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Synopsis

Oneof the confoundingissuesin laminar ow processingf nematicpolymersis the generatiorof
molecularorientationalstructureson length scaleshatremainpoorly characterizedvith respecto
molecularand processingcontrol parametersFor plane Couette ow within the LeslietEricksen
continuummodel, theoreticalresultssincethe 1970syield two fundamentapredictionsaboutthe
length scalesof nematicdistortion: a powerlaw scalingbehavior Er2 P, 43 < p < 1,whereEris
the Ericksennumber ~atio of viscousto elastic stressels the exponentp varies accordingto
whetherthe structureis alocalizedboundarylayer or an extendedstructure Until now, comparable
resultswhich incorporatemolecular elasticity +.e., distortionsin the shapeof the orientational
distributiorl havenot beenderivedfrom mesoscopi®oitMarruccitGreco-DMG! tensormodels.
In this paper we derive asymptotic, one-dimensionalgap structures,along the “ow-gradient
direction,in “slow" Couettecells,which re”ect self-consistentouplingbetweerthe primary ow,
in-planedirector-nemati¢ andorderparametermoleculat elasticity and con®nementonditions
~plate speeds,gap height, and director anchoringanglé. We then read off the small Deborah
number viscoelasticstructurepredictions: The ow is simple shear The orientation structures
consistof: two molecularelasticity boundarylayerswith the Marrucci scalingEr? 2, which are
ampli®edby tilted plate anchoring;and a nonuniform,directordominatedstructurethat spansthe
entire gap, with Er2l averagdengthscale,presentfor any anchoringangle.We closewith direct
numerical simulations of the DMG steady ow-nematic boundary-valueproblem, ®rst to
benchmarkthe small Deborahnumber structureformulas, and then to documentonsetof new
“ow-orientation structuresas the asymptoticexpansiondecomedisordered.» 2004 The Society
of Rheology @OI: 10.1122/1.1626678
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I. INTRODUCTION

Laminar ow processingf nematicpolymer®Imsand moldsis plaguedby the gen-
erationof molecularorientationalstructureson length scalesthat remain poorly under
stood. Thesestructuresimpart nonuniform material properties,which are believedto
compromiseperformancefeatures Absentof a characterizatiorof nematicmesostruc-
tureswith respectto molecularand processingcontrol parameterse.g.,in the form of
structurescaling properties,a systematicstudy of the mesostructurematerial property
relationshipscannotevenbegin.

The experimentaldocumentationof micron-scaletextures @f. Larson and Mead
~1992,1993; Donald and Windle ~1992; Burghardt~1998; Larson~1999; the recent
review by Tan and Berry ~2003# hascompelledmany theoreticaland numericalefforts
@. the recentreview by Rey and Denn 2002# to explain and simulatethe dominant
structurescales.The dimensionalanalysisof de Gennes-1974, Marrucci 1991, and
Marrucciand Greco-~1993 in planeCouette ow, usingthe continuumLeslietEricksen
~LE! theory producesa similarity lengthscaleLy, ; Er? 2 whereEr is the Ericksen
number which measurewsiscouseffectsrelativeto distortionalelasticity The linearized
analysisof Carlsson<1988 onthe LE modelcharacterizea boundarypenetratioriength
consistentwith the Marrucci scaling. Larson 1993, Larson and Mead ~1992, 1993
focusedon roll-cell structuresgexperimentallyand theoretically which obey powerlaw
behaviorbetweenEr? 4 and Er? V2. Important early resultsincluded exact solutions
derivedby Manneville~1981, Carlsson-1984, andthe provocativeconceptof director
turbulence@¥. Cladisand Torza~197a#

For nematic polymers, it is necessaryto go beyondthe LE model and allow for
molecular elasticity as well as nematic director structures.An terms of the second-
momentorientationtensor this translatedo eigenvalueaswell aseigenvectowariationsl
Absentof ow or other applied ®elds,the authors@orestet al. 2000, 2001# derived
families of exact steady-statend traveling-wavesolutionsof a DoixMarrucciGreco
mesoscopictensor model. These free-spacesolutionsyield a variety of layered and
domain-wallstructuresandtranslateto familiar light-intensity patterns They areintrin-
sic nematicpolymer structuresthat re ect a balancebetweenthe short-rangemolecular
elasticity potential-of MaiertSaupeform! and the intermediate-rangéistortional elas-
ticity potential@f Marrucci and Greco~1991# Furthermoretheseintrinsic statesarise
eitherfrom optical axis distortionswith frozenorderparametewvalues~consistentith a
LE structuré, or from orderparametedominatedorientationaldistortions.Lacking an
applied ®eld such as shear ow and absentof con®nementonditions such as plate
anchoring,thesefamilies of structureshave no selectionmechanismsgitherin which
typesof solutionsare resonatedr in length scalesof the structureslt is reasonableo
surmisethat local plate anchoringconditions, and local ow type and rate, provide
selectioncriteriafor orderparameterersusdirectordominatedstructuremodes,andfur-
thermore provide local andlong-rangelength-scaleselectioncriteria throughstressand
torquebalances.

In con®nedpblane Couettecell ows, numericalstudieson various mesoscopidoi+
Marrucct-Greco-DMG! mesoscopidensormodels@suji andRey~1997; Sgalariet al.
~2002; Kupfermanet al. 2000# remaininconclusivewith respecto the Marrucciscal-
ing or relatedpowerlaw behavior This is not surprising:the parametespacds too large;
eachmesoscopianodel correspondgo a differentmesoscopiclosureapproximationof
the Doi kinetic theory @f. ForestandWang-~2003# eachmodelusesa variationon the
Marrucci:Grecodistortionalelasticity potential;the choicesof spatialdimensionalityof
both ow andorientationrelativeto the ow axesvary; and®nally the couplingof "ow
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versusimposed ow during structureevolutionareboth explored.Giventhe addedcom-
plexity of accuratenumericalsolversin con®nedyeometriescomparisonsre dif®cult,
and conclusiongregardingstructurescaling propertiesremainelusive.

Given this appraisalwe are motivatedtoward threegoals:to extendde Gennesand
Marrucci's dimensionabnalysisat the equationlevel to asymptoticconstructionof fami-
lies of exactsolutionswith ow andcon®nementrovidingselectionof lengthscalesand
of the structuretype ~cf. boundarylayersversusstructureghatspanthe entiresheargag;
to extendCarlssors linearizedanalysisof platecon®nementonditionsto fully nonlinear
orientational structure propertiesand scaling behavior especiallyto identify whether
structurelength scalesinherit dependencen the gap width; and to identify scaling
behaviorof the order parameteraswell asdirectors,eachfree to interactaccordingto
the ow-nematic-con®nemertalanceequations.

We considera DMG mesoscopi¢ensormodel,allowing a full couplingbetween ow
structureand director -nemati¢ & order parameter-moleculat distortions, and with
imposedplate motion and molecularanchoringconditions.The model, basedon the Doi
closure hasbeenbenchmarkedh thelongwave monodomairregimeandsmall Deborah
numberlimit with simulationsof the Doi kinetic theoryat nematicconcentrationgorest
etal. 2003# andthe pure nematicequationssupportthe families of inherentstructures
noted earlier @orestetal. 2000, 2001# The effect of closurerule, which strongly
affects monodomairresponseo shear ow @f. ForestandWang-2003# will be high-
lighted whenwe reachthe resultsof our analysis.In short,the structureswe predictare
robustto closure,but prefactorsvary with the mesoscopid_eslie tumbling parameter
which varieswith closure.

Following Marrucciand Carlssonwe describeone-dimensionaspatialstructureghat
form in the gapbetweerparallelplatesmoving oppositelyat prescribedconstanispeeds,
with mesoscopienolecularanchoringconditionsat the plates.Likewise, we assumean
in-planeorientationtensorand positthat the velocity®eldvariesonly along the primary
“ow direction This assumptioris not easilylifted; the out-of-planeanalysishasthusfar
provenunwieldy The structuresandscalingpropertieswe derivehereare, therefore not
applicableto out-of-planeorientationbehavior;the spatialanalogof out-of-planedirector
tipping is a topic of currentinterest.

From this formulation, we developa nonlinearasymptoticanalysisin the slow-plate
~small Deborahnumbet limit, which yields exactlysolvable,steady ow-nematicstruc-
tures Fromthe exactconstructionsye simply readoff length-scaleselectioncriteriaand
structurescalingpropertiesexplicitly in termsof molecularparametersnematicconcen-
tration N, molecule aspectratio r, persistencdength| of distortional elasticity and
processingconditions @ap width (2h), plate speeds vq, and plate anchoringcondi-
tions on the molecular®eldt

IIl. MODEL FORMULATION

We considerplanarshear ow betweentwo plateslocatedaty 5 6 h, in Cartesian
coordinateqx,y,z), moving with correspondingrelocityv 5 (6 vg,0,0), respectively
Figure 1 depictsthe crosssectionof the shear ow onthe(x,y) plane.Variationsin the
directionof "ow (x) andprimary vorticity direction(z), andtransportin the vertical (y)
directionare suppressedlrherearetwo appaentlengthscales the gap half-width h and
the persistencéengthl of the distortionalelasticitypotentialof MarrucciandGreco.The
molecularparametet is the mesoscopi@nalogof a Frankelasticity constantwe restrict



178 FOREST ET AL.

v=v,, Q=Q,

)

A

z Directors
) /é

)

z

v=—v,, Q=Q,

-~

——

FIG. 1. Planeshear ow geometry Nonslip boundaryconditionsfor the velocity and boundaryanchoringfor
the orientationtensorgiven by the stablenematicrest stateare prescribedwith major directoranglecg 5 0
shownhere.A schematianajor directorwindup is shownacrossthe shearingcell.

hereto the one-constan&pproximatiorwherebend,splay andtwist distortionconstants
are presumedequal. Thereare two obvioustime scalesin the model: a bulk "ow time
scale,

5 " 11
t —, !
ow VQ

and a nematictime scaleof averagerotationaldiffusivity,
1

t D —.
nematic 6D,

-2

Onecanalsoform scalesassociatedavith solventviscosityandthe threenematicviscosi-
ties, but in the weak ow limit they correspondo higherorder effects.
We nondimensionaliz¢éhe coordinatesyariables modelequationsandboundarycon-

ditions using the device scaleh, the nematictime-scalet,ematic @nd a characteristic

stresstp 5 rhzltﬁemaﬁG wherer is the liquid density:

1 . t ot ; . t . p

A5 —x, As , 5 MG A5 —, A5 —. 3l
h nematic h to to

The following six dimensionlesparametersrisein the ow-nematic equations:

2
Res [Onemate o ST o Eh—z, m5 3KTE g 10
h tO N | tnematicto

Re is the solvent Reynoldsnumber; Er is the Ericksen number of the DMG model
consistentwith Kupfermanet al. 2000, Fengetal. 2000; m,i 5 1,2,and3 arethree
nematicReynoldsnumbers,and a is a normalizedentropic parameter(c is a number
densityof nematicmoleculesk is the Boltzmannconstantand T is absolutetempera-
turel.

Our scalinginsertsthe DeborahnumberDe in the ow boundarycondition,wherewe
can ef®ciently impose the slow plate limit. Since vy(y56 h)56 vg
5 hl/themati® (A5 6 1), the dimensionlessxial velocity at the boundaryis the ratio
of the bulk ow ratevg/h andnematicrelaxationrate 6Dr :

. vo/h Vo thematic
~6 1lu5 Deb5 5 . -5l
W 6Dr h

The latter equality providesanotherview on the slow platelimit, 0 , De! 1.The
plate velocity condition and nematic time scale de®nea ow direction scale, Dx
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5 vothematic the distancethe platesmovein the unit timescaleof nematicrelaxation.
Then,De canbe alsowritten as

Dx
De5 —, -6!

h

which is the reciprocalslopeof the standardinear shearvelocity streamlinepicture.The
asymptoticcondition0 , De! 1 assertsthe nematicrelaxationtime scaleis much
shorterthanthe bulk "ow timescale so that the platesmove a shortdistancerelative to
the gap half-width over the timescaleof molecularrelaxation.

We hereafterdrop the tilde ; on all quantities,using only dimensionlesscalesand
variablesin all equationssolutions,and®gues We notethe molecularaspectratio r of
spheroidaimoleculesentersthe Doi modelthroughthe dimensionlesparameter

r’21
r’re’

Thebalanceof linearmomentumstressconstitutiveequation continuity equationand
the equationfor the orientationtensorare

ab

dv
— 5 1e2pll ¢!,
dt

t5 e ny aaF-Q! 3 Q:Q 3 2~DQQ QDQ! 3DQ\]
_a H 1 _1._1 -1 11 . |\]
1 3 ~QDQ2 DQQ!2 2 Q:1 Q21 Q:Q!

P8 L0091 L[] oo 2D

ley5 0O,

2a
—Q 5 VQ2 QV1a@Ql QD —-D2 2aD: QS} D

2 —HQ 'l —FDQ Q& ' 5 DRI QRDRIZ 7 DQG

F-Q! 5 ~12 N/3!Q2 NQ?1 NQ:Q-Q1 1/3!, 8!

where

1, with constantrotary diffusivity

L5 9l

3
2 EQ:QD’ with orientation-dependentotary diffusivity.

The boundaryconditionsfor the scaledaxial velocity vy are

V¥ 56 1156 De. ~10
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We assumehomogeneousnesophase&nchoring at the plates given by the quiescent

%5 3813A2 D 4

where sy is the stableuniaxial order parameteispeci®edy the nematicconcentration
N . % andn is the equilibrium uniaxial directo assumedo lie in the shearplane
~ow + ow gradientplané at someexperimentallydictatedanchoring angle c¢g with
respecto the ow direction,

8
3N

n5 ~coscy,sincg,0!. ~2

The anchoringangle will appearprominentlyin the results below; plate preparations
yield tangential(cg 5 0), homeotropic(cqg 5 p/2), or tilted (0, cg, p/2) an-
choring.

We considerthe in-plane mesophas@rientation of LCPs with two directorsof Q
con®nedo the shearingplane(x,y), butstill admittingbiaxiality. This constrainimplies
that two componentsn the matrix representatiorof Q mustvanish,Qy,; 5 Qy;5 0.
Alternatively the orientationtensorcanbe written in termsof directorsandorderparam-

eters:
|D - |D
Q5 sy, thgn2 3 by, t! n 2 3 ~13

with the directorsn,n con®nedo the (x,y) planeand parametrizecby the in-plane
Leslieanglec(y,t),

n5 ~cosc,sinc,0!, n 5 -2 sinc,cosc,0!. ~14

The third directoris rigidly constrainedalongthe vorticity axis.
The explicit coordinatechangebetweentheseQ representations

Q5 s€osc2 1 bsirtc2 }

Quy 5 82 blsinc cosc,

Q5 ssirfc2 311 bcos c2 3. 15|

The Jacobian of the mapping (s,0,¢) ! (Qxx,Qxy,Qyy) i J(Qxx,Qxy,Qyy)/
J(s,b,c) 5 (b2 s)/3. Unlesss2 b 5 0, whichis a uniaxiallimit, the mappingis non-
singular We shall switch betweentheserepresentationto extractpropertiesof the ori-
entationtensor

With the biaxial representatiorl3! of Q, thetensorequationin Eq.~7! canbe written
in termsof the orderparametergs, b) andthe Leslie anglec:
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]c
F 5 62 bl '] X@bZ 3sl a21 sl b!cos2c#

1 ]b
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where
N
U-sl 5 5|12 §-12 sl-2s1 1! 47
gsb! 5 11 3sb2 bl 252 35 48
The momentumequationreduceso a single equationfor the velocity componentyy,
Py Ity
oIy
aa 4Nsb E 12s 12b
ty5 — [Usl2U-bl1 —-bz sign2cl —— |2 h~s,b! —1 h~b,s!
2 18Er 1y ]y

ch
12-s2 b'@-s,b!'1 g-b, s'dg»mn%l —~sl bl 2'Fb2 sl

s _]b]|)c a J%c s
222 — s2cl —-~s2 b![-s2 b!—212
y Jy~ly 6Er y
I.-m m,
1 ?dsl bl 21 ?~52 b1%~12 cos4c!l —1 — ~9

where
h-s,b!' 5 ~12 bl 2s!-11 b2 s. 20!

We seeksteadysolutionsof the dimensionlesgioverningegs.~16! £-20! subjectto the
boundaryconditions

V56 156 De, sys5g 15 Sg, bYs56150, CcYsg15 Cco. 21
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We posita formal asymptoticexpansiornn the small De numberimit, consistentvith the
aboveboundaryconditions:

5 ® !Dek, c5 c(k) !Dek,
Vx kg Y kg 0

s5 (; MyiDet, b5 g by 1D, 22!
k> 0 k% 1

Alternatively, the Cartesiarrepresentationf Q is expandedn the form:

Q5 g QM y1De, 23
k5 0

with Q(®) a quiescenthomogeneousquilibriumgivenby Eq. 11!. ¢(1, s, p(1) and
the componentf Q(1) are explicitly relatedby

2Q3) cos2cq2 Q{2 Qiisin2cy
2s ’

c(l) 5

D5 QM1 Q%,)!l 12 Q%,)!cosZcol Q)%,)sin 2¢y,

b5 31 Q2 +Q2 QMicos2cq2 Q) sin2cy,. 24

Notice that the anchoringconditionsat the two moving platesare assumeddentical,
which presumeghe shearcell beginsfrom a quiescenthomogeneousiematicequilib-
rium. This is consistentwith tangentialand normalanchoringconditions,andwith tilted
anchoringconditionsif the platesare preparedso that the anchoringanglesare equal
ratherthan oppositesign. Differentconditionsat eachplate requirea non-homogeneous
steadystructureat leadingordet which we will not pursuefor this study

A. Exact steady asymptotic structures

Fromeitherrepresentationf Q, the aboveexpansiongreinsertednto thefull system
of “ow-nematic equations,Egs. 7!+-9! or ~16/+-18!, equationsfor the O(De) and
O(D€?) variablesderived, and then systematicallysolved. We now state the results,
following the notationin expansions22 and-23.

- The axial velocityat O(De), vf(l), reproducesthe simpleshearstructue:
viV5 y, 25|

This result gives somejusti®cationto the historical practiceof imposing pure shear
“ow kineticsevenin spatiallynon-uniform ows @suji andRey~1997; ReyandDenn
~2002# in order to decouplethe momentumequation.For asymptoticallyordered,
in-planestructuresin the low De limit, all nonlinearityin the ow pro®leis a pertur
bationof pureshearWe will returnin the numericalsectionto onsetof nonlinear ow
pro®lesasthe asymptoticsolutionsbecomeinvalid.

- The orientationtensorat O(De), Q(l), decomposefto one extendedstructure that
spansthe entire gap and two boundarylayer structuesthat are localizedat the plates



STRUCTURE SCALING OF NEMATIC POLYMERS 183

oshErllszl osh—Erl/ZDy|
W5 Ery?2 11 Sﬁf
Q 4 Q1 oshEr coshErt 3

~26!
where
sth2cg cos2cy O
3a
Q152 T~12 | | cos2cq! {C 8260 2 Sln26‘o 0 27
L
0
12 cos2cy 2sin2cg O
a~12 sp!%~11 2s¢!
Q5 36 sin2c sm200 11 cos2cy O 28
0
0 22
1T 3cos2cy  3sin2c¢ 0
a~4sy2 1! )
Q352 ——————sin2¢ sin2co, 12 3cos2cy O 29
4N~3N2 8!sj
0 0 22
with a the moleculargeometryparameterandthe constant8,D,| | aregiven by
a2l sy
.5 % , ~30!
3%
N
B5 3 % , 31!
1 So
4502 1
D5 B . 321
3~11 2s!

The parametersB and D are O(1) constantsuniquely prescribedby the nematic
concentrationN; recall sy 5 sg(N) from Eq. 411!, wheref , s, 1for 3, N
The (y?2 1) term proportionalto the tensorQ; correspondso an extendednonuni-
form structurethat spansthe entire sheargap, which we call a permeationstructue by
contrastwith the boundarylayer structuesproportionalto Q, andQs, which arehighly
localized at the plates.In the sectionsbelow we decomposeQ, Q», and Q3 into
directorsandorderparameterin orderto extractnematicandmolecularelasticityscaling
properties.

The parametet | is the mesoscopit eslie tumbling parametercorrespondingo the
Doi closureof kinetic theory @uzuu and Doi ~1983,1984; Marrucci~1991; Marrucci
and Greco~1993; Forestand Wang 2003; Forestet al. 2003# The Leslie parameter
traditionally arisesas the critical bulk dynamicaldiagnostic@oi and Edwards~1984;
BerisandEdwards1994; Larson~1999# If onewereto closethe Doi kinetic theoryon
secondnomentsy useof otherclosurerules,e.g.,Hinch andLeal <1972, Tsuji andRey
~1997, de Gennesand Prost~1993, Maffettoneetal. 20004, the parametet | encodes
the primary effectof closue rule on stationaryspatial in-plane structuies at low De.

For any closure,the prefactor (12 | | cos2cg) implies a remarkabletemporal-to-
spatialtransfeencemechanisnassociatedvith the permeatiorstructure Flow-alignment
in time +.e.,d Lu. 1) leadsto a tendencytoward suppressiorof, whereastumbling
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bulk dynamics+.e.,u u, 1) promotesthis bulk spatialmode-since(12 | | cos2cg) is
boundedaway from zerd. This resultis the mesoscopiadheory analogof Marrucci's
analysisof the LE steadystructureswhere the Leslie tumbling parameteralso arises
@arrucci~19911#

Thecritical role of ¢, the plateanchoringangle,is apparenin both boundary-layer
tensorsQ, and Qs, which vanishfor tangential(cg 5 0) or normal (cg 5 p/2) an-
choring Thus,theseexactconstructiongmply an arbitrary pre-tilt of ¢ awayfromthe
“ow or ow-gradient directionswill amplify boundarylayers of strength equal to the
nonlocal extendedstructue proportional to Q1. This nonlocal structure,on the other
hand,can be suppresseanly if the nematicpolymeris ~ ow-aligning," i.e.,| | . 1,
Eq. 30!, and then by preparingthe plate anchoringcondition preciselyparallel to the
Leslie alignmentangle,co 5 1cos (11 |).

B. Director structure

In continuumLE theory all elasticity is projectedinto the major director The ®rst
consequencef theseexactmesoscopisolutionsis quite striking: the directoris seento
only participate in the long-rangeextendedstructure and to not vary in the boundary
layers From Eq. 24!, the directoranglec is explicitly given by

c5 col DecM1 0-DE,

cW5 Erm~22 11,

M@ spN!,co#5 72

%30!@2 | L cos2cql# 33!
By inference,the con®nement-inducdabundarylayer structuresare, therefore respon-
sible only for focusing of the orientationaldistribution. Indeed, one can con®rmthis
result by observingthe tensorsQ, and Q3z, Egs. 28 and 29!, have major director
parallelto the anchoringdirection.

To extracta length scalefrom Eq. 33!, one easily calculateshe numberof nematic
layersacrosshe gap,i.e., the numberof rotationsof the directorby p, @B/p# which is
proportionalto Ere Des M, where @#denoteshe greatesintegerfunction. It follows that
the averagenematiclayer length scale is proportional to (DeM Er)2 1. which is the
squae of the Marrucci scaling

The value of the prefactorM(a,N, cg) affectsthe numberof layersand the chirality
of directorwindup.If M . 0, the majordirectorrotatesclockwisefrom thetop plateto
themidgapy 5 0, then " unwinds' counterclockwisdromy 5 O to the bottomplate.If
M , 0, the directors reverse chirality. By changingthe moleculesfrom rods (a

0) to platelets(a , 0), andby varying cq, it is possibleto achieveM of either
sign, therebyreversingthe direction of rotation.

For “ow-aligning nematic polymersin weakshear u (u. 1, two effects are de-
duced.First, M maybe positiveor negativeandindeedM [ O if cg matcheghelLeslie
aIignmentangIe,l/Zcos2 Yan ). Thisresultis quite natural:the long-rangepermeation
structuremay be completely suppressedf one preconditionsthe platesto match the
shearalignmentangleof the nematicpolymer

For tumbling nematicpolymers d u, 1, one®ndsM . 0 and boundedaway
from zero,implying enhancedayeringandsmallerlengthscale®f directorrotation.This
result is also natural: a tumbling nematic polymer cannotresist generationof spatial
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directordistortionsno matterwhatthe plateanchoringconditionis, sincethe materialhas
no preferredangleto resonatewith.

C. Order parameter structure

We now extractdegreeand scalesof molecularelasticity inducedby slow Couette
cells. The striking featureis extremesensitivity to anchoringangle.From the s, b for-
mulas,Eq. 24!, andthe Q tensorformulas-26! +-32!, it follows thats(1) and b(1) vanish
if andonly if cg5 0, p/2 -modp!. We thencarry the expansiorto nextorder-omitted
and®nd:

1. Tangential anchoring ,coAQ...

Order parameterdistortions enter at O(Dez) through two boundarylayers and the
long-rangepermeationstructure:

s5 51 De’s?1 0-De’,

b5 DE?bP1 0-De%,
@ g E Era22 111 B osh~Erl/2Dy! ) 1D 5 osh—Erllsz! ) 1@
S I [
1=y 2 MoshEr?D1 3 osher?B!
@5 Es Ery?2 112 2B oshEr *By! 2 1|]B 34
I ! !
4=y 3Mosher2B!

where

o4 |2 1131 | 2 21412 551 75!
N-21 so!°~4s2 1!

243 , 3l 2214 2 1!D
B,5 — , H 21121 —
N-~21 So! “4502 1! N 80‘4502 1!

942 5! 312 214 |2 1142 5!
By 5 —S°2$r~| 212 —* L 0 D
N~21 s! INsg

B, 52

)

H (21131 22112 5

By 5 35!
4 N-21 5!°

Combinedwith the directorresults,Eq. 33!, we concludethat tangentialanchoring
leadsto a directordominated non-uniform,long-rangestructuie with Er? 1 meanscal-
ing, togetherwith weak,order-parametermodulationson both Er2 2 and Er? 1 scales

2. Normal (homeotropic) anchoring ,coApQ@...

The structuremodel ~16!+21! for in-plane Q tensorsadmits a symmetry: (a,c)
I' (2 a,p/21 c). This propertyimpliestheasymptoticsolutionwith cq 5 p/2 canbe
obtaineddirectly from Eqgs.-34! and -35!. Thusnormal and tangential anchoring are
quantitativelydifferent, with changesin numerical prefactors,yet qualitatively similar
scalinglaws The ®gureswill illustrate thesefeatures.
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3. Tilted anchoring ,0E coE pQ or pQE coE p...

The resultsabovefor cg 5 0, p/2 are quite special,as evidentfrom the boundary
layertensorsQ, andQs, formulas-28 and-29!. Any pretilt inducesan order parameter
responseof the sameamplitude O(De), as the director distortion, yet localizedin the
two boundarylayers:

s5 sl DestV1 0-DE?,
b5 DebV1 O-De?, 36!
where @ith B andD given abovein Egs.-31! and-321#

osh-Erllsz! osh-Erllsz! m
RO of - S ) et
s/ 5 asin2cp|A 21 JA 21

1IN osher2B! 2 osher?p1
pD s 25sin2 E osh~Er1lsz!2 1@

asin2c
1IN oshEr2B1
9

2
A5 —— . 0, Ay5 37

2N?sy~4s92 11

This resultis suggestiveof a fundamentalow-nematic structuremechanismWhena
solid boundaryor evena defectstructurepins the major director at an angletilted with
respecto the ow + ow gradientaxes,molecularelasticityis ampli®edn alocal bound-
ary layers.

D. Penetration depth due to plate anchoring

All asymptoticresults,oncetranslatednto dimensionagapheighty, imply all tensor
distortions Eqs.-26! +-35!, havelocal boundarylayerandlong-rangestructurescaleghat
are independentof the gap separationscale 2h. Therefore,there appearsto be no
“memory' of thegapwidth in the slow-platescalingpropertiesThis predictioncon®rms
the linearized predictionsof Carlsson-1986, and available experimentalevidenceas
discussedy Larson~1999.

. NUMERICAL RESULTS

Figure 1 depictsthe planeshear ow geometry For the reportedcomputationsye ®x
a concentrationin the nematicregimeN 5 6 and ®x the aspectratior 5 3 +.e., a
5 0.8), consistenwith our complementanstudiesof the monodomairdynamicsprob-
lem @orestand Wang 2003; Forestetal. 2003# Figures2+5 comparethe exact
formulasfor the directorangle ¢, orderparameters and b, and ow velocity vy, with
directnumericalsolutionsof the steadytwo-pointboundary-valug@roblem.Figure5 also
gives shearstressand light scatteringintensity predictions.@electedresultsare further
comparedwith numericalintegrationof the full space-timanodel~7!+~14!, restrictedto
in-planeQ tensorsAll reportedsteadynumericalsolutionsare stableundertheserestric-
tions#

We begin with con®rmationof the formulasfor 0 , De! 1 and0O , DesEr
I 1, Fig. 2, wherethe asymptoticformulasare nearly identical to the numericalsolu-
tions. For tangentialandnormalanchoringwe setDe 5 0.1, Er 5 1; for tilted anchor
ing, cg 5 p/6, we haveto lower De5 0.01with the sameEr5 1 to maintainagree-
ment betweenthe asymptoticformulas and the numerical solutions. Thesestructures
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FIG. 2. Comparisorof the numericalsolutions-~circles/trianglesof the steadyboundary-valugroblemandthe
exactasymptoticformulas ~solid/dashedined. Top row: tilted anchoring(cg 5 p/6) with De5 0.01 and
Er5 1. Middle row: parallelanchoring(cg 5 0) with De5 0.1andEr5 1.Bottomrow: normalanchoring
(co5 p/2)withDe5 0.1andEr5 1.In all ®gurescirclesandsolidlinesusetheleft ~vertcal axis;triangles

anddashedines usethe right axis.

furtherillustrate subtleeffectsof ¢ g-dependenhumericalprefactorson the orderparam-
eters:the boundarylayer modesmay align with @q 5 0, p/6; Figs. 2-al +2-d!# or op-
pose@g 5 p/2; Figs.2-e! and 2% the permeationstructure.In the latter scenario,a

secondaryength scaleemegesdueto the superposition.
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FIG. 3. Comparisorof the numericalsolutions-ircles/trianglesof the steadyboundary-valugroblemandthe
exactasymptoticformulas~solid/dashedined. Top row: tilted anchoring(cg 5 p/6) with De5 0.1 andEr
5 1. Middle row: parallelanchoring(cg 5 0) with De5 0.1andEr5 10. Bottom row: normalanchoring
(co5 p/2) with De5 0.1andEr5 10.

Next, we illustrate breakdownof the asymptoticformulaswith direct numericalsolu-
tions wheneither of the two asymptoticconditions,De! 1 andEreDe! 1, aregradu-
ally pushedout of the asymptoticregime.Our purposehereis to monitor emegenceof
new non-asymptotistructues,and to identify sourcesof additional scaling behavior
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FIG. 4. Comparisonof dvy/dy, which de®nesa local Deborahnumberacrossthe plate gap, for parallel
anchoring(cg 5 0) andnormalanchoring(cqg 5 p/2) for De5 0.1andEr5 10. Thesedataare postpro-
cessedrom the numericalsolutionsof the steadyboundary-valueproblem.Note the meanDeborahnumber
acrossthe gapis preciselyDe, so thesestructuresconveythe nematicpolymerfeedbackio the “ow.

Figure 3 imposestangential @# and ~d!i# and normal anchoring@e+ and ~!# with
De5 0.1, Er 5 10. Theasymptoticformulasstill agreeto within errorsof O(De?), yet
one ®ndsthe emegenceof nonlinearvelocity structurenot capturedby the asymptotic
formulas. Qualitatively distinct velocity structuresare generatedfor tangentialversus
normalanchoring.Tangentialanchoringyields a local Deborahnumbery vy /]y, thatis
greateiin the plateboundarylayers,andlower nearthe midplane thanthe plate-imposed,
gap averageDe 5 0.1. This suggestsa resonantvelocity structurewith power law
yP.p . 1, p odd.Normal @ig. 3+!#andtilted @ig. 3-b!# anchoringgeneratethe oppo-
site concavityin the ow velocity with apparenpowerlaw of theformy, p . 1,p
odd. Figure 4 highlights the stark contrastin local De betweentangentialand normal
anchoringfor an otherwiseidentical experiment,extractedfrom the numericalvelocity
dataof Figs. 3-d! and 3+!.

For tilted anchoring,Figs. 3-a and3-b!, a more stringentErs De conditionis needed
for asymptoticagreementwith De5 0.1, Er 5 1. One ®ndsquantitativeasymptotic
accuracy but qualitatively the asymptoticformulas fail to resolve shorterlengthscale
structurein the orderparameterandvelocity, while overestimatinghe amplitudesof all
orientationvariables.

In Figs.5-al and5-!, we raisethe platespeedgDe 5 0.5) by afactorof 5 from Fig.
3, with Er 5 10 ~for which DesEr 5 5), andpresentresultsonly with parallelanchor
ing. Correlated boundary layers are spawnedamongvy and both order parameters
totally missedby the asymptoticformulas. The numericalsolutionsconveyan interior,
directordominatedorientationstructure,with almoststagnantow ~ocal De! 1) and
nearlyconstaniorderparametersNear the plates the ow velocity rapidly transitionsto
the plate speed,with correspondinghigh local De, and strong molecularelasticity re-
“ected in the order parametesstructure.

We closewith predictionsof sheargap stresses®ig. 5~¢!# andlight intensitypatterns
®ig. 5-d'# associatedvith thesesteadystructures.The ®rst normal stressdifference
appeargo correlatewith the maximumbirefringenceparameters, with a positive, maxi-
mumN; attheplatesthenasharpboundarylayertransitionleadsto a signchangeof N
in the boundarylayers, then a nearly constantN; ' 0, yet negative,acrossthe gap
interior. On the otherhand,N, appeardo correlatewith the secondbirefringenceparam-
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FIG. 5. Top row: Comparisonof the numerical solutions ~circles/triangles of the steadyboundary-value
problem and the exact asymptoticformulas ~solid/dashedined for parallel anchoring(cg 5 0) with De

5 0.5andEr5 10.Bottomrow: Rheologicalstructurepro®lesassociatedavith the numericalresultsof thetop

row. Here,we providethe ®rst(N1 5 #1472 f59) andsecond(N, 5 #5,2 f33) normalstressdifferencesthe

shearstres(t 1), andthelight scatteringntensityfunction @atheret al. 1997# 1 5 1o sin2(2pals), across
the plategap,wherea; is theratio of the samplethicknesso the wavelengthof incidentlight. The normalized
birefringences measureghe differencebetweenorientationalong the "ow direction and along the vorticity

axis.

eter b, alsowith sharpboundarylayersnearthe plateswith 2 signchangesof N, in Fig.
5-d!. Evenin the asymptoticregime ~®gurenot showri, both N; and N, changesign
acrossthe plate gap, so that boundarymeasurementef N1, N» in steadystateare not
indicative of internal stresspro®lesThe relationshipbetweentheselocked-instresspro-
®lesand mechanicapropertiesof nematicpolymer®Imsposesan intriguing challenge.

The light scatteringintensity acrossthe plate gap associatedvith the numericalsolu-
tionsis givenin Fig. 5~d!. This intensity patterncanbe viewedasa combinationof pure
nematicpatternsof the DoixtMarrucciGrecotheory Forestetal. 2000, 2001, where
the "ow coupling hasled to selectionof orderparameterstructuresnearthe platesand
director structuresn the interior.

IV. CONCLUSION

The goalsmetin this paperaretwofold: ! to extendanalyticaldescriptionof struc-
ture scalinglaws to include molecularelasticity~orderparametewariations and ow of
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nematicpolymers,in a self-consistensteadybalancewith nematic~directot elasticity;
and+i! to documentonasymptoticyet parametricallycontrollable,additionalstructures
thatemege asone pulls out of the asymptoticregime.Theseresultsserveasa guidefor
extendednumericalstudies.Analytically at low De and DesEr, the mesoscopidMG
theorypredictsthatthe Marrucci Er2 12 scalingis associatedvith boundarylayer modes
residingonly in the order parametersywhereasan Er? 1 meanscalinglaw appearsin
non-uniform permeationstructures-spanningthe entire plate gagd. The self-consistent,
leadingorder ow velocity is a pure linear shearpro®le.Threeincommensuraterien-
tation tensorstructuresare derived,which togetherform a sourceof multiple scalesand
textureevenin the slow “ow, small Ericksennumberlimit.

We con®rmthe asymptoticformulaswith direct numericalsimulationof the steady
“ow-nematic boundary-valueproblemof the DoixMarrucci:Greco model. Pursuantto
the questionof structureshat arisein general ows, we thenmonitor the breakdownof
the asymptotic predictions due to increasedplate speed.An intriguing correlation
emegesbetweenthe molecularplate anchoringconditionsand the macroscopideature
of concavityof the ow pro®leacrosshe entire plategap.Tangentialanchoringleadsto
a sharp ow gradientnearthe platesand an interior layer of relatively stagnant ow,
whereasany directortilt awayfrom the ow directionreversesoncavityof the steady-
state ow pro®lewith a nearlyplug- ow layer at eachplateandaninternallayerwith a
stronger ow-gradient. Thesefeaturesare controllableeither by raisingthe plate speeds
~De! or by promotingdistortionalversusshort-rangeslasticity~Er!, althougha systematic
study of nonasymptoticscalingbehaviorremains.
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