7 LufwnsCamcd by Loads

M, o "L*‘—_‘t m,
R, Ry
1| 5|
i P b P P
N .
El B 1 i 4
%—a“l‘——b“ﬁl L—O—J :<—G'-Hi,
‘7): % 3 \ ;\:‘ P
Pab? Pa® . 7 WO Ty - _ ..
Ma= Moo=~ i A s = (L ~a)
> Ry=Rp=p
Ph? Pag? e 4 A
RA=7L.3'(3(1+I7) Ra==*L—;(a+3b) 67
2
.__\.J/ M
(D ¢
] ; —
R e J—
Mb
My = It (2a — b)
Ma
My = F (2b - a)
N
Ry = —Rp = 6[laab
— wa? R
3 | ‘”A::TZQL;('()L*&IL_}-&‘)
e} P \y3
! e v Ms =~ (41, ~ 30) :
S ; s - ?
el R =t e gpp gy
i 4= - 2a a ‘;
| 20 |
i | = oy |
| R‘ = @ RB = &l RB 203 (.‘L a) I
f] L L — S
4] 3 W\;J |
H | ) ¢
T A i :
I Nl f‘f *
i N : 7 s ) . 5
| TG ey S f - ., = K_!‘_: Vg = _.'i_ !
YT oan gl = an



fmje ,2/2

Fixed-End Actions Caused by End-Displace ments VS r—

44 A ~ ¥
R A 2
| . J o
EAA
R = 2 g
2
g _L_)
M‘C A b <M
4 L R
V7
6EIA 12EIA
Ma=Ms= "7 R==7
sl
e
1
C 4 8 g ) -
:_W\,s/s M, M " |
Co f al L 1R ’i
‘ 1
2EI8 1E]18 6EI6 !
M=~ Mp = == R=7 |
3 ‘ ! |
|4 5
— !
i
7 ¢ 7
L 8y A,
:
L ! -
| ‘ P
L -
G = shear modulus of elasticin, &

J o= torsion constant

E . " ‘:fJ::.":-' M

-

G AR REI B,

ur

b et .'-o 1,1_'.'.'. Y- .
G IR L



§ 2 = {:} - 9‘; 5 ’ / }
\ \;Mfse:ag; - gf £, 5 ‘%‘{ Oy b

g

Y
<

5%

j% = Y = + i‘é&}g{% 53 ¢ ifgjg M

g‘“mww'”’ﬂ

- } é T £ # %
From ‘féz, avove 2 gﬁ% egrialiOnms

{ ¢
fcackions By and My (aF e Jired ,éwgf,é £). Theu,

oame Cast ggé“éi §§ %i‘& %wé%éw%

) Y.
/é foan Statics

?’lf:m%zmg A m&g fé”% ;g J iéﬁ %;&%J ﬁ%ﬁ%ﬁggﬁ A j Ceun

%g:%;ié@ é& j@igg .

)

gfmééﬁ L0 gy W‘%é&dﬁ; fﬂ;& Li;{éqgww /f}gf?féljf



Fgf%f% Due o 55 PR
@g &f @?)&é;{ ﬁ&f/»;ﬁg 1}@ ;zgﬁ«ﬁ gf‘?}éﬁéiégﬁg } [

p f& é% .
- ifé&? 4 %‘% T gf?ég
T &/;ilé 4 ps / i%‘f ~ 4t
4
F{?m’s« g ﬁ‘j@s’é ?
Aea = A!e}%ftwmwt = ﬁgﬁ * gé * ﬁg * N}g‘ (/})
= e + T fJ‘#
é@@ = O - 9@2 # ﬁé 9&3 ¥ f’?é sf‘i)
virtaal Work Melhod )
vodare (wising MM | or Virtuat Wofke Jielod)
ﬁﬁg‘f@? ) é%iﬁ““g /%)
z
&53; = }_;,, ) §E§§ - L




B

A"/ ”
£
E

i

/

i

pov 'f Ko g’ ;f;g}” (oAt

|
|
!
N

s AR

=0 = ﬁg‘z%ﬁig

d

+ ﬁgg ¥ Mg

= g}?agamw&} - @gﬁg‘g? + égg "3 ﬁ"?é

M, = T EtlUen

— é;ge%%w@%é

;T

46 ifpmet

S,

MM



]

Chapter 3 Fundamentals of the Stiffness Method

Fig. 3-1a. This beam has a fixed support at 4 and a roller support at B: and
itis subjected to a uniform load of intensity ». The beam is kinematically
indeterminate to the first degree (if axial deformations are neglected)
because the only unknown joint displacement is the rotation 6, at joint B.
The first phase of the analysis is to determine this rotation. Then the var-
ious actions and displacements throughout the beam can be determined. as
will be shown later.

In the flexibility method « statically determinate released structure is
obtained by altering the ac ure in al the selected
redundantactions—are—Zéro. The analogous operation in the stiffness
mMalica]ﬁ’WWmWe
actual structure in such a manner that all UNKAOWH displacements are zero.
Since The tMKNoWH displacements are The (ranslations and rotations of the
Joints. they can be made equal to zero by restraining the joints of the struc-
ture against displacements of any kind. The structure obtained by restrain-
ing all joints of the actual structure is called the restrained structure. For
the beam in Fig. 3-1a the restrained structure is obtained by restraining
joint B against rotation. Thus, the restrained structure is the fixed-end
beam shown in Fig. 3-1b.

When the loads act on the restrained beam (see Fig. 3-1b), there will be
a couple M, developed at support B. This reactive couple is in the clock-

wise direction and is given by the expression
yezneigh
2" @
(AB""DO =
Or

f." -

(d)
lltustration of stiffness method.
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1le Chapter 3 Fundamentals of the Stiffness Method

In formulating the equation of superposition the couples at joint B will be
superimposed as follows. The couple in the restrained beam subjected to
the load (Fig. 3-1b) will be added to the couple m,, (corresponding 10 a unit
value of 6,) multiplied by 6 itself. The sum of these two terms must give
the couple at joint B in the actual beam. which is zero in this example. All
terms in the superposition equation will be expressed in the same sign con-
vention. namely. that couples and rotations at joint B are positive when

counterclockwise. According to this convention. the couple M, in the
beam of Fig. 3-1b is negative:

The equation for the superposition of moments at support B now becomes
My + mgy =0 (3-3)
or k .

wl? 4E]
— + —
12 L

Solving this equation yields

which is the same result as before The Eosmve sn&n for the result means
that the rotation 1s cotl ‘ﬁf‘é‘r‘clocﬁwnse

CXDIGSSE efacttatt
in the aetual beam is ZEro. Included in this equation are the
moment caused by the loads on the restrained structure and the moment
caused by rotating the end B of the restrained structure. The latter term in
the equation was expressed conveniently as the product of the moment
caused by a unit value of the unknown displacement (stiffness coefficient)
times the unknown displacement itself. The two effects are summed alge-
braically, using the same sign convention for all terms in the equation.
When the equation is solved for the unknown displacement, the sign of the
result will give the true direction of the displacement. The equation may be
referred to either as an equation of action superposition or as an equation
of joint equilibrium. The latter name is used because the equation may be
considered to express the equilibrium of moments at joint B.

Having obtained the unknown rotation 6, for the beam, it is now pos-
sible to calculate other quantities, such as member end-actions and reac-
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tions. As an example, assume that the reactive force R acting at support 4
of the beam (Fig. 3-1a) is to be found. This force is the sum of the corre-

sponding reactive force R at support A in Fig. 3-1b and ¢, times the force
r,in Fig. 3-1d, as shown in the f

The forces R, and r, can be readily ca culted for the restrainggwgg&m_isee
Case 6, Table B-1, and Case 3, Table :

o s s ot G

e

When these values, as well as the previously found value for f, are sub-
stituted into the equation above, the re i

The same concepts can be used to calculate any other actions or displace-
ments for the beam. However, in all cases the unknown Joint displacements
must be found first.

If a structure is kinematically indeterminate to more than one degree, a
more organized approach to the solution, as well as a generalized notation,
must be introduced. For this purpose, the same two-span beam used pre-
viously as an example in the flexibility method will be analyzed now by the
stiffness method (see Fig. 3-2a). The beam has constant flexural rigidity E/
and is subjected to the loads P,, M, P,, and P;. Since rotations can occur
at joints B and C, the structure is kinematically indeterminate to the second
degree when axial deformations are neglected. Let the unknown rotations
at these joints be D, and D., respectively. and assume that counterclock-
wise rotations are positive. These unknown displacements may be deter-
mined by solving equations of superposition for the actions at joints B and
C, as described in the following discussion.

The first step in the analysis consists of applying imaginary restraints at
the joints to prevent all joint displacements. The restrained structure which
is obtained by this means is shown in Fig. 3-2b and consists of two fixed-
end beams. The restrained structure is assumed to be acted upon by all of
the loads except those that correspond to the unknown displacements.
Thus, only the loads P,, P., and P, are shown in Fig. 3-2b. All loads that
correspond to the unknown joint displacements. such as the couple M in
this example. are taken into account later. The moments A,,, and A,
(Fig. 3-2b) are the actions of the restraints (against the restrained structure)
corresponding to D, and D,, respectively, and caused by loads acting on
the structure. For example, the restraint action A4 p,, is the sum of the reac-
tive moment at B due to the load P, acting on member AB and the reactive
moment at B due to the load P, acting on member BC. These actions can

¢
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be found with the aid of formulas for fixed-end moments in beams (see
Appendix B). as illustrated later.

In order to generate the stiffness coefficients at joints B and C, unit
values of the unknown displacements D, and D, are induced separately in
the restrained structure. A unit displacement corresponding to D, consists
of a unit rotation of joint B, as shown in Fig. 3-2c. The displacement D,
remains equal to zero in this beam. Thus, the actions corresponding to D,
and D, are the stiffness coefficients § 1 and §,,, respectively. These stiff-
nesses consist of the couples exerted by the restraints on the beam at joints
B and C, respectively. The calculation of these actions is not difficult when
formulas for fixed-end moments in beams are available. Their determina-
tion in this example will be described later. The condition that D, is equal
to unity while D, is equal to zero is shown in Fig. 3-2d. In the figure the
stiffness §,, is the action corresponding to D, while the stiffness S, is the
action corresponding to D,. Note that in each case the stiffness coefficient
is the action that the artificial restraint exerts upon the structure.

Two superposition equations expressing the conditions pertaining to the
moments acting on the original structure (Fig. 3-2a) at joints B and C may

3.2 Stiftness Method
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now be written. Let the actions in the actual structure corresponding to [,
and D). be denoted A, and A .. respectively. These actions will be zero in
all cases except when a concentrated external action is applied at a joint
corresponding to a degree of freedom. In the example of Fig. 3-2. the action
Apy 1s equal to the couple M while the action A is zero. The superposition
equations express the fact that the actions in the original structure (Fig.
3-a) are equal to the corresponding actions in the restrained structure due
to the loads (Fig. 3-2b) plus the corresponding actions in the restrained
structure due to the unit displacements (Figs. 3-2¢ and 3-2d) multiplied by
the displacements themselves. Therefore, the superposxtxon equatlons are

=Apy + SuD+ S, (iy

= Apr + S0 Dy + 552D,
The sign convention used throughout these equations is that moments are
positive when in the same sense (counterclockwise) as the corresponding

unknown displacements.
When Eqgs. (3-4) are expressed in matrix form. they become
.,\W“ (f.ru. or Mosnsal j
ST o)
n th|s equatjon the vector Ay represents the actions in the original beam
corresponding to the unknown joint displacements D; the vector Ap, rep-
resents actions in the restrained structure corresponding to the unknown
joint Hlsplacemems and caused by the loads (that is. all loads except those
CWO the unknown displacements); and S is the stiffness matrix
corresponding to the unknown displacements. The stiffness matrix S could
also be denoted App, since it represents actions corresponding to the
unknown joint displacements and caused by unit values of those displace-
ments. For the ex le of Fig. 3-2 the matrices are as follows:

_‘__,_,u---\\
_ 1A - {Su Se =| D
] App, = [-‘*Dw] §= [Sg] Szz] D [D‘]

In general, these matrices will have as many rows as there are unknown
joint displacements. Thus. if ¢ represents the number of unknown displace-
ments, the order of the stiffness matrix S is ¢ X d, while Ap, Apr, and D
are vectors of order d x 1.

Subtracting Ap, from both sides of Eq. (3-5) and then premultiplying by
S$77 gives the following equation for the upknowp displa
x<3p2fu’}\(;3."“ 90l - ~

A !
——T D '-:)w-/ﬂtm of. _Jai

D S"(AD - AD[) e (3'6)

P

This equation represents the solution for the displacements in matrix terms
because the elements of Ap. Ay, and S are either known or may be
obtained from the restrained structure. Moreover, the member end-actions
and reactions for the structure may be found after the joint displacements

are known. The procedure for performing such calculations will be illus-
trated later.
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At this point it can be observed that the term ~Ap_in Eq. (3-6) repre-
sents a vector of equivalent joint loads. as described previously in Art.
1.12. Such loads are defined as the negatives of restraint actions corre-
sponding to the unknown joint displacements. and they are caused by loads
applied to members of the restrained structure. When these equivalent joint
loads are added to the actual joint loads Ap,. the results are called combined
Joint loads (see Art. 1.12). Thus, the parentheses in Eq. (3-6) contain com-
bined joint loads for the stiffness method of analysis.

In order to demonstrate the use of Eq. (3-6), the beam in Fig. 3-2a will

>

be analyzed for the values of the loads previously given as

o e
(Pi=2P M=PL P,=P P,=P

e e 8 ottt

When the loads P,, P,. and P, act upon the restrained structure (Fig.
3-2b). the actions Ay, and A py,. corresponding to D, and D, respectively.
are developed by the restraints at B and C. Since the couple M corre-
sponds to one of the unknown displacements, it is taken into account later
by means of the matrix A,,. The actions A pi1 and App, are found from the
formulas for fixed-end moments T5&¢ Case 1, Table B-1)-

P,L
ADu:"f}S‘é 2
P, L
Appe = — ; ==

Therefore, the matrix Ay, is

220 eter—imio s ‘
the load P, doesnrot)enter

displacements. However, this load does affect the calculations for the reac-

! tions of the actual beam, which are giv

€ stiffness matrix shown in
Figs. 3-2c and 3-2d. Each coefficient is a couple corresponding to one of]
the unknown displacements and due to a unit value of one of the displace-
ments. Elements of the first column of the stiffness matrix are shown in
Fig. 3-2c, and elements of the second column in Fig. 3-2d. In order to find
these coefficients, consider first the fixed-end beam shown in Fig. 3-3. This

2£7 g.Y24
& 44 v 8%
<3 ’(1 ">

ser 1
2 L

«. Fig. 3-3.  Member stiffnesses for 3 beam member.
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3.2 Stiffness Method

beam is subjected to a unit rotation at end B, and, as a result, the moment
developed at end B is 4E[/L while the moment at the opposite end is 2E//L
{see Case 3, Table B-4). The reactive forces at the ends of the beam are
each equal to 6EI/L?, and are also indicated in the figure. All of the actions
shown in Fig. 3-3 are called member stiffnesses, because they are actions
at the ends of the member due to a unit displacement of one end. The end
of the beam which undergoes the unit displacement is sometimes called the
near end of the beam, and the opposite end is called the far end. Thus, the
member stiffnesses at ends A and B are sometimes referred to as the stiff-
nesses at the far and near ends of the beam. The subject of member stiff-
nesses is dealt with more extensively in Art. 3.5 and in Chapter 4.

The task of calculating the joint stiffnesses S, and §,, in Fig. 3-2c may
now be performed through the use of member stiffnesses. When the beam
is rotated through a unit angle at joint B, a moment equal to 4E//L is devel-
oped at B because of the rotation of the end of member AB. Also, a
moment equal to 4EI/L is developed at-B because of the rotation of the end
of member BC. Thus, the total moment at B, equal to §,,, is

_4EL3EL_8EI @
L L L
The stiffness S, is the moment developed at joint C when joint B is rotated

through a unit angle. Since joint C is at the far end of the member, the
stiffness coefficient is

Sll

2El
S

Both §,, and S., are positive because they act in the counterclockwise
sense. The stiffness coefficients §,; and $., are shown in Fig. 3-2d. The
first of these is equal to 2E//L, since it is an action at the far end of the
member BC, while the latter is equal to 4EI/L since it is at the near end of
the member.

The stiffness matrix § can be formed using the stiffness coefficients
described above:

Eg_f& of the elements in S is a joint stiffness, inasmuch as it represents the
action at one of the Jommmms%;a}@—fa‘ce-
ment at one of the joints. In this example, the joint stifiness S, (see Fig.
3-2¢) is the sum of the near-end member stiffnesses (see Eq. a) for the two
members meeting at the joint. Similarly, the stiffness S, is a near-end
member stiffness. On the other hand, the stiffnesses $,, and S, consist of
far-end member stiffnesses for members which connect to a joint that is
fotated. In a more general example, it will be found that stiffness elements

r
F 3

POV Sy

—
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the joint load M shown in Fig. 3-2a does not appear on the restrained struc-
ture in Fig. 3-2b. However, all other loads are considered to act on the
restrained beam in Fig. 3-2b, including the load P,. This load does not
affect the end-actions A, in the restrained structure, but the reactions AnL
are affected. Each of the matrices Ay and Ay, is of order m x 1|, assuming
that /m represents the number of member end-actions to be found. Simi-
larly, the matrices A and Ag are of order r x 1, in which r denotes the
number of reactions to be found.

In the restrained structyre subjected to unit displacements (Figs. 3-2¢
and 3-2d), the matrices of end-actions and reactions will be denoted Awvp
and Agp, respectively. The first column of each of the matrices will contain
the actions obtained from the restrained beam in Fig. 3-2c while the second
column is made up of actions obtained from the beam in Fig. 3-2d. In the
general case the matrices Ayp and Agp are of order m x d and r X d.
respectively, in which d represents the number of unknown displacements.

The superposition equations for the end-actions and reactions in the
actual structure may now be expressed in matrix form:

Ay = AML + AMDD (3-7N)
An =4+ AwD (3-8)

The above two equations and Eq. (3-5) together constitute the three action
superposition equations of the stiffness method. The complete solution of
a structure consists of solving for the matrix D of displacements from Eq.
(3-6) and then substituting into Eqs. (3-7) and (3-8) to determine Ay and Ay,
When this is done, all joint displacements, member end-actions, and reac-
tions for the structure will be known.

Consider now the use of Eqs. (3-7) and (3-8) in the solution of the two-
span beam shown in Fig. 3-2. The unknown displacements D have already
been found (see Eqgs. b), and all that remains is the determination of the
matrices Ay, Agy, Ayp. and Agp. Assume that the member end-actions to
be calculated are the shearing force A, and moment Ay. at end B of mem-

- ber AB, and the shearing force Az and moment Ay, at end B of member
, BC These are the same end-actions co considered previously in the solution

by the flexibility method (see Fig. 2-11b), and are selected solely for illus-
trative purposes. Also, assume that the reactions to be calculated are the
force Ag_and _couple Ap: at support A, and the forces Ags and Am at
JpOl'tS B and d C (see Fig. 3-2a). The first two of these reactions are the
same as in the earlier sofution, and the last two are the redundants from the
earlier solution. All of these actions are assumed positive when either
upward or counterclockwise.

"In the restrained structure subjected to the loads (Fig. 3-2b), the end-

actions and reactlons in terms of the loads P,, P., and P, are seen to be as
follows: :

"i.<‘ -o-- ' ---Ju.--_-nh

K4

I IO S
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The values of the loads s(P, = 2P, P, P, = P, P, = P)can now be substituted
into these expressnons “after which the matrices Ay, and Ag. can be
formed:

The matrices Ayp and Agp are obtained from an analysis of the beams
shown in Figs. 3-2¢ and 3-2d. For example, the member end-action Ay,
is the shearing force at end B of member AB due to a unit displacement
corresponding to DiEig. 3-2c). Thus, this end-action is

Appn = — =+

as can be seen from Fig. 3-3. The reaction Agy,, is the vertical force at
support A in the beam of Fig. 3-2c, and is

In a similar manner, the other member end-actions and reactions can be
found for the beam shown in Fig. 3-2c. These quantities constitute the first
columns of the matrices Ayp and Agp. The terms in the second columns are
found by similar analyses that are made for the beam shown in Fig. 3-2d.
The results are as follows:

N
6 0
EI| 2L 0
L:i 0O 6
-6 -6

Substituiing the matrices Ay, and Ayp given above, as well as the
ier,into Eq(3:7ygives the Tollowi

-6 0 5
El 4L 0 PL? [17]~_f: 20L

L? 6 6 |112E]
4L 2L 36L

These results agree with those found previously by the flexibility method
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(see Art. 2.5). By substituting the matrices Ag, Agp. and D into Eq. (3-8)
the reactions are found to be:

These results also agree with t
method.

The method of solution described above for the two-span beam in Fig.
3-2 is quite general in its basic concepts, and the matrix equations (3-5) to
(3-8) may be used in the solution of any type of framed structure. Also. the
equations apply to structures having any number of degrees of kinematic
indeterminacy n, in which case the order of the stiffness matrix S will be

X n. Several examples illustrating the stiffness method are given in the
following article.

ed previously by the flexibility

13.3 Examples. 3 The examples presented in this article illustrate the
application of the stiffness method to several types of structures. In each
example the object of the calculations is to determine the unknown joint
displacements and certain selected member end-actions and reactions.
Since the number of degrees of kinematic indeterminacy is small, the prob-
lems are suitable for solution by hand. All of the examples are solved in
literal form in order to show clearly how the various terms in the matrices
are obtained.

The three-span continuous beam shown in Fig. 3-4a has fixed
supports at A and D and roller supports at B and C: the length of the middle span
is equal to 1.5 times the length of each end span. The loads on the beam are assumed
to be two concentrated forces acting downward at the positions shown, a uniform
load of intensity w acting on spans BC and CD. and a clockwise couple M applied
at joint C. All members of the beam are assumed to have the same flexural rigidity
El

The unknown joint displacements for the beam are the rotations at supports B
and C, denoted D, and D,, respectively, as shown in Fig. 3-4b. For illustrative
purposes in this example, it will be assumed that the only member end-actions to be
determined are the shearing force A, and the moment A ., at the left-hand end of
member AB. and the shearing force Ay; and moment A, at the left-hand end of
member BC, as shown in Fig. 3-4b. The reactions to be found in this example are
the vertical forces Ay and A, at supports B and C, respectively. Other reactions
could also be obtained if desired. All of the end-actions, reactions, and joint dis-
placements are assumed to be positive when upward or counterclockwise.

The_only load on the structure that corresponds to one_of the unknown joint
displacements 15 The couple A, which corresponds to the rotation D, (except that it

is in the opposite sense). Therefore, the vector A, of actions corresponding to the
unknown displacements is

‘\‘

fa So= g

-
‘O

L
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By continuing in the same manner. all of the required actions in the restrasned struc-
ture can be found. The resulting vectors Ay, and Ay, are:

P

e

pL 3P LY

8 2 4
Ave =) gy | A= Swe v

4 4

3w l?

16

Note that the load P acting downward at joint B affecis the reactions in the
restrained beam but not the member end-actions.
In order to simplify the subsequent calculations. assume now that the following
relationships exist between the various loads on the beam:
N wil

/”"‘ﬁg

Substitution of these relations into the matrices given in the preceding paragraphs

yields / ) /

L/ 8
0 PL[ 3 Pl
=Gk {—1} At :Ts“[—s} Awe = 5l 12

The next step in the solution is the analysis of the restrained beam for the etfects
of unit displacements corresponding to the unknowns. The two conditions to be
taken into account are unit rotations at joints B and C, as illustrated in Figs. 3-d
and 3-4e. The four couples acting at joints B and C in these figures represent the
elements of the stiffness matrix §. With the formulas given in Fig. 3-3, each of these
stiffnesses can be found without difficulty, as shown in the tollowing calculations:

o . _AEL _4EL _20EI )
PuEOw =TT YIS T 3L 7

Sw= Sy = S

Therefore. the stiffness matrix § becomes

s < 3EL[s 1 /
T 3L 5 ( N
and the inverse matnix is
L 5
ot
ST = [

The joint displacements may now be found by subsmuung the matrices $™'. Ap. and
Ag into Eq. (3-6) and evaluating D, as follows:

st e[ -%1) -l T
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This matrix gives the rotations a1 joints B and ¢ of the continuous beam shown in
Fig. 34a.

For the determination of the member end
sary to consider again the restrained beams s

these beams there are end-actions and reactions that correspond to the end-actions
and reactions selected previously and show

n in Fig. 34b. These quantities for the

beams with unit displacements are denoted 4 ,,, and Agri Tespectively. For exam.

< ple. the end-action Aypiy 1S the shearing force at the lefi-hand end of member AR

© due 10 a umﬁﬂ%}jd). The end-action A, is the moment at the
R i ey 5 5

same location. In all cases the first subscript identifies the end-action itself and the

ces the action. The reactions in the
beams of Figs. 3-4d and 3-4e follow a similar pattern. with Ag,, and Agpyy being

the reactions at supports B and C, res ctively, due to a unit yalue > of the displace-
ment D, (Fig. mm‘}%ation scheme in mind, and also using the
ormulas given in Fig. 3-3, it is not difficuit to calculate the various end-actions and
reaéﬂonsmhe end-actions in the beam of Fig. 3-4d are the following:

Awor = T A =2 4 L SEL_SEL gy gy
Co‘g Aty = L2 MD2y & L All).’i)“(].SL):_3Lz “m"l.SL_ 3L

-actions and the Teactions, it is neces.-
hown in Figs. 34d and 3-4¢. In each of

) Also, the reactions in the same beam are

Awpyy = - SEL | _6EI__ 10E] Ampy = — _SEI__ 8EI
) ( LIaY L* 7 (1.5Ly 32 BT T OaSIE T T3

Similarly, the end-actions and reactions for the

beam in Fig. 3-de can be found, after
which the matrices Amp and Apy, are constructe

d. These matrices are

9 0

2E1 3L 0 2E1 [-5 4

Aw =373 4 4 Aw =377 |1 5
4L 2L

The final steps in the solution consist of calculating the matrices Ay and A for
the end-actions and reactions in the original beam of Fig. 3-4a. These matrices are

obtained by substituting into Eqs. (3-7) and (3-8) the matrices D, Aui, Ayp, Agg, and
Agp. all of which have been determined above. The results are

351

A =P 93 A__i;[m«w]

YT 576 | 248 "7 576 | 427
0L |
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For il.luslrative purposes in this example. certain member end-actions and all of the
f‘eactlons for the beam are to be calculated. The selected end-actions are the shear-
ing force A, and the moment Ay, at the right-hand end of member AB (see Fig.
3»5b?, and the reactions are the vertical force Az, and couple Ay, at support A, the
ver}xcal force A g, at support B, and the couple Az, at support C (see Fig. 3-5b). All
actions and displacements are shown in their positive directions in the figure.

' The lfeslrained structure is obtained by preventing rotation at joint B and trans-
lation at joint C. thereby giving the two fixed-end beams shown in Fig. 3-5c. Due to
the loads on this restrained structure, the actions corresponding to the unknown

displacements D are
e i o

o ‘
PL P _ _PL p, P 7

A = - ol ot : I eme— ey H

DL 8 + 8 g Apia = 5 =3 :

Also, the member end-actions in the same beam are /
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S piven above, the follow ing
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matrices that are required i the solutior

L Bf=1 Pl 4 pl o2 |
Ao h( 4] Au '3[—1,J Au= gl 2 |

After obtaining the matrices of actions due 1o loads. the nexi step is to analvze

lhc ru:'.iramcd beam for unit values of the unknown displacements. as show nin
Figs. 3-5d and 3-S¢. The stiffnesses §

. v and S, caused by @ unit rotation at wint B
are readily obtained from the formulas given in Fig. 3.3, as follows 57
AR LR R o R
S 4 R ) R E

In the case of a unit displacement corresponding to /). (F

: orces and couples at the ends of & fixed-end beam subjected
1o u‘tmnsluuun of one end relative 10 the other. The required formulas can be
oblchd from Table B4 of Appendix B (see Case 2). When the lran:.latiuﬁ 1s equal
10 unity, the couples at the ends are equal 10 6£7/2. and the forces are equal 1o

12E] L - & shown in Fig. 3-6. From these values, the stiffnesses §,.and S 2 for the
beam in Fig. 3-S¢ are seen 1o be as fo : :

1. 3-5e). it is necessary 1o

llows:

6L] 12E7

Sipim e = =
12 L: ‘s;'_' !

Therefore. the stiffness matrix can be constructed. and its inverse obtained:
T lar ZEI[ 41 -3LJ L
s = 2E1 Tped= e [ 3L
*|-3L ¢ S = om [31. 4:_=]

The inverse matrix, as well as t

he magnX A, determined previously, can
: 2. . ( ' siy, now
be substituted into Eq. (3-6) in order 1 btain the matrix D of unknown displuce-
ments. The matrix A, appearing in thé :

equation is & null matrix since
loads on the original

the there are no
beam corresponding to either I, or ..
found 1o be ;
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et [ 6
D = 530E7 [« 131.]

The matrices Ayp and Aup, which appear in Eqs. (3-7) and (3-8} represent the
end-actions and reactions, respectively, in the restrained beams of Figs. 3-3d and
3-5e. The first column of each matrix is associated with a unit value of the displace-
ment D, (Fig. 3-5d), and the second column with a unit value of D, (Fig. 3-5e¢). All
of the elements in these matrices can be obtained with the aid of the formulas given
in Figs. 3-3 and 3-6, and the results are as follows:

3L 0

2EI{ -3 ¢ 2E1) L* )]
Asmz-_z'[zL 0] Anp ZF 0 “6;
L* =3L

Then the matrices Ay and Ay can be found by substituting the matrices Ay,. Ayp,.
Are, Agp, and D into Eqgs. (3-7) and (3-8), producing

17

_P[ 23 P s
Aw “20[- 7L] A =351 43
3L

Thus, all of the desired member end-actions and support reactions, as well as the
joint displacements. have been calculated.

The purpose of this example is to illustrate the analysis of a

W e stiffness method. The truss to be solved is shown in Fig. 3-7a and

O 6i-fbur members meeting at a common joint £. This particular truss is
selected because it has only two degrees of freedom for joint displacement. namely,
the horizontal and vertical translations at joint £. However. most of the ensuing
discussion pertaining to the solution of this truss is also applicable to more compli-
cated trusses.

It is a convenience in the analysis to identify the bars of the truss numencally.
Therefore. the members are numbered from | to 4 as shown by the numbers in
circles in Fig. 3-7a. Also. for the purposes of general discussion it will be assumed
that the four members have lengths L, L,, Ly, and L,, and axial rigidities EA,,
EA,, EA,, and EA,, respectively. Later, all of these quantities will be given specific
values in order that the solution may be carried to completion.

the truss i concentrated forces P, and P, acting

dmmmm to be of intensity uy, wq, wy,
and »w,, respectively, for each of the four members. In all cases the intensity w i1s
the weight of the member per unit distance measured along the axis of the member.
For example, the total weight of member 1 is wyL,.

The unknown displacements at joint E, denoted D, and D, in Fig. 3-7b, are
taken as the horizontal and vertical translations of the joint. These displacements.
as well as the applied loads at joint £, will be assumed positive when directed
toward the right or upward. The member énd-actions to be calculated are selected
as the axial forces in the four members at the ends A. B. C, and D. respectively.
These actions are shown in Fig. 3-7b and are denoted Ay, Ay Ayg and Ay,
Because of the weights of the members, the axial forces at the other ends (that is. at




