
] 2s

] y2 1 s~12 s1 2b !
] 2b

] y2GJ1
a

3

] vx

] y
g~s,b !sin2c,

] b

] t
5 2

1

L HU~b!1
2N

3
sb~11 s2 b!1

2

9Er
~b2 s!g~b ,s!S] c

] yD
2

1
1

9ErFb~12 b1 2s!
] 2s

] y2 2 ~12 b !~12 s1 2b !
] 2b

] y2GJ2
a

3

] vx

] y
g~b ,s!sin2c,

] c

] t
5

1

6~s2 b! H] vx

] y
@3b2 3s1 a~21 s1 b!cos2c#

1
1

3ErL
~21 s1 b !F~s2 b !

] 2c

] y2 1 2
] c

] y S] s

] y
2

] b

] yDGJ, ~16!

where

U~s! 5 sF12
N

3
~12 s!~2s1 1!G, ~17!

g~s,b! 5 11 3sb2 b1 2s2 3s2. ~18!

The momentumequationreducesto a singleequationfor the velocity componentvx ,

] vx

] t
5

] t xy

] y
,

t xy 5
aa

2 FU~s!2 U~b!1
4Nsb

3
~b2 s!Gsin2c1

aa

18ErF2 h~s,b !
] 2s

] y2 1 h~b ,s!
] 2b

] y2

1 2~s2 b !@g~s,b !1 g~b ,s! #S] c

] yD
2Gsin2c1

aa

18Er
~s1 b1 2!F~b2 s!

] 2c

] y2

2 2S] s

] y
2

] b

] yD] c

] yGcos2c1
a

6Er
~s2 b !F~s2 b !

] 2c

] y2 1 2S] s

] y
2

] b

] yD] c

] y G
1 Fm1

6
~s1 b1 2!1

m2

8
~s2 b !2~12 cos4c !1

1

Re
1

m3

2 G] vx

] y
, ~19!

where

h~s,b! 5 ~12 b1 2s!~11 b2 s!. ~20!

We seeksteadysolutionsof thedimensionlessgoverningEqs.~16!±~20! subjectto the
boundaryconditions

vxuy 5 6 1 5 6 De, suy 5 6 1 5 s0 , buy 5 6 1 5 0, c uy 5 6 1 5 c 0 . ~21!
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We posita formal asymptoticexpansionin thesmallDe numberlimit, consistentwith the
aboveboundaryconditions:

vx 5 (
k 5 1

`

vx
(k)~y!Dek, c 5 (

k 5 0

`

c (k)~y!Dek,

s 5 (
k 5 0

`

s(k)~y!Dek, b 5 (
k 5 1

`

b (k)~y!Dek. ~22!

Alternatively, the Cartesianrepresentationof Q is expandedin the form:

Q 5 (
k 5 0

`

Q(k)~y!Dek, ~23!

with Q(0) a quiescent,homogeneousequilibriumgivenby Eq. ~11!. c (1), s(1), b (1) and
the componentsof Q(1) areexplicitly relatedby

c (1) 5
2Qxy

(1) cos2c02 ~Qxx
(1)2 Qyy

(1)!sin2c0

2s
,

s(1) 5 3
2~Qxx

(1)1 Qyy
(1)!1 1

2~Qxx
(1)2 Qyy

(1)!cos2c01 Qxy
(1) sin2c0,

b(1) 5 3
2~Qxx

(1)1 Qyy
(1)!2 1

2~Qxx
(1)2 Qyy

(1)!cos2c02 Qxy
(1) sin2c0. ~24!

Notice that the anchoringconditionsat the two moving platesareassumedidentical,
which presumesthe shearcell beginsfrom a quiescent,homogeneous,nematicequilib-
rium. This is consistentwith tangentialandnormalanchoringconditions,andwith tilted
anchoringconditionsif the platesare preparedso that the anchoringanglesare equal
ratherthanoppositesign.Dif ferentconditionsat eachplaterequirea non-homogeneous
steadystructureat leadingorder, which we will not pursuefor this study.

A. Exact steady asymptotic structures

Fromeitherrepresentationof Q, theaboveexpansionsareinsertedinto thefull system
of ¯ow-nematic equations,Eqs. ~7!±~9! or ~16!±~18!, equationsfor the O(De) and
O(De2) variablesderived, and then systematicallysolved. We now state the results,
following the notationin expansions~22! and~23!.

· The axial velocityat O(De), vx
(1) , reproducesthe simpleshearstructure:

vx
(1) 5 y. ~25!

This result gives somejusti®cationto the historical practiceof imposingpure shear
¯ow kineticsevenin spatiallynon-uniform¯ows @Tsuji andRey~1997!; ReyandDenn
~2002!# in order to decouplethe momentumequation.For asymptoticallyordered,
in-planestructuresin the low De limit, all nonlinearityin the ¯ow pro®leis a pertur-
bationof pureshear. We will returnin thenumericalsectionto onsetof nonlinear¯ow
pro®lesasthe asymptoticsolutionsbecomeinvalid.

· The orientationtensorat O(De), Q(1), decomposesinto one extendedstructure that
spanstheentire gapandtwo boundarylayer structuresthat are localizedat theplates:
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Q(1) 5 Er~y22 1!Q11 Scosh~Er1/2By!

cosh~Er1/2B!
2 1DQ21 Scosh~Er1/2Dy!

cosh~Er1/2D !
2 1DQ3 , ~26!

where

Q1 5 2
3a

2l L
~12 l L cos2c0!Ssin2c0 cos2c0 0

cos2c0 2 sin2c0 0

0 0 0
D, ~27!

Q2 5
a~12 s0!2~11 2s0!

36s0
sin2c0S12 cos2c0 2 sin2c0 0

2 sin2c0 11 cos2c0 0

0 0 2 2
D, ~28!

Q3 5 2
a~4s02 1!

4N~3N2 8!s0
sin2c0S11 3cos2c0 3sin2c0 0

3sin2c0 12 3cos2c0 0

0 0 2 2
D, ~29!

with a the moleculargeometryparameter, andthe constantsB,D,l L aregiven by

l L 5
a~21 s0!

3s0
, ~30!

B 5 3ANs0

12 s0
, ~31!

D 5 BA4s02 1

3~11 2s0!
. ~32!

The parametersB and D are O(1) constants,uniquely prescribedby the nematic
concentrationN; recall s0 5 s0(N) from Eq. ~11!, where 1

4 , s0 , 1 for 8
3 , N

, ` .
The (y22 1) term proportionalto the tensorQ1 correspondsto an extended,nonuni-

form structurethat spansthe entiresheargap,which we call a permeationstructure by
contrastwith theboundarylayer structuresproportionalto Q2 andQ3 , which arehighly
localized at the plates. In the sectionsbelow we decomposeQ1 , Q2 , and Q3 into
directorsandorderparametersin orderto extractnematicandmolecularelasticityscaling
properties.

The parameterl L is the mesoscopicLeslie tumblingparametercorrespondingto the
Doi closureof kinetic theory@Kuzuu andDoi ~1983,1984!; Marrucci ~1991!; Marrucci
andGreco~1993!; ForestandWang~2003!; Forestet al. ~2003!#. The Leslie parameter
traditionally arisesas the critical bulk dynamicaldiagnostic@Doi and Edwards~1986!;
BerisandEdwards~1994!; Larson~1999!#. If onewereto closetheDoi kinetic theoryon
secondmomentsby useof otherclosurerules,e.g.,Hinch andLeal ~1972!, Tsuji andRey
~1997!, de GennesandProst~1993!, Maffettoneet al. ~2000!, the parameterl L encodes
the primary effectof closure rule on stationaryspatial in-planestructuresat low De.

For any closure, the prefactor (12 l L cos2c0) implies a remarkabletemporal-to-
spatial transferencemechanismassociatedwith thepermeationstructure.Flow-alignment
in time ~i.e., ul Lu . 1) leadsto a tendencytoward suppressionof, whereastumbling
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bulk dynamics~i.e.,ul u , 1) promotes,this bulk spatialmode~since(12 l L cos2c0) is
boundedaway from zero!. This result is the mesoscopictheory analogof Marrucci's
analysisof the LE steadystructures,where the Leslie tumbling parameteralso arises
@Marrucci ~1991!#.

The critical role of c 0 , the plateanchoringangle,is apparentin both boundary-layer
tensorsQ2 and Q3 , which vanishfor tangential(c 0 5 0) or normal (c 0 5 p /2) an-
choring. Thus,theseexactconstructionsimply an arbitrary pre-tilt of c 0 awayfrom the
¯ow or ¯ow-gradient directionswill amplify boundarylayers of strength equal to the
nonlocal extendedstructure proportional to Q1 . This nonlocal structure,on the other
hand,canbe suppressedonly if the nematicpolymer is `̀ ¯ow-aligning,'' i.e., l L . 1,
Eq. ~30!, and then by preparingthe plate anchoringcondition preciselyparallel to the
Leslie alignmentangle,c 0 5 1

2 cos2 1(1/l L).

B. Director structure

In continuumLE theory, all elasticity is projectedinto the major director. The ®rst
consequenceof theseexactmesoscopicsolutionsis quitestriking: thedirector is seento
only participate in the long-rangeextendedstructure and to not vary in the boundary
layers. From Eq. ~24!, the directoranglec is explicitly given by

c 5 c01 Dec (1)1 O~De2! ,

c (1) 5 ErM~y22 1! ,

M@a,s0~N!,c0#5
9

2~21 s0!
@12 l L cos~2c0!#. ~33!

By inference,the con®nement-inducedboundarylayer structuresare, therefore,respon-
sible only for focusing of the orientationaldistribution. Indeed,one can con®rmthis
result by observingthe tensorsQ2 and Q3 , Eqs. ~28! and ~29!, have major director
parallel to the anchoringdirection.

To extracta lengthscalefrom Eq. ~33!, oneeasilycalculatesthe numberof nematic
layersacrossthegap,i.e., thenumberof rotationsof thedirectorby p, @Dc/p#, which is
proportionalto Er• De• M, where@•#denotesthegreatestintegerfunction. It follows that
the averagenematic layer length scale is proportional to (DeMEr)2 1, which is the
square of the Marrucci scaling.

The valueof the prefactorM(a,N,c 0) affectsthe numberof layersand the chirality
of directorwindup.If M . 0, themajordirectorrotatesclockwisefrom the top plateto
themidgapy 5 0, then`̀ unwinds'' counterclockwisefrom y 5 0 to thebottomplate.If
M , 0, the directors reversechirality. By changing the molecules from rods (a
. 0) to platelets(a , 0), and by varying c 0 , it is possibleto achieveM of either

sign, therebyreversingthe directionof rotation.
For ¯ow-aligning nematicpolymersin weak shear, ul Lu . 1, two effects are de-

duced.First, M maybepositiveor negative,andindeedM [ 0 if c 0 matchestheLeslie
alignmentangle,1/2cos2 1(1/l L). This resultis quitenatural:the long-rangepermeation
structuremay be completelysuppressedif one preconditionsthe plates to match the
shear-alignmentangleof the nematicpolymer.

For tumbling nematicpolymers, ul Lu , 1, one ®ndsM . 0 and boundedaway
from zero,implying enhancedlayeringandsmallerlengthscalesof directorrotation.This
result is also natural: a tumbling nematicpolymer cannot resist generationof spatial
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directordistortionsno matterwhattheplateanchoringconditionis, sincethematerialhas
no preferredangleto resonatewith.

C. Order parameter structure

We now extractdegreeand scalesof molecularelasticity inducedby slow Couette
cells. The striking featureis extremesensitivity to anchoringangle.From the s, b for-
mulas,Eq.~24!, andtheQ tensorformulas~26!±~32!, it follows thats(1) andb (1) vanish
if andonly if c 0 5 0, p/2 ~modp!. We thencarry theexpansionto nextorder~omitted!
and®nd:

1. Tangential anchoring „c 0Ä 0…

Order parameterdistortionsenter at O(De2) through two boundarylayers and the
long-rangepermeationstructure:

s 5 s01 De2s(2)1 O~De3! ,

b 5 De2b (2)1 O~De3! ,

s(2) 5 FB1Er~y22 1!1 B2 Scosh~Er1/2Dy!

cosh~Er1/2D !
2 1D2 B3Scosh~Er1/2By!

cosh~Er1/2B!
2 1DG,

b(2) 5 FB4Er~y22 1!2 2B3Scosh~Er1/2By!

cosh~Er1/2B!
2 1DG, ~34!

where

B1 5 2
9~l L2 1!~3l L2 2!~12 s0!~51 7s0!

N~21 s0!2~4s02 1!
,

B2 5
243

N2~21 s0!2~4s02 1! SEr~l L2 1!21
~3l L2 2!~l L2 1!

N2s0~4s02 1! D,

B3 5
9~12 s0!

N~21 s0!2SEr~l L2 1!21
~3l L2 2!~l L2 1!~12 s0!

9Ns0
D,

B4 5
9~l L2 1!~3l L2 2!~12 s0!

N~21 s0!2
. ~35!

Combinedwith the director results,Eq. ~33!, we concludethat tangentialanchoring
leadsto a director-dominated,non-uniform,long-rangestructure with Er2 1 meanscal-
ing, togetherwith weak,order-parametermodulationson both Er2 1/2 and Er2 1 scales.

2. Normal (homeotropic) anchoring „c 0Ä p Õ2…

The structuremodel ~16!±~21! for in-plane Q tensorsadmits a symmetry: (a,c )
! (2 a, p /21 c ). This propertyimpliestheasymptoticsolutionwith c 0 5 p /2 canbe

obtaineddirectly from Eqs. ~34! and ~35!. Thusnormal and tangential anchoringare
quantitativelydifferent, with changesin numerical prefactors,yet qualitatively similar
scaling laws. The ®gureswill illustratethesefeatures.
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3. Tilted anchoring „0 Ë c 0 Ë p Õ2 or p Õ2 Ë c 0 Ë p …

The resultsabovefor c 0 5 0, p/2 are quite special,as evident from the boundary
layertensorsQ2 andQ3 , formulas~28! and~29!. Anypretilt inducesan order parameter
responseof the sameamplitude, O(De), as the director distortion, yet localizedin the
two boundarylayers:

s 5 s01 Des(1)1 O~De2! ,

b 5 Deb (1)1 O~De2! , ~36!

where@with B andD given abovein Eqs.~31! and~32!#

s(1) 5 asin2c0FA1Scosh~Er1/2By!

cosh~Er1/2B!
2 1D2 A2Scosh~Er1/2Dy!

cosh~Er1/2D !
2 1DG,

b(1) 5 2asin2c0FA1Scosh~Er1/2By!

cosh~Er1/2B!
2 1DG,

A1 5
12 s0

6N s0
. 0, A2 5

9

2N2s0~4s02 1!
. 0. ~37!

This resultis suggestiveof a fundamental̄ow-nematicstructuremechanism.Whena
solid boundaryor evena defectstructurepins the major directorat an angletilted with
respectto the¯ow ±¯ow gradientaxes,molecularelasticityis ampli®edin a local bound-
ary layers.

D. Penetration depth due to plate anchoring

All asymptoticresults,oncetranslatedinto dimensionalgapheighty, imply all tensor
distortions,Eqs.~26!±~35!, havelocal boundarylayerandlong-rangestructurescalesthat
are independentof the gap separationscale 2h. Therefore,there appearsto be no
`̀ memory'' of thegapwidth in theslow-platescalingproperties.This predictioncon®rms
the linearizedpredictionsof Carlsson~1986!, and availableexperimentalevidenceas
discussedby Larson~1999!.

III. NUMERICAL RESULTS

Figure1 depictstheplaneshear̄ ow geometry. For thereportedcomputations,we ®x
a concentrationin the nematic regime N 5 6 and ®x the aspectratio r 5 3 ~i.e., a
5 0.8), consistentwith our complementarystudiesof the monodomaindynamicsprob-

lem @Forest and Wang ~2003!; Forest et al. ~2003!#. Figures 2±5 comparethe exact
formulasfor the directoranglec, orderparameterss andb, and¯ow velocity vx , with
directnumericalsolutionsof thesteady, two-pointboundary-valueproblem.Figure5 also
gives shearstressand light scatteringintensity predictions.@Selectedresultsare further
comparedwith numericalintegrationof the full space-timemodel~7!±~14!, restrictedto
in-planeQ tensors.All reportedsteadynumericalsolutionsarestableundertheserestric-
tions.#

We begin with con®rmationof the formulas for 0 , De ! 1 and 0 , De• Er
! 1, Fig. 2, wherethe asymptoticformulasarenearly identical to the numericalsolu-

tions.For tangentialandnormalanchoring,we setDe 5 0.1, Er 5 1; for tilted anchor-
ing, c 0 5 p /6, we haveto lower De 5 0.01 with the sameEr 5 1 to maintainagree-
ment betweenthe asymptoticformulas and the numerical solutions.Thesestructures
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further illustratesubtleeffectsof c 0-dependentnumericalprefactorson theorderparam-
eters:the boundarylayer modesmay align with @c 0 5 0, p /6; Figs. 2~a!±2~d!# or op-
pose@c 0 5 p /2; Figs. 2~e! and 2~f!# the permeationstructure.In the latter scenario,a
secondarylengthscaleemergesdueto the superposition.

FIG. 2. Comparisonof thenumericalsolutions~circles/triangles! of thesteadyboundary-valueproblemandthe
exact asymptoticformulas ~solid/dashedlines!. Top row: tilted anchoring(c 0 5 p /6) with De 5 0.01 and
Er 5 1. Middle row: parallel anchoring(c 0 5 0) with De 5 0.1 andEr 5 1. Bottomrow: normalanchoring
(c 0 5 p /2) with De 5 0.1andEr 5 1. In all ®gures,circlesandsolid linesusetheleft ~vertcal! axis;triangles
anddashedlines usethe right axis.
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Next, we illustratebreakdownof the asymptoticformulaswith direct numericalsolu-
tions wheneither of the two asymptoticconditions,De ! 1 andEr• De ! 1, aregradu-
ally pushedout of the asymptoticregime.Our purposehereis to monitor emergenceof
new, non-asymptoticstructures,and to identify sourcesof additional scalingbehavior.

FIG. 3. Comparisonof thenumericalsolutions~circles/triangles! of thesteadyboundary-valueproblemandthe
exactasymptoticformulas~solid/dashedlines!. Top row: tilted anchoring(c 0 5 p /6) with De 5 0.1 andEr
5 1. Middle row: parallel anchoring(c 0 5 0) with De 5 0.1 andEr 5 10. Bottom row: normalanchoring

(c 0 5 p /2) with De 5 0.1 andEr 5 10.
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Figure 3 imposestangential@~c! and ~d!# and normal anchoring@~e! and ~f!# with
De 5 0.1, Er 5 10. Theasymptoticformulasstill agreeto within errorsof O(De2), yet
one ®ndsthe emergenceof nonlinearvelocity structurenot capturedby the asymptotic
formulas. Qualitatively distinct velocity structuresare generatedfor tangentialversus
normalanchoring.Tangentialanchoringyields a local Deborahnumber, ] vx /] y, that is
greaterin theplateboundarylayers,andlower nearthemidplane,thantheplate-imposed,
gap averageDe 5 0.1. This suggestsa resonantvelocity structurewith power law
yp,p . 1, p odd.Normal@Fig. 3~f!#andtilted @Fig. 3~b!#anchoringgeneratetheoppo-
site concavityin the ¯ow velocity with apparentpowerlaw of the form y1/p, p . 1, p
odd. Figure 4 highlights the stark contrastin local De betweentangentialand normal
anchoringfor an otherwiseidentical experiment,extractedfrom the numericalvelocity
dataof Figs.3~d! and3~f!.

For tilted anchoring,Figs.3~a! and3~b!, a morestringentEr• De conditionis needed
for asymptoticagreement,with De 5 0.1, Er 5 1. One ®ndsquantitativeasymptotic
accuracy, but qualitatively the asymptoticformulas fail to resolveshorter lengthscale
structurein theorderparametersandvelocity, while overestimatingtheamplitudesof all
orientationvariables.

In Figs.5~a! and5~b!, we raisetheplatespeeds(De 5 0.5) by a factorof 5 from Fig.
3, with Er 5 10 ~for which De• Er 5 5), andpresentresultsonly with parallelanchor-
ing. Correlated boundary layers are spawnedamongvx and both order parameters,
totally missedby the asymptoticformulas.The numericalsolutionsconveyan interior,
director-dominatedorientationstructure,with almoststagnant̄ ow ~local De ! 1) and
nearlyconstantorderparameters.Near theplates, the ¯ow velocity rapidly transitionsto
the plate speed,with correspondinghigh local De, and strongmolecularelasticity re-
¯ected in the orderparameterstructure.

We closewith predictionsof shear-gapstresses@Fig. 5~c!#andlight intensitypatterns
@Fig. 5~d!# associatedwith thesesteadystructures.The ®rst normal stressdifference
appearsto correlatewith themaximumbirefringenceparameter, s, with a positive,maxi-
mumN1 at theplates,thena sharpboundarylayertransitionleadsto a signchangeof N1
in the boundarylayers, then a nearly constantN1 ' 0, yet negative,acrossthe gap
interior. On theotherhand,N2 appearsto correlatewith thesecondbirefringenceparam-

FIG. 4. Comparisonof dvx /dy, which de®nesa local Deborahnumberacrossthe plate gap, for parallel
anchoring(c 0 5 0) andnormal anchoring(c 0 5 p /2) for De 5 0.1 andEr 5 10. Thesedataarepostpro-
cessedfrom the numericalsolutionsof the steadyboundary-valueproblem.Note the meanDeborahnumber
acrossthe gapis preciselyDe, so thesestructuresconveythe nematicpolymerfeedbackto the ¯ow.
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eter, b, alsowith sharpboundarylayersneartheplateswith 2 signchangesof N2 in Fig.
5~d!. Even in the asymptoticregime~®gurenot shown!, both N1 and N2 changesign
acrossthe plategap,so that boundarymeasurementsof N1 , N2 in steadystatearenot
indicativeof internalstresspro®les.The relationshipbetweentheselocked-instresspro-
®lesandmechanicalpropertiesof nematicpolymer®lmsposesan intriguing challenge.

The light scatteringintensityacrossthe plategapassociatedwith the numericalsolu-
tions is given in Fig. 5~d!. This intensitypatterncanbeviewedasa combinationof pure
nematicpatternsof the Doi±Marrucci±Grecotheory, Forestet al. ~2000,2001!, where
the ¯ow coupling hasled to selectionof order-parameterstructuresnearthe platesand
directorstructuresin the interior.

IV. CONCLUSION

The goalsmet in this paperaretwofold: ~i! to extendanalyticaldescriptionsof struc-
turescalinglaws to includemolecularelasticity~orderparametervariations! and¯ow of

FIG. 5. Top row: Comparisonof the numerical solutions ~circles/triangles! of the steadyboundary-value
problem and the exact asymptoticformulas ~solid/dashedlines! for parallel anchoring(c 0 5 0) with De
5 0.5and Er 5 10. Bottomrow: Rheologicalstructurepro®lesassociatedwith thenumericalresultsof thetop

row. Here,we provide the ®rst(N1 5 t 112 t 22) andsecond(N2 5 t 222 t 33) normalstressdifferences,the
shearstress(t 12), andthe light scatteringintensityfunction@Matheret al. ~1997!#, I 5 I 0 sin2(2pa1s), across
theplategap,wherea1 is theratio of thesamplethicknessto thewavelengthof incidentlight. Thenormalized
birefringences measuresthe differencebetweenorientationalong the ¯ow direction and along the vorticity
axis.
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nematicpolymers,in a self-consistentsteadybalancewith nematic~director! elasticity;
and~ii ! to documentnonasymptotic,yet parametricallycontrollable,additionalstructures
thatemergeasonepulls out of theasymptoticregime.Theseresultsserveasa guidefor
extendednumericalstudies.Analytically at low De and De• Er, the mesoscopicDMG
theorypredictsthat theMarrucciEr2 1/2 scalingis associatedwith boundarylayermodes
residing only in the order parameters,whereasan Er2 1 meanscaling law appearsin
non-uniformpermeationstructures~spanningthe entire plate gap!. The self-consistent,
leadingorder, ¯ow velocity is a pure linear shearpro®le.Threeincommensurateorien-
tation tensorstructuresarederived,which togetherform a sourceof multiple scalesand
textureevenin the slow ¯ow, small Ericksennumberlimit.

We con®rmthe asymptoticformulaswith direct numericalsimulationof the steady,
¯ow-nematic boundary-valueproblemof the Doi±Marrucci±Grecomodel. Pursuantto
the questionof structuresthat arisein general̄ ows, we thenmonitor the breakdownof
the asymptotic predictions due to increasedplate speed.An intriguing correlation
emergesbetweenthe molecularplateanchoringconditionsand the macroscopicfeature
of concavityof the ¯ow pro®leacrosstheentireplategap.Tangentialanchoringleadsto
a sharp¯ow gradientnear the platesand an interior layer of relatively stagnant̄ ow,
whereasany director tilt awayfrom the ¯ow directionreversesconcavityof the steady-
state¯ow pro®le,with a nearlyplug-¯ow layerat eachplateandan internallayerwith a
stronger̄ ow-gradient.Thesefeaturesarecontrollableeitherby raisingthe platespeeds
~De! or by promotingdistortionalversusshort-rangeelasticity~Er!, althougha systematic
studyof nonasymptoticscalingbehaviorremains.
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