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Abstract We study the shear prob-
lem for nematic polymers as mod-
eled by the molecular kinetic theory
of Doi (1981), focusing on the
anomalous slow flow regime. We
provide the kinetic phase diagram of
monodomain (MD) attractors and
phase transitions vs normalized
nematic concentration (N) and weak
normalized shear rate (Peclet num-
ber, Pe). We then overlay all rheo-
logical features typically reported in
experiments: alignment properties,
normal stress differences and shear
stress. These features play a critical
role in the synthesis between theory
and experiment for nematic poly-
mers (Larson 1999; Doi and
Edwards 1986). MD type is routinely
used for rheological shear charac-
terization: cf., flow-aligning 5CB
(Mather et al. 1996a), tumbling PBT
(Srinivasarao and Berry 1991), and
8CB (Mather et al. 1996b), evidence
for a wagging regime (Mewis et al.
1997), out-of-plane kayaking modes
(Larson and Ottinger 1991), and
evidence for chaotic major director
dynamics (Bandyopadhyay et al.
2000). MD transitions correlate with
sign changes in normal stresses
(Larson and Ottinger 1991; Magda
et al. 1991; Kiss and Porter 1978,
1980). Furthermore, structure for-
mation in shear devices appears to

be correlated with monodomain
precursor dynamics (Tan and Berry
2003; Forest et al. 2002a). In this
paper we combine seminal kinetic
theory results (Kuzuu and Doi 1983,
1984; Larson 1990; Larson and
Ottinger 1991; Faraoni et al. 1999;
Grosso et al. 2001), symmetry
observations (Forest et al. 2002b),
and mesoscopic results on the fate of
orientational degeneracy in weak
shear (Forest and Wang 2003;
Forest et al. 2003a), together with
our resolved numerical simulations,
to provide the kinetic flow-phase
diagram of Doi theory in the weak
shear regime, 0<Pe<1, for
infinitely thin rods. We report the
‘‘birth’’ of key rheological features at
the onset of flow: sign changes and
local maxima and minima in normal
stress differences (N1 and N2) asso-
ciated with MD transitions. These
results serve as the basis for contin-
uation of the kinetic phase diagram
to Pe>1 ; as the definitive bench-
mark for any mesoscopic or contin-
uum model; and experimental data
can be compared in order to deter-
mine accuracy and limitations of the
Doi theory in weak shear.
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Introduction

Larson (1990), Larson and Ottinger (1991), Faraoni et al.
(1999), and Grosso et al. (2001) have identified monodo-
main (MD) attractors of the Doi kinetic theory for rigid
nematic polymers in various regimes of normalized
concentration N and shear-rate Pe: flow-aligning (FA),
tumbling and wagging (TW), kayaking (K1 and K2), out-
of-plane steady (OS), log-rolling (LR), and chaotic (CH).
Furthermore, all of these rheological responsemodes have
been observed in shear experiments with nematic poly-
mers (cf. Larson 1999 and the extensive review of Tan and
Berry 2003). Forest andWang (2003) showed that all these
attractors are captured with standard moment-closure
models associated with the ‘‘parent’’ Doi kinetic equation
if one allows variablemolecular aspect ratio and varies the
closure rule, yet no single closure rule is successful in
reproducing all stable monodomains and transition
behavior. It is clear that one has to appeal to the kinetic
equation to distinguish artifacts of the second-moment
truncation if one is to have a definitive solution space vs
molecular and flow parameters of modern kinetic theory.

A resolved phase diagram of kinetic theory for
nematic polymers and all rheological properties associ-
ated with MD attractors and phase transitions in weak
shear are the goals of this paper. Seminal kinetic analyses
of Kuzuu and Doi (1983, 1984), Semenov (1983), Archer
and Larson (1995), Kroger and Sellers (1995) and results
for the dilute concentration regime (See et al. 1990;
Forest et al. 2003b) serve as guides for theory and com-
putation. Continuum Leslie-Ericksen theory is recover-
able from kinetic theory under a highly restrictive list of
flow and molecular assumptions: weak shear limit, very
high concentrations, small molecular weight. It is clear
that nematic polymers require the more general Doi
theory; the extent to which second-moment closure
approximations of kinetic theory are sufficient to model
sheared nematic polymers has occupied significant
attention (Advani and Tucker 1987; Chaubal et al. 1995;
Beris and Edwards 1994; Wang 1997; Chaubal and Leal
1998). The authors (Forest and Wang 2003; Forest et al.
2003a) extended these seminal kinetic analyses to any
mesoscopic tensor model, a much simpler context from
which one can exactly solve the weak flow limit while
retaining dependence upon concentration N and molec-
ular shape parameter a . One can analytically identify
consequences for MD attractors and transitions that are
due to closure rule and not from molecular and flow
physics; e.g., the mesoscopic analog of the continuum
Leslie tumbling parameter is strongly closure-dependent
(Forest et al. 2003c). On the other hand, several features
in weak shear are robust to closure (flow-aligning at
dilute concentrations N, an unsteady intermediate range
of concentrations, and steady vorticity alignment for
N�1), which provide a skeleton for the complete picture.

In this paper, we give the kinetic phase diagram of Doi
theory for 0<Pe<1 and arbitrary concentration N. We
proceed to provide rheological properties of all attractors
(alignment, birefringence and stress data); the correla-
tions between attractor phase transitions, sign changes in
N1, N2, and structure properties of shear stress. These
results stand as the benchmark in weak shear for any
closure approximation or mesoscopic model, and as the
experimental benchmark from which to test the Doi
kinetic theory for a given nematic polymer.

The details of the kinetic phase diagram are inher-
ently complex because prior to flow, quiescent nematic
polymers are orientationally degenerate as eloquently
discussed by Marrucci and Greco (1993). This degener-
acy corresponds to an O(3) symmetry of every orbit of
the kinetic Smoluchowski equation except the lone iso-
tropic equilibrium (Forest et al. 2002b). Weak shear
breaks this symmetry leading to quite subtle and vari-
able stationary distributions (both steady and oscilla-
tory) vs N and Pe.

The first resolved kinetic theory simulations of
Marrucci and Maffettone (1989), Larson (1990), and
Larson and Ottinger (1991) established that the Doi
theory successfully predicts shear-rate dependent tran-
sitions (tumbling to wagging to steady alignment) and
associated sign change in averages of N1. Furthermore,
these results were not sensitive to the particular form of
the mean-field, excluded-volume potential. Faraoni et al.
(1999) and Grosso et al. (2001) have used numerical
bifurcation software (AUTO) together with spherical
harmonic expansions to determine monodomain
attractors and transition curves for selected regions of
the parameter space (N,Pe). We complement their
studies by a combined mesoscopic-microscopic strategy,
focusing on the anomalous slow flow regime for this
paper.

This approach is an example of the general concep-
tual numerical framework advocated by Kevrekidis
(Theodoropoulos et al. 2000; Gear et al. 2003). Analysis
and numerical results from moment-closure models
(Forest and Wang 2003; Forest et al. 2003a) are used as
a predictor. We then employ kinetic simulations to
confirm the robust features of mesoscopic predictions,
and to resolve and remove sensitivity associated with
closure approximations, giving the full phase diagram
for all N and 0<Pe<1. Rheological implications are
then provided only for stable MDs and across phase
transition boundaries.

The Doi kinetic theory

We recall the basic elements of the Doi kinetic theory for
nematic polymers in simple shear flows. In order to
make explicit contact with the results of Faraoni et al.
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(1999) and Grosso et al. (2001), we restrict ourselves to
rigid rods of infinite aspect ratio. Let ƒ(m,t) be the ori-
entational probability distribution function (PDF) for
molecules with axis of symmetry m on the unit sphere S2.
The Smoluchowski (kinetic) equation for ƒ(m,t) in a flow
field v is given by (Doi 1981; Hess 1976)

Df
Dt
¼R� Dr mð Þ Rf þ 1

kT
fRV

� �� �
�R� m� _mf½ �

_m¼X �mþ D �m�D:mmm½ �
ð1Þ

where Dr(m) is the rotary diffusivity which we hold
constant, Dr mð Þ¼D0

r , again to make contact with
Faraoni et al. (1999) and Grosso et al. (2001); k is the
Boltzmann constant; T is absolute temperature;
R¼m� @

@m is the rotational gradient operator (Bird et al.
1987); and D

Dt() denotes the material derivative
@
@tðÞþv �rðÞ. For this paper we consider simple shear
flow v given in Cartesian coordinates (x,y,z) with shear
rate c by

v ¼ _c y; 0; 0ð Þ; ð2Þ

from which D and W are the corresponding rate-of-
strain and vorticity tensors,

D ¼ 1

2
_c

0 1 0
1 0 0
0 0 0

0
@

1
A;X ¼ 1

2
_c

0 1 0
�1 0 0
0 0 0

0
@

1
A � ð3Þ

The Peclet number, Pe ¼ _c=D0
r , is the normalized

shear-rate parameter, which we limit to the weak range
0 £ Pe £ 1 . In Eq. (1), the second-moment of the PDF
ƒ,

M ¼ mmh i ¼
Z

mk k¼1mmf m; tð Þdm; ð4Þ

enters through the mean-field, Maier-Saupe excluded-
volume potential V,

V ¼ � 3

2
NkTmm : M; ð5Þ

where N is the dimensionless strength of the potential V,
proportional to the concentration of rods. The meso-
scopic orientation tensor Q is the traceless part of M,

Q ¼M� 1

3
I; ð6Þ

whose entries are measurable in the laboratory; e.g.,
see Fuller (1995) and Burghardt (1998), and which
allow comparisons with rheo-optical measurements of
principle axes of bulk molecular alignment as well as
birefringence. These mesoscopic properties are deduced
from all kinetic distribution functions and imaged
in the figures below. Additionally, the stress tensor
(Appendix, Eq. A3) associated with each MD

attractor is calculated, and measurable normal stress
differences and shear stresses are given across the
phase diagram.

Spherical harmonic expansion and second-moment
projection of f

Let h,/ be spherical coordinates with h the polar angle
measured from the vorticity axis (z) and / the latitude
angle in the shear plane (x,y), measured counter-clock-
wise from the positive flow direction (x); y is the flow-
gradient direction. The molecule axis m2S2 is then
represented by

m¼ sinh cos/; sinh sin/; coshð Þ ð7Þ

As in Larson (1990), Larson and Ottinger (1991),
Faraoni et al. (1999), and Grosso et al. (2001), we seek
solutions of Eqs. 1, 2, 3, 4, 5, 6 in the form of a spherical
harmonic expansion,

f m; tð Þ ¼
XL

l¼0

Xl

m¼�l

al;m tð ÞY m
l h;/ð Þ ð8Þ

where Y m
l are complex spherical harmonic functions

(Messiah 1961),

Y m
l ¼ P m

l cos hð Þeim/ ð9Þ

P m
l are Legendre polynomials, and L is the order of

truncation in the Galerkin approximation. The projec-
tion of ƒ onto its traceless second moment Q is explicitly
given by

Qxx ¼ � 2
3

ffiffi
p
5

p
a2;0 þ

ffiffiffiffi
8p
15

q
Re a2;2
� �

Qyy ¼ � 2
3

ffiffi
p
5

p
a2;0 �

ffiffiffiffi
8p
15

q
Re a2;2

� �
Qxy ¼ �

ffiffiffiffi
8p
15

q
Im a2;2

� �
Qxz ¼ �

ffiffiffiffi
8p
15

q
Re a2;1
� �

Qyz ¼
ffiffiffiffi
8p
15

q
Im a2;1

� �
;

ð10Þ

where Re(Æ) and Im(Æ) represent real and imaginary parts,
respectively. In simulations below, we project ƒ(m,t)
onto its second moment, Q(ƒ(m,t)) or M(ƒ(m,t)), which
allows the explicit kinetic prediction of measurable
experimental data. The eigenvalues of M are ordered
0 £ d3 £ d2 £ d1 £ 1 (Q has eigenvalues di � 1

3 ; Q and M

share a basis of orthogonal eigenvectors n1,n2,n3 . This
defines the major director for f(m,t), given by the direc-
tion n1 of maximum degree d1 of mesoscopic alignment.
The order parameters convey birefringence, di–dj, in the
principal orientation planes defined by the directors.
Finally, all stress data is derived from the PDF projec-
tions onto Q and the fourth-moment. The stress tensor
is given in the Appendix.

19



The weak shear problem

Figure 1 depicts the equilibrium (v=0) isotropic-nema-
tic phase diagram (de Gennes and Prost 1993; Faraoni
et al. 1999; Grosso et al. 2001). This standard repre-
sentation of the isotropic di ¼ 1

3 ; i ¼ 1; 2; 3
� �

and
nematic equilibria ƒ* of (1) arises by projection of ƒ*
onto the second-moment Q(ƒ*) (Eq. 10), which are
all uniaxial (di=dj for at least two i 6¼ j) for the Ma-
ier-Saupe potential (de Gennes and Prost 1993). Thus
Q(ƒ*) is specified by the single order parameter
s� ¼ d1 � d3 ¼ 3

2 d1 � 1
3

� �
of Q(ƒ*), plotted in Fig. 1. By

design (de Gennes and Prost 1993), this picture removes
the underlying O(3) symmetry of the Smoluchowski
equation (1) with v=0. The nematic solution branches,
s±, correspond to an entire O(3) group of equilibria, and
the saddle-node bifurcation at N[4.49, marking the birth
of the nematic phases, is an O(3) of saddle-nodes. Fur-
thermore, all initial-value solutions for arbitrary aniso-
tropic initial data f m; 0ð Þ 6¼ 1

4p are O(3) degenerate, i.e.,
each orbit ƒ(m,t) generates an entire continuous group
of orbits ƒ(U m,t) for all U2O(3) (Forest et al. 2002b).
The O(3) symmetry projects onto the second-moment
tensor in the form UT Q U (Forest and Wang 2003),
which recovers the fundamental symmetry property of
Landau-de Gennes mesoscopic theory (de Gennes and
Prost 1993; Beris and Edwards 1994).

This underlying symmetry is broken by any generic
perturbation. We refer to Marrucci and Greco (1993) for
an inspiring discussion. In the case of weak flows such as

shear, the selection mechanisms that determine which
stationary orientational distributions persist, either as
steady or unsteady states, have remained elusive. Early
seminal work is due to Hess (1976), Semenov (1983),
Kuzuu and Doi (1983, 1984): Marrucci and Maffettone
(1989), Marrucci (1991), and Marrucci and Greco (1991,
1993) which aim to construct stationary distribution
functions and to predict scaling properties versus theo-
retical parameters. One of the first questions to resolve is
the count of how many solutions persist in weak shear vs
nematic concentration N, their steady or unsteady char-
acter and the stability of each state. Kuzuu and Doi
(1983, 1984) developed an asymptotic analysis as Pe fi 0
which applies to high N, from which they deduce a ki-
netic theory analog of the continuum Leslie parameter
kL. They determine an implicit, molecular-parameter-
basis for flow-aligned vs tumbling of nematic polymers.
The method does not admit more general selection cri-
teria, such as the number, type, and stability of stationary
solutions, and their variability due to changes in con-
centration N. To gain these predictions along with scal-
ing properties versus Doi theory parameters, the authors
(Forest et al. 2003a) projected kinetic theory onto the
second-moment tensor, where the Kuzuu-Doi method
can be extended and explicitly solved. One conclusion of
this analysis is the delineation of features of the flow-
phase diagram that are robust vs sensitive to closures,
and the need to appeal to kinetic, resolved simulations to
clear up closure-sensitive features.

To foreshadow our approach, we first look for fea-
tures of the quiescent diagram that are robust to weak
shear perturbations. For example, saddle-node bifurca-
tions are structurally stable, so SN0 of Fig. 1, N[4.49,
the key bifurcation at which nematic states first arise,
will survive in weak shear. The continuous O(3) sym-
metry of f does not survive shear flow perturbations,
rather a discrete reflection symmetry emerges (Forest
et al. 2002b). The discrete, finite multiplicity of SN
bifurcations for N nearby 4.49 is a primary structure to be
determined. By contrast, the double saddle-node bifur-
cation DSN0 of Fig. 1, where the isotropic state loses
stability, is structurally unstable, and will be destroyed
by generic perturbations.

Significant understanding of the shear problem for
nematic polymers has come from numerical simulations
of kinetic theory, beginning with Marrucci and Maffet-
tone (1989), Larson (1990), and Larson and Ottinger
(1991) and continuing over the past decade. The most
complete results, covering targeted regions of the (N,Pe)
parameter space, are given by Faraoni et al. (1999) and
Grosso et al. (2001); our purpose here is to elucidate
further the selection mechanisms in the weak shear limit,
and to progress further toward a rigorous theory of the
number and type of stationary kinetic theory distribu-
tions that survive in weak shear flow across the nematic
concentration range that encompasses the I-N transi-

Fig. 1 The isotropic-to-nematic phase diagram for quiescent
nematic liquids of infinite aspect ratio of the Smoluchowski
equation (Eq. 1) without flow vs nematic concentration N. The
vertical axis depicts the uniaxial order parameter, s*, derived from
the projection of f* onto the second-moment tensor Q*, from which
2
3 s� is the simple eigenvalue. Solid lines represent stable, dashed
lines unstable, steady solutions. f0 ¼ 1

4p is the isotropic state which
exists for all N, whose second-moment tensor Q0=0 and s0=0; the
isotropic equilibrium is isolated, and non-degenerate
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tion. Once the shear-onset problem is solved, the con-
tinuation problem to finite shear rates is tractable from
numerical continuation software, although we shall re-
veal infinite-period bifurcations beyond current numer-
ical resolution and in need of theoretical guidance.
Rigorous kinetic bifurcation theory remains an out-
standing challenge.

We substitute the spherical harmonic expansion
(Eq. 8) into the Smoluchowski equation (Eq. 1) and
project the equation onto the subspace spanned by

Y m
l ;m ¼ �l; :::l; l ¼ 0; 2; :::; L

� 	
. This yields an

[L(L+3)/2]-dimensional system of ordinary differential
equations for al,m(t),m=–l,ÆÆÆ,l,l=0,ÆÆÆ,L. Our numerical
studies show robust results if L=10, corresponding to a
65-dimensional dynamical system, which we check in
random parameter regimes with larger L. We refer to
Forest et al. (2002b) for details about the form of the
ODE system for al,m(t), and symmetry properties of
Eqs. (1), (2), (3), (4), (5), and (6) with imposed shear. We
recall relevant results:

– The Smoluchowski equation, Eqs. (1), (2), (3), (4), (5),
and (6), admits an invariant subspace of in-plane ori-
entation distributions ƒ, al,m=0 for all m odd, which
generalizes the in-plane mesoscopic tensor criterion
Qxz=Qyz=0. Note that our ‘‘in-plane’’ space of PDFs
is more general than previous authors, e.g., Maffet-
tone and Crescitelli (1995), which posit m=(cosh,-
sinh,0). Our definition preserves the quiescent I-N
diagram (Fig. 1).

This fact is exploited here to detect out-of-plane
solutions and to detect out-of-plane instabilities of in-plane
stable solutions. (Both features are immediately seen
from a comparison of Figs 2 and 3).

– All out-of-plane solutions ƒ of Eqs. (1), (2), (3), (4), (5),
and (6) have major director which remains out-of-
plane, and cannot reach the shearing plane except in
infinite time. Each such out-of-plane orbit ƒ has a
mirror-symmetric orbit f̂ whose major director is til-
ted to the other side of the shearing plane.

ƒ and f̂ are explicitly related by the transformation
âl;m ¼ �1ð Þmal;m, which affords a strong benchmark on
the numerical bifurcation software. Many out-of-plane
solution pairs are determined below; when stable, they
automatically instill bistability. Explicit examples in-
clude the out-of-plane steady states labeled OS, and
periodic solutions we call ‘‘tilted kayaking’’ or ‘‘out-of-
plane wagging’’ labeled K2, which were identified in ki-
netic simulations by Faraoni et al. (1999), who further
recognized their mirror-symmetry. These K 2 orbits have
major director which oscillates around an axis that lies
strictly between the vorticity axis and shear plane.

– The logrolling steady states (LR) and classical kaya-
king orbits (K1) of Larson and Ottinger, whose major

director aligns with and rotates around the vorticity
axis, respectively, are mapped to themselves under
reflection through the shear plane. Along with all
in-plane distributions, LR and K 1 solutions arise in
single isolated branches.

These kinetic theory symmetries assert global con-
straints on the space of solutions for Eqs. (1), (2), (3),

Fig. 2 The bifurcation diagram of all stable and unstable orienta-
tional distribution functions ƒ for variable concentration N and
fixed weak shear Pe=0.1 . Solid black lines correspond to stable
steady solutions described in detail in the text; dashed black lines
are unstable steady solutions; the solid red line represents stable
periodic, out-of-plane kayaking solutions; and the dashed green line
corresponds to unstable periodic, in-plane tumbling and wagging
solutions. The solution norm is the usual 2-norm of the vector am

l

� 	
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(4), (5), and (6); these properties are inherited by mo-
ment-closures (Forest et al. 2002b; Forest and Wang
2003). We progress now to a finer resolution of the
attractors and unstable states that survive in weak shear,
and the relationship between kinetic theory and tensor
approximations. Mesoscopic analysis and simulations
(Forest and Wang 2003; Forest et al. 2003a) predict
explicit counts of the multiplicity and stability of mon-
odomain solution branches vs nematic concentration N
and normalized shear rate Pe, for Doi-type tensor
models; similar methods (Rienacker and Hess 1999;
Maffettone et al. 2000) infer in-plane transitions vs shear
rate for Hess-type tensor models. These methods apply
to any tensor model and allow one to delineate shear-
selection criteria that are robust vs sensitive to closure
approximation, and to determine model-specific
phase transitions as one varies molecular aspect ratio,
nematic concentration, or shear rate. One can think of

second-moment tensor models as a five-dimensional
approximation of kinetic theory that serves as a ‘‘pre-
dictor’’. The ‘‘mesoscopic predictor’’ is followed by ki-
netic theory simulations guided by the above symmetry
properties, from which we confirm the robust features
and ‘‘correct’’ the sensitive features.

Because of the orientational degeneracy inherent in
the mean-field intermolecular potential, the truncation
of the infinite-dimensional Smoluchowski equation
(Eq. 1) onto a five-dimensional, mesoscopic tensor
dynamical system is too crude of an approximation
across the range of nematic concentrations that
encompass the quiescent isotropic-nematic transition
and the onset of weak shear. Indeed, one finds that
orders of magnitude greater resolution in the spherical
harmonic expansions of f are required to get robust
numerical simulations (Faraoni et al. 1999; Grosso et al.
2001; Forest et al. 2002b), and thereby remove ambi-
guities due to the projection onto second-moment tensor
systems. It is nonetheless remarkable that specific kinetic
theory features associated with restricted regions of
parameter space are qualitatively preserved by individ-
ual tensor models; the period-doubling route to chaotic
dynamics (Grosso et al. 2001) captured by the Doi clo-
sure with finite aspect ratio parameter (Forest and Wang
2003) is one notable example. Various features shared
(or not) by kinetic theory and closure approximations
are reported below.

Kinetic theory results

This section consists of a detailed analysis and compu-
tation of the solution space of the Doi kinetic equation,
and discussion of the corresponding previous literature
on the relevant stable monodomains.

In Forest and Wang (2003) and Forest et al. (2003a),
mesoscopic models determine the following robust fea-
tures that are confirmed from the Smoluchowski kinetic
simulations in Figs. 2 and 3. As in Fig. 1, we label crit-
ical concentrations N* at which phase transitions
(bifurcations) occur, with * chosen consistent with the
bifurcation type and number, e.g., Nsn– for the specific
saddle-node SN–. We will build up the weak-shear-per-
turbed pictures by first ascertaining the fate of the saddle-
node (SN0) and double saddle-node (DSN0) bifurcations of
quiescent nematics in Fig. 1. These features will provide
the skeleton upon which we then build up the sub-
sequent finer details.

We exploit the ‘‘in-plane’’ PDF subspace,
Y m

l ; l ¼ 0; 2; 4; :::;�l � m � l with m even
� 	

(Forest
et al. 2002b), with or without flow to detect in-plane
shear-induced orientational distributions, and their sta-
bility in this confined subspace, e.g., Fig. 3 can be
compared with Fig. 2 to detect immediately out-of-plane
PDFs and out-of-plane instabilities of in-plane PDFs.

Fig. 3 In-plane bifurcation diagram of all stable and unstable
orientational distribution functions ƒ for variable concentration N
and fixed weak shear Pe=0.1. Solid black lines correspond to stable
steady solutions, dashed black lines are unstable steady solutions;
the solid green line represents periodic tumbling and wagging
solutions that are stable in the restricted in-plane subspace.
Comparison with Fig. 2 exposes which in-plane distributions are
stable in the restricted subspace yet unstable to out-of-plane
perturbations: the top LR branch between SL1 and HB of Fig. 2,
and the entire T/W branch. These results are captured by the Doi
closure with finite aspect ratio (Forest et al. 2003a)
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All stationary distributions ƒ are steady at the onset
of shear (0<Pe>1) if the nematic concentration N is
sufficiently close to the quiescent I-N transition interval
(Nsn,Ndsn)=(4.49,5) of Fig. 1.

This defines a weak-shear ‘‘window’’ (framed in
gray in Fig. 2) of concentrations N for each fixed
shear rate, 0<Pe>1, O(Pe) close to the quiescent I-N
bifurcation window, inside of which the O(3)-
degenerate saddle-node (SN0) of Fig. 1 for Pe=0 per-
sists as three discrete SN1,2,3 bifurcations! This
numerical result confirms rigorous mesoscopic analysis
(Forest et al. 2003a). In Figs. 2 and 3, this ‘‘window’’
is chosen 4.40<N<4.60, which encloses the 3 saddle-
nodes SN1,2,3, another saddle node SN– which detaches
from the DSN0 bifurcation, and exactly seven branches
of weak-shear-selected stationary distributions ƒ
emerging from these four SN’s. We amplify this
structure first.

– The lowest-norm stable branch for 0<N<Nsn– in
Fig. 2a is the unique stationary distribution of Eq. (1)
for 0<N<Nsn1, arising from the isotropic branch s0
of Fig. 1. Mesoscopic analysis (Forest et al. 2003a)
predicts, and the kinetic simulation in Fig. 2 confirms:
this branch is in-plane, flow-aligning (FA), and stable
until N=Nsn–[4.48 when it connects to the saddle-
node SN–. Far to the right (N‡Nsn+[5.64), the
dashed low-norm unstable branch in Fig. 2a is also
the continuation of the non-degenerate, unstable iso-
tropic branch of Fig. 1.

– We further depict a20 in Fig. 2b, which by Eq. (10) is
proportional to the in-plane scalar tensor quantity
Qxx+Qyy.

– The structurally unstable double saddle-node bifur-
cation DSN 0 of Fig. 1 ‘‘pulls apart’’ in weak shear,
creating two opposing saddle-nodes, SN– and SN+ in
Fig. 2 and 3.

– The isotropic branch s0 of Fig. 1 remains isolated and
unique, yet fails to persist for 0<Pe>1 and concen-
trations between SN) and SN+.

Detailed properties of the stable FA branch for
0<N<Nsn– are given in Fig. 4. The order-parameter
projection of f indicates rather strong biaxiality, even
though the degrees of orientation are weak. (All other
stable flow-aligned branches at Pe=0.1 are also de-
picted, and discussed below.) Figure 5 shows the in-
plane Leslie-alignment angle computed by projecting ƒ
for each N onto the second-moment, then extracting the
major director (which is in-plane).

– The other branch emanating from SN) (and SN+) in
Fig. 2a,b corresponds to one flow-aligned, unstable
state that survives from the continuous O(3) group s– of
unstable equilibria from Fig. 1. The branch that emer-
ges from SN– turns back for N<Nsn– (and a similar
branch turns ahead for N>Nsn+ out of SN+).

One branch connects SN) to SN1 in Fig. 2a,b, inside
the ‘‘window’’ of N; the other branch continues for
N>Nsn+. Both branches are necessarily unstable at least
locally for 0<Pe>1 and for N nearby the SN± bifur-
cations by continuity of linearized eigenvalues with re-
spect to Pe. These branches therefore inherit the
instability of s– as well as possible additional instabilities

Fig. 4 Order parameter projections and measures of biaxiality for
all stable steady solution branches of Fig. 2. Top: from Q(f), the
order parameters (d1)d3,d2)d3) for stable (solid) and unstable
(dashed) solutions along the ‘‘S’’-shaped curve O-SN–SN1-B1 of
Fig. 2, and the stable portion past HB of the LR branch. This
diagnostic captures anisotropic order in the respective planes,
(n1,n2) of maximum birefringence and (n2,n3) orthogonal to the
major director n1. The solid black branch in the lower-left corner
corresponds to the flow-aligning stable branch O-SN – that emerges
from the isotropic solution (d1=d2=d3). The dashed black curve
corresponds to the unstable branch SN–SN1, then the solid black
stable FA branch corresponds in Fig. 2 to SN1–B1. The OS branch
is resolved as a large dot that interpolates the FA and unstable
logrolling branch of Fig. 2. Bottom: the biaxiality parameter

(Maffettone et al. 2000), b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 6Tr 2Q

Tr Q2ð Þ3


r
, is depicted for each

stable steady branch of Fig. 2. This ‘‘degree of biaxiality’’
complements the birefringence projections (a) to assess whether
the mesoscopic orientation Q(f) is close to uniaxial (b=0) or
maximally biaxial (b=1)
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arising from breaking the two zero eigenvalues associ-
ated with orientational degeneracy.

This accounts for four steady branches that emerge
from the DSN 0 bifurcation of the quiescent I-N diagram
of Fig. 1; two branches (O-SN–, SN–-SN1) lie inside the
‘‘window’’ defined above, the other two (dashed curves
connected to SN +) lie outside the ‘‘indow’’. All four of
these branches are flow-aligning, and since they emerge
from the DSN 0 bifurcation of Fig. 1, they are nearly
isotropic. Only the solid lower branch of Fig. 2a for
0<N<Nsn– is stable. Figure 4 measures the degree of
anisotropic order in this and other steady stable bran-
ches.

– In Fig. 2a,b, the three distinguished saddle-nodes
SN1,2,3 are the only SN’s that survive from the entire
O(3) group of quiescent SN0 bifurcations of Fig. 1.

Two are flow-aligning (SN1,SN3) orientational dis-
tributions, whereas SN2 corresponds to a logrolling
distribution; the two branches emerging from each of
SN1,2,3 are also in-plane or logrolling. (Otherwise they
would have to undergo an instability transition to tip
out-of-plane, which does not occur!) This detailed
structure of multiplicity and of in-plane and vorticity
alignment, can be proven rigorously for algebraic clo-
sures in the weak shear limit (Forest et al. 2003a).

By continuity of linearization, once we determine the
multiplicity 3 of SNs surviving the quiescent saddle-node
SN0, we know that locally for N > Nsnj ¼ 1; 2; 3; there
are two branches coming out of each saddle-node, one
corresponding to s+ (the higher norm branch), the other
to s– . Equivalently, a total of 6 (six) branches of sta-
tionary equilibria are shear-selected nearby the three
saddle-nodes SN1,2,3, four of them are flow-aligning, and
two are logrolling.

From each SN1,2,3, only one branch can be stable
since the other necessarily has at least a one-dimensional
instability.

In Figs. 2 and 3, only the three ‘‘upper’’ branches
associated with s+, emanating from SN1,2,3, are possibly
stable. The delicate question is: which of these three

orientational distributions is stabilized?
Recall from Forest and Wang (2003), the multiplicity

analysis is robust to closure, and from Forest et al.
(2003a), for algebraic closures three saddle-nodes persist
and they must all be ‘‘in-plane’’ (flow-aligning or log-
rolling). However, stability of FA vs LR solution bran-
ches is closure-sensitive. Our kinetic simulations
determine:

– For N close to the shear-selected saddle-nodes SN1,2,3,
the kinetic theory stabilizes a unique FA branch, shown
as the solid branch in Fig. 2a,b connecting SN1 and
B1. As shown in Fig. 5, this leads to a narrow band of
concentrations, Nsn1<N<Nsn–, with bi-stable FA
branches; this represents preservation of the bi-stable
concentration range of quiescent nematics,
Nsn<N<Ndsn, Fig. 1.

We further depict in Fig. 2c the out-of-plane com-
ponent, Re(a21), which by Eq. (10) is proportional to
Qxz, whose non-zero values highlight out-of-plane solu-
tion branches. This graph conveys by comparison with
Fig. 2a,b that all six solution branches emerging from
SN1,2,3 are in-plane, i.e., the major director of Q(ƒ) is
either aligned in the shearing plane or along the vorticity
axis, confirming mesoscopic rigorous results with the
Doi closure model (Forest et al. 2003a).

Comparison of the full Smoluchowski bifurcation
diagram of Fig. 3 for Pe=0.1 with that of Fig. 2 for the
in-plane subspace of distributions f shows the LR branch
emerging from SN2 is unstable specifically to out-of-plane
instabilities. Any in-plane analysis will be blind to this
instability. This director-tipping instability of the LR

branch is concentration (N)-dependent: the instability
vanishes at higher concentrations beginning at the Hopf
bifurcation labeled HB, so that a stable LR branch
emerges for N>Nhb.

From Forest and Wang (2003), the low-concentration
logrolling instability is captured by both the Doi and
Tsuji and Rey (1997) closure models, but these closures
fail to capture the stabilization at higher N, i.e., they do
not capture the bifurcation HB. The Hinch and Leal
(1976) closures, on the other hand, incorrectly predict
stabilization of the LR branch nearby SN2, fail to pre-
dict the stable FA branch nearby SN1, yet correctly
predict stable LR states at higher N.

As we move outside the ‘‘window’’ of Fig. 2a,b, away
from the saddle-nodes SN1,2,3,–, the three branches

associated with s+ undergo important transitions at

bifurcations labeled B1, HB±, SL1,2 (and HB at higher

N). We amplify these phenomena next.

Fig. 5 The Leslie in-plane, flow-alignment angle for steady stable
(solid curves) solutions vs nematic concentration N at Pe=0.1. The
angle for the unstable steady flow-aligning solution is also shown.
The gap in steady solutions between B1 and HB is the regime of
unsteady attractors, amplified below (Figs. 9, 11, 12, 13, and 14)
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SL2 is the onset of the tumbling (T) solution with
infinite period, marking entry into a band of concen-
trations (Nsl2,Nhb) where no stable steady distributions
exist. This branch of solutions is stable in the in-plane
space of distributions as shown in Fig. 3, but unstable to
out-of-plane perturbations by comparison with Fig. 2.
We highlight this result: the FA to T transition as N
varies at weak shear rates is not the stable transition.
Instead, as we will see below, the unsteady transition
from FA results in the kayaking attractor, K1, elucidated
by Larson and Ottinger (1991).

There is a tumbling-wagging (T-W) transition on the
branch in Figs. 2 and 3 past the bifurcation SL2, but the
entire branch is unstable. Only at higher shear rates does
the wagging branch stabilize through a period-doubling
bifurcation (see Tables 1 and 2).

Thus no stable tumbling or wagging states exist, and
no stable steady states exist, for the concentration band
(Nsl2,Nhb) at Pe=0.1. Note the in-plane Smoluchowski
equation, Fig. 3, incorrectly predicts bi-stable tumbling
and logrolling stationary states for N between SL2 and
HB (both are unstable), misses the kayaking attractor K1

altogether, and misses the K1-LR transition at HB.
The Doi and Rey-Tsuji closures both capture the

feature of instability of all in-plane (and LR) orienta-
tional distributions in weak shear inside a band of inter-
mediate concentrations (Forest and Wang 2003), though
further details are sensitive to other model parameters.

Since no stable in-plane distributions exist, which

out-of-plane orientational distributions emerge as the

attracting states at this confluence of bifurcations around

B1 (Figs. 2, 3, and 4)?
Fig. 7 The out-of-plane steady solutions and their corresponding
polar angle h

Fig. 6 The change of the Leslie angle for in-plane steady flow-
aligning solutions. From Figs. 2 and 3, the lower solid arc
corresponds to the stable FA branch O-SN– , the dashed arc to
the unstable FA branch SN–-SN1, then the top solid arc to the stable
FA branch SN1-B1

Fig. 8 The polar angle h of the out-of-plane stable steady solutions
OS+,– for Pe=0.1 and N2[4.695118,4.695193]
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Figure 2c is the projection of each solution branch
onto the out-of-plane component, Re(a2,1), which is
proportional to the second-moment tensor component,
Qxz. There is a nearly vertical, solid, black curve, with
two distinguished points labeled HB+,), and a second
red curve which persists from this critical concentration
NSL1 all the way to HB (N=Nhb) where the solution
branch limits to the in-plane logrolling state. Both of
these solution branches are stable, out-of-plane modes, but
of quite different character.

The pitchfork bifurcation at B1 brings up the
‘‘apparently’’ vertical branch of Fig. 2c, which is blown
up in Fig. 7, and corresponds to a ring of out-of-plane,

steady equilibria, called OS by (Faraoni et al. 1999).
These branches occur so rapidly in N that the projection
in Fig. 2 appears vertical; stability terminates at bifur-
cations HB +,), Fig. 7. The figures confirm the mirror-
symmetry of the Smoluchowski equation (Eq. 1); these
states must occur in pairs. For Pe=0.1 as illustrated, the

Fig. 9 Periods for the kayaking solutions K1 for Pe=0.1, between
the bifurcation SL1 and HB of Fig. 2. Note the K1–LR transition,
which coincides with the termination of the kayaking branch,
occurs at finite non-zero period (a Hopf bifurcation)

Fig. 10 Co-existence of the stable, steady out-of-plane (OS+,–)
pair of solutions (solid black line) and the stable kayaking (K1)
solution (solid red line) for Pe=0.6. In a very narrow region of
(N,Pe), shown in Fig. 15a and Table 1, these states yield tri-
stability

Fig. 11 Maximum and minimum of the polar angle (from the
vorticity axis) of the major director of Q(ƒ) for the stable kayaking
branch K1 (SL1-HB, Fig. 2), for Pe=0.1. The branch terminates at
HB in a LR transition through a finite-period Hopf bifurcation.
This figure together with Fig. 9, viewed from decreasing N, shows
the LR–K1 transition is a classical soft generation of limit cycles
(the kayaking orbits), i.e., a second-order phase transition

Fig. 12 Maximum eigenvalue d1 of the second-moment M(ƒ) for
the kayaking branch (K1) of solutions (SL1-HB), Fig. 2, Pe=0.1.
Each fixed attractor has nearly constant maximum degree of
orientation with respect to the major director n1 of the distribution
f. The relative maximum and minimum of d1(M(ƒ)) over each
kayaking orbit differ by less than 0.1%: the K1 orbits are ‘‘director-
dominated’’. Note d1 increases with N until the LR transition atHB
when the director locks onto the vorticity axis, after which d1
continues to increase with N as indicated in Fig. 4a
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OS states exist for an extremely narrow band of con-
centrations, approximately 4.695118<N<4.695193.

The role of these stable OS solution pairs appears to
be that of accomplishing a ‘‘stiff steady transition’’ (vs
N) from in-plane to out-of-plane alignment, which then
undergoes an unsteady transition to kayaking motion K1

depicted by the solid red curve in Fig. 2. We amplify this
mechanism in Figs. 5, 6, 7, and 8.

First we plot the Leslie alignment angle for the in-
plane FA branch in Figs. 5 and 6; note convergence of
the major director to the flow axis as one approaches the
termination of the FA stable branch. This coincides with
onset of the OS+,) pair, which exists over an exceed-
ingly short range of N. Figures 7 and 8 show the polar
angle of the major director of the OS solution pair: the
polar angle spans from the shearing plane at onset, all
the way through approximately 72� to within 18� of the
vorticity axis while DN[10–4! During this ‘‘stiff’’ tran-
sition in the polar angle, the Leslie angle remains nearly
zero; the major director resides almost in the x-z plane
(nearly completely orthogonal to the flow-gradient
direction) for all OS states! (From the kayaker analogy,
the paddle is stationary at a very shallow depth as it
‘‘adiabatically’’ transitions from the flow direction,

almost parallel to x-axis, then out-of-plane toward the
vorticity axis.)

While these OS+,) states are structurally unstable
from the point of view of bifurcation theory
(Chillingworth et al. 2001), they play the role of
transitioning from in-plane to out-of-plane stable
alignment, followed by an instability of the OS states
to kayaking motion. To summarize, the kinetic equa-
tion (Eq. 1) does not yield a first-order phase transi-
tion from steady, in-plane FA to out-of-plane kayaking
motion; instead, kinetic theory predicts a continuous
second-order FA to K1 transition, mediated by this stiff
pair of stable OS states. Several mesoscopic models
capture these ‘‘rings’’ of OS pairs, including the Doi
closure (Forest and Wang 2003) and Landau-deGennes
model (Chillingworth et al. 2001).

Fig. 13 The Eskimo kayaking solution of Larson & Ottinger
corresponding to the N=5.2 orbit of Figs. 11 and 12. The top left
picture shows the path of the major director on the unit sphere,
calculated from Q(ƒ(m,t)). The blue dot shows the vorticity (z) axis,
the green dot shows the flow (x) direction, and the white dot marks
the flow-gradient (y) direction. The order parameter statistics show
two features: d2)d3[10–3, which indicates a weakly biaxial second-
moment Q over the entire orbit; and d1)d3[0.65 for all time
indicating very little oscillation in the degrees of orientation. The
K1 solutions are ‘‘director-dominated’’ orbits of the PDFƒ

Fig. 14a,b Two snapshots depict ƒ(m,t) along the stable kayaking
orbit shown in Fig. 11 for N=5.2 and weak shear rate Pe=0.1; a
(respectively b) corresponds to the ‘‘pericenter’’ (‘‘apocenter’’)
where the most probable direction of orientation achieves
minimum (maximum) distance to the vorticity axis. c Recalls
(Forest et al. 2002b) the quiescent nematic orientational distribu-
tion ƒ(m) of Fig. 1 at N=5.2, where U2O(3) is chosen so that the
distribution is peaked along the vorticity axis. d The stable, steady
LR distribution that emerges at Pe=0.1 at slightly higher
concentration (just past the Hopf bifurcation of Fig. 15),
N=5.45, which illustrates enhanced focusing of the distribution
along the vorticity axis. We note the maximum degree of alignment
is d1[0.769 in a–c, d1[0.7 in d. (The symmetry ƒ(m,t)=ƒ()m,t) is
hidden by the viewpoint chosen)
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At or very close to the termination of the OS branch
pair, the unsteady transition to a stable ‘‘Larson-Ottin-
ger’’ kayaking solution K1 occurs.

This is labeled SL1 in Fig. 2b; the analogous in-plane
unsteady tumbling transition is labeled SL2 in Fig. 2b.
Both this K1 solution and the OS pair are absent in the
in-plane Smoluchowski equation, Fig. 3. The attractor
that emerges is the single kayaking distribution function,
whose mirror-symmetric orbit is itself. (We note that the
projection onto the shearing plane of the major director
n1 of K1 could be interpreted as a tumbling orbit
experimentally.)

Therefore, the kayaking orbit K1 is the unique

attractor for concentrations N between the bifurcations

SL1 and HB in the weak flow regime.

Detailed properties of the kayaking solution branch
are given in Figs. 9, 10, 11, 12, 13, and 14. Figure 9
depicts the period of K 1 solutions for N2(Nsl1,Nhb). The
birth at SL1 of the K1 branch appears to coincide with
an infinite-period Hopf bifurcation which we surmise
emerges out of the OS ‘‘ring’’ of fixed points shown in
Fig. 7. However, we are unable to resolve numerically
this structure, and guidance from bifurcation theory will
be necessary; e.g., recent work (Chillingworth et al.
2001; Vicente Alonso et al. 2003) identifies the tumbling-
wagging transition in terms of a Takens-Bogdanov

Fig. 15 The concentration-flow (N,Pe) phase diagram of all stable
orientational distributions and their transition boundaries. The top
figure shows Regions I, II, III, and IV comprise the bulk of the
diagram. More detailed structure unresolvable on the scale of the
top figure is placed in gray frames and blown-up in the lower figure,
and then blown-up again in Fig. 16 to resolve further structure.
The regions I and III persists for 0<N<4 and 6<N<8,
respectively

Fig. 16 Blow-up of transition regions and boundaries from
Fig. 15. The top figure shows a sliver of parameter space in the
transition between Regions V and II where the stable out-of-plane
steady pair OS

+,– and the kayaking state K1 co-exist. Note the
vertical scale is between Pe=0.6 and Pe=0.64, and the scale in N is
even finer. The detailed structure from the top of Fig. 15 with the
small sliver that exists inside of Region II is blown up at the bottom.
This marks the emergence at weak shear of Region VII where the
wagging W state emerges, and Region VIII where stable pairs of
‘‘tilted kayaking’’ or ‘‘out-of-plane wagging’’ states K

þ;�
2 emerge.

The boundary between these regions is the W-K2 transition in
which the in-plane periodic wagging mode undergoes an out-of-
plane tipping instability, creating the pair of mirror-symmetric,
out-of-plane tilted kayaking orbits
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bifurcation that extends the previous understanding
from Farhoudi and Rey (1993). Figure 9 further shows
the rapid decrease in period of the K1 branch to a finite
period at HB where the K1-LR transition occurs through
a Hopf bifurcation.

Figure 10 is a glimpse at slightly higher Pe=0.6
where we are able to track the K1 branch which now
overlaps for a narrow concentration band with the
OS

+,) stable pair. HB± are infinite-period Hopf bifur-
cations as indicated by the software AUTO. We suspect
there is some organizing structure that connects HB±

with K1. This mechanism for the genesis of K1 orbits is

not duplicated thus far by mesoscopic closure models to
our knowledge.

Figure 11 illustrates the amplitudes of oscillation of
the major director as computed for each kayaking dis-
tribution ƒ(m,t). This is calculated by projection onto
Q(ƒ(m,t)), followed by determination of the largest
eigenvalue d1 of M=Q+I/3, whose eigenvector n1 is the
major director. We then extract the maximum and
minimum polar angle (with the vorticity axis) of
n1(ƒ(m,t)) over the kayaking period. The graphs clearly
show a convergence as N increases from Nsl1 to Nhb,
beginning with large excursions away from the vorticity
axis which close down onto the steady vorticity align-
ment of the LR branch.

Figure 12 shows the maximum degree of orientation,
d1, is nearly constant for each kayaking orbit K1. This
behavior suggests a ‘‘director-dominated’’ orientational
dynamics of the attracting distributions K1. Figure 13
illustrates details of the particular K1 attractor at N=5.2
and Pe=0.1. The path of the ‘‘peak direction of the
distribution ƒ(m,t)’’, as indicated by the major director
n1(ƒ(m,t)), shows the classical Eskimo paddle oscillation
imagined by Larson and Ottinger. Note the large polar
angle excursions yet with the major director staying
close to the x-z plane; i.e., the paddle stays at a shallow
depth and never penetrates deep into the flow gradient
direction, similar to the steady OS+,) states. Figure 13b
shows nearly constant birefringence in all planar cross-
sections. Since n1 oscillates about the vorticity axis,
d1)d3 is the maximum birefringence, which is greater
than the corresponding quiescent maximum birefringence
d1)d2=d1)d3=0.654 for N=5.2 . Note also that
d2)d3[10)3, implying nearly uniaxial distributions
ƒ(m,t) throughout the orbit at this low shear rate.

Figure 14 illustrates two snapshots of the distri-
bution function ƒ(m,t) at the ‘‘apocenter’’ and ‘‘peri-
center’’ of the K1 orbit for N=5.2,Pe=0.1. The
vorticity-aligned quiescent nematic PDF for N=5.2,
Pe=0.0 (Fig. 14c) and the steady vorticity-aligned LR

attractor for N=5.45, Pe=0.1 (Fig. 14d) are shown
for comparison.

Continuation of the shear-selection mechanisms
to finite shear rates, 0<Pe<1

Finally, we are in position to summarize the multi-
plicity, stability, and steady vs unsteady properties of
all stationary distributions of the Smoluchowski equa-
tion (Eq. 1) for weak shear. The above figures and
discussion give details for Pe=0.1 and variable N,
which we now continue for one more order of magni-
tude, 0.1 £ Pe £ 1, in Figs. 15 and 16. These figures
constitute the weak shear, flow-phase diagram of large
aspect ratio nematic polymers, indicating eight distinct
regions in (N,Pe) where a fixed, finite set of stable

Fig. 17 A vertical slice of Fig. 16b for fixed concentration N=4.85
and variable 0.9<Pe<1. The solid red stable K1 branch exists
independently of the three bifurcations labeled Pe1,2,3. The unstable
T (dashed green) to stable W (solid green) transition coincides with
onset of an unstable, out-of-plane kayaking pair K

þ;�
2 (dashed

blue), which together comprise a periodic pitchfork bifurcation
(ppb). Another ppb occurs at Pe2, where the W branch becomes
unstable, spawning a stable pair of Kþ;�2 (solid blue). Finally, at Pe3,
both Kþ2 and K�2 undergo ppb creating four stable K2 branches (not
shown). This marks the onset of a rapid sequence of period-
doubling bifurcations discovered by Grosso et al. (2001)
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solutions exist. We label these Regions I–VIII; Table 1
summarizes the attractor types and total multiplicity
for each region.

Regions I (low concentrations), II (intermediate
concentrations), and III (high concentrations) consume
the majority of the parameter space 0 £ N £ 8, 0.1 £
Pe £ 1. Each has a unique attractor: in-plane steady FA

states in Region I; out-of-plane periodic K1 states in
Region II; and steady LR states in Region III.

The small ‘‘fin’’ Region IV for low Pe has bi-stable
FA steady states. This is the weak-shear continuation of
the quiescent concentration band Nsn<N<Ndsn, Fig. 1,
where the isotropic (s0) and nematic (s+) steady states
are bi-stable. The steady structure of Region IV inside of
Region I also occurs in steady extensional flow (Forest
et al. 2000, 2001).

Region V has bi-stable, out-of-plane, steady states
labeled OS+,). These states have been described in
Figs. 6, 7, 8, and 10. Region V is the thin transition
region between Region I and II, blown-up in Figs. 15b
and 16a.

Region VI is an even thinner region between V and II
where stable kayaking K1 and bi-stable OS+,) states co-
exist, shown in Fig. 16a.

Regions VII and VIII contain bi-stable ‘‘tilted kaya-
king’’ orbits K

þ;�
2

� �
, respectively wagging (W) attrac-

tors, which co-exist with the stable kayaking branch K1.
These regions are only resolvable numerically for Pe‡
0.5, Fig. 15b, and blown up in Fig. 16b.

The boundaries between these Regions of fixed
attractors are summarized in Table 2. These correspond
physically to various phase transitions, mathematically
to specific bifurcation structures.

Table 2 provides some insights into the transi-
tion phenomena and corresponding states that are
responsible for the bifurcations between Regions. A few
of these structures are straightforward ‘‘textbook’’
bifurcations:

– The saddle-nodes bounding regions IV and I
– The K1-LR transition between II and III is a finite-
period Hopf bifurcation

– The steady, in-plane to out-of-plane transition from
FA to OS+,) between regions I and V is a classical
pitchfork bifurcation

Yet other bifurcations are natural to large-dimen-
sional dynamical systems. In Fig. 17 we fix N=4.85 and
blow-up the vertical slice of Fig. 16b for 0.9 £ Pe £ 1.0
to amplify three more of the bifurcation boundaries at
concentrations labeled Pe1,2,3, all of which occur in the
presence of the kayaking attractor K1:

– Pe1: The unstable T (tumbling) to stable W (wagging)
transition between regions II and VIII coincides with
the emergence of an unstable K1, which constitutes a
pitchfork bifurcation of periodic solution branches.

– Pe2: Another periodic pitchfork bifurcation defines
the transition regions VIII and VII where the stableW
branch forks into an unstable W and a pair of stable
K
þ;�
2 orbits.

– Pe3: The first of a cascade of period-doubling bifur-
cations of the K

þ;�
2 attractors, which require further

blow-up. This region marks entrance into the chaotic
regime discovered by Grosso et al. (2001), the details
of which are beyond this paper. Remarkably, this
period-doubling route to chaotic dynamics is captured

Table 2 Attractor transitions
for nematic polymers in weak
shear 0<Pe £ 1, and for the
dilute to concentrated range
0<N<8. The regions are
defined in Figs. 15 and 16 and
the fixed attractors in each reg-
ion are listed in Table 1

Boundary (left to right) Bifurcation type Attractor transition
(left to right regions)

I–II Saddle node Inique to bi-stable FA
II–I Saddle node Bi-stable to unique FA
I–V Steady pitchfork Steady in-plane FA to

out-of-plane OS
+,) transition

V–VI Saddle-loop Onset of K1 attractor
VI–II ¥-Period, unstable Hopf Stable to unstable transition of OS

+,)

II–VII Complex period-doubling cascade
(requires further blow-up)

Emergence of out-of-plane,
periodic, bi-stable K

þ;�
2

VII–VIII Periodic pitchfork Unstable to stable transition of W and
stable to unstable transition of Kþ;�2

VIII–II Period-doubling StableW to unstableT transition
and loss of unstable K1

II–III Supercritical,finite-period Hopf PeriodicK1 to steady LR transition

Table 1 Regions in (N,Pe) with type and number of PDF attrac-
tors. The Regions are defined in Figs. 15 and 16. The subscripts i
and n for FA states indicate their origin atPe=0 from isotropic (i)
or nematic (n) equilibria

Region Attractor type Attractor multiplicity

I FA 1
II K1 1
III LR 1
IV FAi, FAn 2
V OS

+, OS
) 2

VI OS
+, OS

), K1 3
VII K1, K

þ
2 ,K2

- 3
VIII W, K1 2
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by the Doi closure with finite aspect-ratio molecules
(Forest and Wang 2003).

The bifurcation between regions V and VI
requires further clarification both theoretically and
numerically.

Rheological features of the weak-shear phase diagram

The formulas for computing the first and second normal
stress differences N1 and N2, and the shear stress g are
listed in the appendix. Our purpose now is to evaluate
these rheological features across the weak shear phase
diagram, from which experimental data on nematic
polymers (cf. Larson 1999) can be correlated. We begin
by taking two cross sections of the phase diagram,
Figs. 15 and 16, first fixing Pe=0.1, and then fixing
N=4.85.

From Fig. 15, the horizontal slice Pe=0.1 gives the
concentration-dependent states and phase transitions in
slow flow shown in Table 3.

In Fig. 18, we graph N1, N2, and g for the in-plane
steady flow-aligning states FAi, FAn vs 0<N<4.6951.

For the perturbed isotropic branch FAi : N1>0 and
N2<0 with |N1|�O(10–3), |N2|�O(10–5) . Furthermore,
though small, |N1|,|N2| increase with N . The shear stress
g is nearly constant.

For the perturbed nematic in-plane steady state FAn:
N1>0 and N2<0; both N1 and N2 monotonically ap-
proach zero as N approaches N[4.695, i.e., as the flow-
aligning (FAn) to out-of-plane steady (OS) transition
occurs. The apparent viscosity g drops in half over this
narrow concentration range.

The out-of-plane steady states OS+,) are not likely to
be seen in laboratory experiments. Nonetheless, since
they mediate the flow-aligning (FA) to kayaking (K1)
transition vs N, we give N1, N2, and g for this extremely
narrow range of concentrations in Fig. 19.

In the narrow band of OS +,) steady states,
4.6951<N<4.6952, while numerical values are quite
small, both N1 and N2 change sign! (We note that these
sign changes are not an artifact of the low Pe=0.1; we
have confirmed this behavior of the OS +,) branch vs N
all way to Pe=0.8.)

The FAn-OS+,) transition, where in-plane alignment
moves out-of-plane, Fig. 7, signals minimum ofN1 and g,
and a local maximum of N2 (compare Figs. 18 and 19).

As the OS+,) first go unstable then disappear, the
kayaking stable branch (K1) emerges, Fig. 10, and
persists as a stable periodic response until the LR tran-
sition at higher N[5.44.

The K1 orbit is a primary attractor for intermediate
concentrations in weak shear; at Pe=0.1, K1 is stable for
4.6952<N<5.44. A small parameter region of stable
periodic solutions, W or Kþ;�2 , coexist with K1, which we
amplify later.

Figure 20 shows that along the K1 branch of attrac-
tors, N1>0 over the full period of a specific K1 solution,
and further that ÆN1æ decreases toward zero as the LR

transition is approached at N=5.44.

Table 3 Concentration-dependent stable states and transitions for
fixed weak shear rate Pe=0.1

Transition
N

4.43 4.48 4.6951 4.6952 5.44

Stable
state(s)

FAi FAi/FAn FAn OS
+,-

K1 LR

Fig. 18 First and second normal stress differences N1 and N2, and
the shear stress for the flow-aligning solutions. The weak
normalized shear rate is Pe=0.1
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N2 hovers near zero for all K1 solutions, indeed
oscillating about zero. As Fig. 20 shows, ÆN2æ[
O(10)7), yet changes from negative to positive at
N[5.2.

Apparent viscosity Ægæ decreases for K1 orbits as N
increases, by a factor of about 2/3.

Rheological features for logrolling LR states are
reported in Fig. 21.

Both N1 and N2 are positive for LR attractors, yet
nearly zero (N1[10–5, N2[10–7). N1 decreases with N,
while N2 is non-monotone.

Apparent viscosity steadily decreases with higher
concentration.

Most experiments fix concentration and vary the
shear rate. This corresponds to a vertical slice of the
bifurcation diagram Fig. 15. To illustrate, we fix
N=4.85 (just above the quiescent I-N transition), which
fixes the molecular properties of the liquid, and deter-
mine the effect of variable shear rate Pe on the shear
stress and normal stress differences. The bifurcation
diagram between 0<Pe<3 is shown in Fig. 22, with
details around Pe=0.95 already shown earlier in
Fig. 17. This slice of the phase diagram (Fig. 15) also
allows us to highlight the bi-stable and tri-stable

parameter regimes. The results are summarized as fol-
lows. Table 4 depicts the attractor number and type over
six intervals of shear rate, with transitions at the five
indicated rates.

For K1 solutions, which persists for 0<Pe<2.26, as
shown in Fig. 20 and consistent with Fig. 20:

Fig. 20 Top: first and second normal stress differences N1 and N2,
and the shear stress for K1 solutions. Parameters are a=1, Pe=0.1.
Bottom: evolutions of first and second normal stress differences N1

and N2, and the shear stress for a specific K1 solution at N[5.437

Fig. 19 First and second normal stress differences N1 and N2, and
the shear stress for out-of-plane solutions at fixed weak shear rate
Pe=0.1

Fig. 21 First and second normal stress differences N1 and N2, and
the shear stress for the stable logrolling solutions at fixed weak
shear rate Pe=0.1, which exist for the concentration N>Nh=5.439
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ÆN1æ>0 and ÆN1æ increases with Pe, while ÆN2æ<0
and ÆN2æ decreases.

For the specific K1 solution at Pe=0.952, Fig. 23
shows N1>0 for the entire periodic orbit while N2

oscillates around 0.
Although W and K

þ;�
2 coexist with K1 in a narrow

interval, there is no apparent influence on the rheology
of K1. For 0.97<Pe<2.26, K1 orbits are the unique
stable attractors once again. Figure 23 shows ÆN1æ con-
tinues to increase, and ÆN2æ continues to decrease, while
g is nearly constant.

We next analyze the co-existing stable states, W then
K
þ;�
2 , and their comparison with the K 1 rheology. We

plot the stress properties for W and K2 solutions to-
gether in Fig. 24 to explore their transition at Pe=0.96.

For bothW andKþ;�2 solutions, ÆN1æ<0, ÆN2æ>0. Note
ÆN1æ has opposite sign to that of the co-existing K1 stable
orbits for both W and K

þ;�
2 branches. This implies that

two separate experiments of the same nematic polymer at
identical flow rates can yield ÆN1æ>0 and ÆN1æ<0!

The wagging to kayaking (W-Kþ;�2 ) transition coin-
cides with local minima of N1 and g, and local maxima of
N2, as opposed to sign changes.

Figure 25 shows the behavior in one period of the W
solution (top) at Pe=0.952 and the K2 solution (bottom)
at Pe=0.961. They are remarkably similar. Note that
for specific wagging W and kayaking K 2 solutions, N1

and N2 oscillate in time through zero, although their
averages are negative and positive, respectively.

We also checked normal stress differences and
apparent viscosity for several other slices from the phase
diagram, Fig. 15. The results are plotted in Fig. 26.
From these results, it appears that ‘‘Region I’’ in the
flow curve of Onogi and Asada (1980) is not captured by

Fig. 23 Upper: first and second normal stress differences N1 and
N2, and the shear stress for the kayaking K1 solutions. The
concentration is N=4.85. Bottom: first and second normal stress
differences N1 and N2, and the shear stress for the specific kayaking
K1 solution at Pe=0.952 in one period

Fig. 22 Bifurcation diagram of all stable and unstable states for
variable Peclet number Pe and fixed concentration N=4.85. Solid
lines correspond to stable states, while dashed lines corresponds to
unstable states. The detail around W and K2 has been shown in
Fig. 17. There are yet more complex branches not shown here
associated with the transition between the K1 and OS branches

Table 4 Pe -dependent stable states and Pe-induced transitions for
the concentrationN=4.85. The indicated values of Pe denote
transitions in number and/or type of attractors

Transition Pe 0.93 0.96 0.97 2.26 2.59
Stable state(s)K1 K1/W K1/K

þ;�
2 K1 OS

+,-
FA
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the Doi theory with constant rotational diffusivity for
the concentration range studied here. We recall from
Larson (1999), Fig. 11.6, the caption notes ‘‘For some
LCPs, the low-shear-rate Region I is not found’’.

As a summary of special features, in the region
0<Pe<1, 0<N<8, we list signs of normal stress dif-
ferences ÆN1æ, ÆN2æ, averaged over periodic orbits, in
Table 5. Note that in the anomalous weak shear rate
regime, sign changes in ÆN1æ or ÆN2æ are more the norm
than the exception! This is perhaps to be expected
because their magnitudes are so small. The extension of
these rheological features to higher shear rates will be
reported in a sequel.

Conclusion

The weak-shear monodomain attractors and transition
phenomena of Doi kinetic theory have been detailed;
these results stand as the benchmark for experimental
comparisons. Furthermore, this resolved phase diagram
is now poised to guide the continuation into higher shear

Fig. 24 First and second normal stress differences N1 and N2, and
the shear stress for the wagging W and Kayaking K2 solutions. The
concentration is N=4.85

Fig. 25 First and second normal stress differences N1 and N2, and
the shear stress in one period for specific periodic states. Top:
wagging W solution at Pe=0.9507. Bottom: kayaking K2 solution
at Pe=0.961

Table 5 Signs of normal stress differences, ÆN1æ and ÆN2æ, averaged
over periodic orbits, for each monodomain attractor type that
occurs for N>0, 0<Pe<1. Regions are defined in Figs. 15 and 16.
The ± sign indicates sign changes occur for those attracting states
within the parameter region

Region Attractor type <N1> <N2>

I FA + –
II K1 + ±
III LR + +
IV FAi,n + –
V OS

+,) + ±
VI K1, OS

+,) +,+ ±, ±
VII K1, K

þ;�
2 +,) ±, +

VIII K1, W +,) ±, +
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rates (cf. Faraoni et al. 1999; Grosso et al. 2001). A
variety of subtle attractor properties of the Doi kinetic
theory have been clarified by a combination of
mesoscopic predictions and detailed kinetic theory
simulations. The issues of multiplicity, in-plane vs out-
of-plane, and stability of stationary orientational dis-
tributions have been mostly resolved in this study, and
the remaining questions have been identified. The gen-
eral conclusion of this study is that anomalous weak
shear behavior is indeed predicted by the Doi kinetic
theory. There are, on the other hand, regions of con-
centration and shear rate with robust monodomain

responses, i.e., fixed attractor type and fixed rheological
features (signs of N1, N2). These regions are denoted I,
II, III in Fig. 15 with attractors FA(I), K1(II), LR(III).
The transition from Region I to II to III is achievable
through fixed Pe, while varying concentration from the
low (I) to intermediate (II) to high (III) range. ÆN1æ>0 in
all three regions, whereas ÆN2æ is negative in Region I,
changes sign in Region II, and is positive in Region III.
On the other hand, these transitions are not simple,
involving other stable monodomain responses which co-
exist with K1 in narrow parameter regions, and which
have different rheology than K1. The existence of these
complex transition regions earns the weak shear phase
diagram the title of ‘‘anomalous’’. The extension of the
transition regions to higher shear rates will be addressed
in a sequel.

These detailed kinetic attractor regimes also serve as
benchmarks for closure approximations of kinetic the-
ory for nematic polymers. Clearly, the bifurcation phe-
nomena amplified here will defy any attempt to capture
the entire structure with second-moment closures, as we
have annotated during the discussions. Specific closures
are capable of reproducing quite complex features if one
restricts to a limited region of (N,Pe) space. With respect
to the rich bifurcation structures in weak shear, it is
highly unlikely that any a priori second-moment closure
rule is capable of capturing the flow-phase diagram of
kinetic theory.
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Appendix. Stress formulas

The extra stress in dimensional form is given by Wang
(2002):

s ¼ ðg0 þ 3mkT 13ÞD

þ 3amkT Q� N Qþ I

3

� �
Qþ NQ : mmmmh i

� �

þ 3mkT 11ðDMþMDÞ þ 12D : M4½ �
ðA1Þ

Fig. 26 First and second normal stress differences N1 and N2, and
the shear stress g for several vertical slices in Fig. 15. The stable
state is FA for N=4.6, K1 for N=5.05, and LR for N=5.5,6
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where g0 is the isotropic viscosity, V0 is a free parameter
determined experimentally, m is the molecule number
density, and all other parameters are prescribed by the
molecule aspect ratio r:

13 ¼
1ð0Þ

I1
; 11 ¼ 1ð0Þ

I

I3
� I

I1

� �
; 12 ¼ 1ð0Þ

J1
I1J3
þ I

I1
� 2

I3

� �
;

I1 ¼ 2r
Z 1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ xÞ

p
ð1þ xÞ3

;

I3 ¼ rðr2 þ 1Þ
Z 1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ xÞ

p
ð1þ xÞ2ðr2 þ xÞ

;

J1 ¼ r
Z 1
0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ xÞ

p
ð1þ xÞ3

;

J3 ¼ r
Z 1
0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ xÞ

p
ð1þ xÞ2ðr2 þ xÞ

; ðA2Þ

In our calculations, we have used values V1=0,
V2=0.1, V3=0.001, consistent with extremely large as-
pect ratio rod-like nematic polymers, r�1. The first and
second normal stress differences N1 and N2, and the
shear stress g are computed as

N1 ¼ sxx � syy ;
N2 ¼ syy � szz;
g ¼ sxy=Pe:

ðA3Þ

We normalize stress by 3m kT in all figures.
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