k SVD jacoloz I}era}ham/ SLE .L}em}zve Solver (éMRES)/ ffﬂ*@”‘;‘}‘o’”“l
| - Ma%r:x

( For a gnfen Ma‘}f%y{ [»ﬂ wﬁere [ﬂ] Co
/ﬁlmfﬁc/dcvz;{}efcm) We can use SVD )LO /@%@f{ e

/ﬁtsorm&”wm‘*é natrices @ L 0)
N,

[] - [L)] 55—\] [\/ 3>ié2wd{} malrix ©

uus;jmmc ftC&’L’F

[ﬁ] i%)(!j :

“ 7
, /5 . e
(‘2' cjjicim}% solve [ ;ﬂ _ b M )
1 N Mi ; Q(rsm{
Now-5¢ ‘y‘&)ﬂf Nov - R
} & M&Q Maé‘ﬁ;{
Tw Ffmaf?& we cauw ust SVYD /%o J{faa;or,m ﬁ:i [2) iufo ‘/00&,, Y,
(Ao

ik com ea,sijj Vf, /}a‘ ’Hmf% HDW‘CWL!}/ W}
we &M&j Mao[ io ’}muféfm [ﬂ’} evi}o WJ{ /vua%rg?g
Un ) w&éi }%m gm%}'}ﬁf ’}a 5‘&}1/6 275 MJ

wele -
(i an }é‘l” ) 2 é‘,;f c;{ gI iterat 104’/1) 1&1“54

{gzzf{ﬁw» 9%&«%%}7 Café %er][

f:ufﬂurmarz /

b SACe

e” solver , sucle an GMRES
{ Auc?&ﬁ;(

Y
In obher words , W do NoT meed  Ho 20 {{&1 | e u.kgj %o ’_j?ﬁffff—-

Si}}fﬁ the process Eftma{'ufe{% phenver  the w/f Sorweol t ;;{[
2 Mew/ Trartsto wmatriy | A
a /{‘ﬂﬁf?/ﬂae /lofmlm«/{( et é /

Bi- fﬁ??i{aé ,© Fe

we CAM

} ézéiwff

/{:uear

%{? So V'€ u“5¥/4 % od{:‘zua)&cwig

}20{4’45’ Of W / ég GMRES ilefative ame
w‘—:?' H _ . o —_— o [ o
- | | /%)

(3) Deriva




2

.

F
/

"

——
ot

my
i

H

H
H

.
ﬁﬂuﬁ%%

=

s ﬁéﬁ%&%@g;&k S
R
ot gy w

=

p—




v e

A

L

@
g

R
W

ﬁwﬁ;&

J |
i

I
G

Agumd

RPN « |
PoAd

s

N

g

oo

f e




N

»{xézf.é%

% Mg,
Ly L
o

e

,gﬁg

Pso

w i

T

i




P
<+
3
ety
o,

e

M%ffww

L

5

L

%
%

e

g

RIS

e

.

e

st




,‘94“"‘&“ )

o 0 1. g
= (k=1)
e f;/ (.t\b“c ! @ Qpy
Y= AW = T AG=DY, j Al o
/ _ H
J[ ].—. uffumc}nqt & @4 Zal )
A uolie [4 “14] en
W
Iﬁcm y’ % V/[Mu 2u 7 a,,
(k~1) (k-1) (k-1)
all alp alq
(k1) (h-1) (k-1) (k=1) k 1
Cyay, +slaql g, +51aqp c,a ( )+51
(k—1) (k—1) (k~1) (k-1) (k=1)
=830, + ¢ a1 S10p, + Cilgp s34y, +
(k- 1) (k-1) (k~1)
anl anp anq
Cza(k )+S a)((k B )}
(e z(kyl) . ({(:'7_ Sz(Ltap 1)+5iﬂ(k 1))
< ”+c_1gfm ,._,.,f’,,g,,(__f,i_,‘fyq )-{Jcla(k 1)) —Sz( sla( ”‘”+c7a(k >)+c( c;apq 1)+c a(" ”)

l

<k b (k=1

(" 2 ~52a“‘ Dy gat a

(k 1)+sa

i

are triangular functions of rotation angles # #’ }
y % [ﬂg} dCe/ Zraws(f, 2)4 anguwu;[#f/l auaL ik

Noke . amalrix [A ] is Tie same  an malrik

The sum of square of off-diagonal entries S® = 5 la l o IS decreased after each plane rotation{7].

We then proceed to generate a sequence of A% which leads to lim,_,, A% = X.

With the help of plane rotation, Singular Value Decomposition,of a real m*m general matrix A

can be obtained by iteratively applying plane rotation. " : \[or SVD
—_—
Jacobi 4=y fslvr

Where the m*m matrix U = [[-, U, and the m*m matrix V =[]}, V) are two orthonormal

matrices. The process stops in the case S (Xis small enough. The I = diag(c,, 0, ..., O) is a diagonal

—

matrix and g; is singular value of the given matrix A.
ayvr

The matrix Z is diagonal matrix, as well as diagonally dominated matrix. We can do Monte Carlo

method to calculate the solution of the foliowing two equations instead of the previous equation:
-

A 7L =b_, Zxy=UTh .
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“where x is desired solution.
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Considering the standard eigenproblem K& = Ad, the kth iteration step defined in
(11.72) reduces to

Ki- = PIK, P, . (11.77)

where Py is an orthogonal matrix; i.e., (11.73) gives
P[P = I (11.78)

In the Jacobi solution the matrix P, is a rotation matrix that is selected in such way that an
off-diagonal element in K, is zeroed. If element (i, /) is to be reduced to zero, the corre-
sponding orthogonal matrix P, is

B ith Jih column B
1
1
cos 0 —sin 6 ith
|
1
sin 8 cos f Jjth row
1
1

where 6 is selected from the condition that element
(i, j) in K« by &, we use

g o

(i,j) in K¢+ be zero. Denoting element

(k)
24!

tan 260 = —
kY pky
k/i ku

for ki # kY (11.80)

and
0=7  frk! =gy (1180

It should be noted that the numerical evaluation of K., in (11.77) requires only the linear
combination of two rows and two columns. In addition, advantage should also be taken of
the fact that K, is symmetric for all k; i.e., we should work on only the upper (or lower)
triangular part of the matrix, including its diagonal elements.

An important point to emphasize is that although the transformation in (11.77)
reduces an off-diagonal element in K, to zero, this element will again become nonzero
during the transformations that follow. Therefore, for the design of an actual algorithm, we
have to decide which element to reduce to zero. One choice is to always zero the largest off-
diagonal element in K. However, the search for the largest element is time-consuming, and
it may be preferable to simply carry out the Jacobi transformations systematically, row by
row or column by column, which is known as the cyclic Jacobi procedure. Running once
over all off-diagonal elements is one sweep. The disadvantage of this procedure is that

regardless of its size, an off-diagonal element is always zeroed: i.e., the element may already
be nearly zero, and a rotation is still applied.
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A procedure that has been used very effectively is the threshold Jacobi mcrhod in
which the off-diagonal elements are tested sequentially, namely, row by row (or columy, by
column). and a rotation is applied only if the clement is larger than the threshold for 1hy,
sweep. To define an appropriate threshold we note that, physically, in the diagonali,
of K we want to reduce the coupling between the degrees of freedom i and j. A meusure of
this coupling is given by (k] /k.k;)""%, and it is this factor that can be used effectively in
deciding whether to apply a rotation. In addition to having a realistic threshold tolerance.
it is also necessary to measure convergence. As described above, Ky, — A as £ — =y
in the numerical computations we seek only a close enough approximation to the cigenval-
ues and corresponding eigenvectors. Let / be the last iteration; i.e., we have, to the precision

4lion

required,
K =A (1182

Then we say that convergence to a tolerance s has been achieved provided that

ARG ‘

L.l__”:_”__Lg_ 107 it=1,...,n (83

k.
and !;.1, (/x”% ) ‘)3 i/2 T RIS S
J [ 1}«rl|) «14-1)] =107 all i, ;7 < §
., it Ji N

JE e N Py T ey it F
izt £

s
The relation in (11.83) has to be satisfied because the element k""" is the current APProx-
imation to an eigenvalue, and the relation states that the current and last approximations i
the eigenvalues did not change in the first s digits. This convergence measure is essentially
the same as the one used in vector iteration in (11.20). The relation in (11.84) ens that
the off-diagonal clements are indeed small, vl
T HG fiscus main aspects of the iteration, we may now summarize the actul

Having discussed t
solution procedure. The following steps have been used in a threshold Jacobi iteration.

1. Initialize the threshold for the sweep. Typically, the threshold used for sweep m min
be 107",

2. For all i,j with i < j calculate the coupling factor [ K KET 7 and apph a
transformation if the factor is larger than the current threshold.

3. Use (11.83) to check for convergence. If the relation in (11.83) is not satisticd.
continue with the next sweep; i.e., gotostep 1. If (11.83)is satisfied, check if (11 &4,
is also satisfied; if “yes,” the iteration converged; if “no,” continue with the next
sweep.

So far we have stated the algorithm but we have not shown that convergence will
indeed always occur. The proof of convergence has been given elsewhere (see J. H. Wilkin-
son [A]) and will not be repeated here because little additional insight into the working of
the solution procedure would be gained. However. one important point should be notcd
that convergence is quadratic once the off-diagonal elements are small. Since rapid cornct -
gence is obtained once the off-diagonal elements are small, little extra cost is involscd it
solving for the eigensystem to high accuracy when an approximate solution has been ol
tained. In practical solutions we use m = 2 and s = 12. and about six sweeps are requiicd
for solution of the eigensystem to high accuracy. A program used is given in the next sevtion
when we discuss the solution of the generalized cigenproblem Kd o AN
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EXAMPLE 11.9: Calculate the eigensyster of the matrix K. where

5 —4
-4 6
I -4
0

Use the threshold Jacobi iteration described above.

To demonstrate the solution algorithm we give one sweep in detail and then the results
obtained in the next sweeps.

III ior sw"i; 1 we have as a threshold 107°. We therefore obtain the following results. For

cos A = 0.7497; sin 8 = 0.6618

[0.7497 —06618 0 0
0.6618 07497 0 0

d thus P =
ane e ‘ 0 o 1 0
Lo 0 0 1
[ 1460~ B 1898 0.6618
B e Wk,,‘,fw,,u\;,gl, 31 ‘:6 o), 7,
P/KP, = S

-1898  -361 e 4
| ogbls 03497 j4 5

cos # = 0.9398; sin B = 0.3416

For'i = 1, = }-,2
\“‘"m,'. s A

i oot

!

09398 0 -03416 0
poo| 0 1 0 0
U losdte 0 09308 0
Lo 0 0 1
[ 047921250 H - -0.7444
A —1.250 9531  ~3440  0.7497
PIP/KP,P, = 7
R s B B A Q0= 9R6

[-0.%444  0.7497 -3$36 5
(07046 —0.6618 ~02561 0

0.6220 0.7497  -0.2261 0

PP 5406 0 09398 0
0 0 0 1
Fori = 1.j = 4
cos 8 = 0.9857; sin 6 = 0.1687
0.9857 0 0 —01687
p_| 0 0 0

0 0 1 0
01687 0 0 09857
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Solution

Fori=2,j=13:

Fori=2,j =4

Methods for Eigenproblems
[ 0.6518 —1.106 —0.6725 0
o ~1.106 9531  —3.440  0.9499
TPDTPT -
PiP:PIKP/P.P; ~0.6725 —3.440 6.690 —3.928
0 0.9499 ~3928 5127
(0.6945 —0.6618 —0.2561 —0.1189
ppp. - 06131 07497 —02261 —0.1050
T T 103367 0 0.9398 —0.0576
| 0.1687 0 0 0.9857
cos 6 = 0.8312; sin 8 = —0.5560
1 0 0 0
p . |0 0832 05560 0
YT l0 -05560 08312 0
0 0 0 1
" 06518 0.5453 —1.174 0 -
o ~0.5453 11.83 0 2.974
P/PIPIP]/KP,P; =
AP:P:PIKP,P.P;P, ~1.174 0 4388 -2737
0 2974 -2.737  5.127
[0.6945 —0.4077 -0.5808 —0.1189]
0.6131 07488 02289 —0.1050
P,P.P,P, =
TR 03367 05226 07812 —0.0576
| 0.1682 0 0 0.9857
cos 8 = 0.9349; sin # = 0.3549
0 0 0
p. - |0 09349 0 -03549
“Tlo o 1 0
0 03549 0 09349
©0.6518 0.5098 —1.174 0.1935
. -0.5098  12.96 0.9713 0
TpT7T '[ z T 5 = e
PiP.P:P:PIKP,P.P,P.P ~1.174  —0.9713 4388 —2559
0.1935 0 2559 3.999
[0.6945 ~0.4233 —0.5808  0.0335
0.6131 06628 02280 —0.3639
> P 4P4 5 = .
P\P.P;P.P 03367 05090 07812 0.1316
.1687 {1.349% 0 (19213

Chap. 11
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To complete the sweep, we zero element (3. 4), using

cos 8 = 0.7335; sin B = -0.6797

1

0 0 (€]
1 0 0
0 0.7335 0.6797
0 ~0.6797 0.7335

and hence, the approximations obtained for A and @ are

A=Pl. . PIKP ...P,

0.6518
-0.5098
—0.9926
~0.6560

and

0.6945
0.6131
0.3367
0.1687

After the second sweep we obtain

[ 0.1563
—0.3635

0.0063
| -0.0176

[0.3875
0.5884
0.6148
| 0.3546

And after the third sweep we have

0.1459
A =

0.3717

0.6015
e 0.6015

0.3717

~0.5098  —0.9926 ~0.6560

12.96 -0.7124  —0.6602
-0.7124 6.7596 0
~0.6602 0 1.6272
=P . P

—0.4233 —0.4488 —0.3702
0.6628 04152 —0.1113
—0.5090  0.4835  0.6275
0.3498 —0.6264  0.6759

~0.3635  0.0063 —0.0176

1308 ~0.0020 0
~0.0020 6845 0
0 0 1910

—0.3612 —~0.6017 ~0.5978
0.6184 0.3710  —0.3657
-0.5843 03714 0.3777
0.3816  —0.6020 0.6052

13.09
6.854
£.910

-0.3717 ~0.6015 —0.6015
0.6015 03717 —0.3717
~0.6015 03717 03717
03717 —0.6015  0.6015

917
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The approximation for A is diagonal to the precision given. and we can gue

[ 0.3717
0.6015
0.6015
| 0.3717

| -0.6015
-0.3717

0.3717
| 0.6015

[ —0.6015 |
03717
0.3717
| —0.6015 |

03717
0.6015
—0.6015
0.3717 !

i

Ay = 0.1459: b, =

A = 1.910; d): =

i

Az = 6.854: by =

A = 13.09: b =

It should be noted that the eigenvalues and eigenvectors did not appear in the usual vrder in the
approximation for A and ®.

In the following example we demonstrate the quadratic convergence when the off-
diagonal elements are already small (see J. H. Wilkinson [B]).

EXAMPLE 11.10: Consider the Jacobi solution of the eigenproblem Kdé = Ad. whare

ki, ole) ole)
K=|ole) k- ole)

0(6) O(E) 1\'3;

The symbol o(€) signifies “of order €, where € < k;, i = 1,2, 3. Show that after onc connplete
sweep, all off-diagonal elements are of order e”, meaning that convergence is quadritic

Since the rotations to be applied are small. we make the assumption that sin ¢ 7 atid
cos 8 = 1. Hence. the relation in (11.80) gives

= i
[y

In one sweep we need to set to zero. in succession, all off-diagonal elements. Using b
K. we obtain K by zeroing element (1. 2) in K.

K; = PIK/P,
1 ole) 0
kn - '/\;‘
o(€)
where Po= k,f[(,,,_ekw l 0

,

.t
%
Lad
]

! 9

€
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mplete
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e+ oler) 0 ole)
w Hence., K. = 0 ks + ole”)  ole

| - ole ole) ks
Similarly. we zero element (1, 3) in K to obtain K.,
[k oolen) ole”) 0

Kyo= ole”) ko 4+ ole?) ole)

0 ol€) ko + oled

Finally. we zero element (2, 3) in Ks and have

ki + ole?) ole™) ole”)
K, = (;{e:\) kay t?'{&':} 0
ole’) 0 ki + ole’)

with all off-diagonal elements at least o(e”).

11.3.2 The Generalized Jacobi Method

In the previous section we discussed the solution of the standard eigenproblem Kb = Ad
using the conventional Jacobi rotation matrices in order to reduce K to diagonal form. To
solve the generalized problem K = AMdb, M # 1, using the standard Jacobi method. it
would be necessary to first transform the problem into a standard form. However, this
transformation can be dispensed with by using a generalized Jacobi solution method that
operates directly on K and M (see S. Falk and P. Langemeyer [A]and K. J. Bathe [A]). The
algorithm proceeds as summarized in ( 11.72) to (11.76) and is a natural extension of the
standard Jacobi solution scheme: i.e., the generalized method reduces to the scheme pre-
sented for the problem Kdéb = Ad when M is an identity matrix.

Referring to the discussion in the previous section, in the generalized Jacobi iteration
we use the following matrix Pp:

ith  jth column

\
L
‘ |
.
L
i |
i et fth
p - " (11.85)

24

¥ | et jth TOW

1

where the constants « and v are selected in such a way as © reduce 1o zero simultaneously
clements (7. /) in K, and M. Therefore, the values of o and vy are a function of the elements
KRS RS m o and i}, where the superseript (k) indicates that the kth iteration is
considered. Performing the multiplications P/K, P, and PIM P and using the condition

j ok
A
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that ki ™" and mi} """ shall be zero, we obtain the following two equations for « and =

kil + (1 + aykil’ + vk} = 0

(11.86;

and ami' + (1 + ayymy’ + ym}' =0 (1187
it kit KDk
mf me my

g

(i.e., the submatrices considered are scalar multiples, which may be regarded to be g trivial

case), we use @ = Oand y = —kij’/k}’. In general, to solve for a and vy from (| 1.86) and
(11.87), we define

Ltk kY kY p k)
ki’ = ki'mj n; ki
T otk (k) g,k -
k' = ki'my mj; 'k, {11.88)
P P R T T S B XV 2 I )
k9= ki km;
i i
— o ) 3
and Y=o a=-r (11.89)

The value of x needed to obtain @ and v is then to be determined using
A3

x = = + sign (k") {11.90)

The relations for & and vy are used and have primarily been developed for the case of
M being a positive definite full or banded mass matrix. In that case (and, in fact. also under
less restrictive conditions), we have

Ton2
(5 + mory >0

and hence x is always nonzero. In addition, det P, # 0, which indeed is the necessary
condition for the algorithm to work.

The generalized Jacobi solution procedure has been used a great deal in the subspace
iteration method (see Section 11.6) and when a consistent mass idealization is cimploved.
However, other situations may arise as well. Assume that M is a diagonal mass matrix.
M # 1 and m;; > 0, in which case we employ in (11.88),

Ty bt LWy kil G
ki’ = ki ki = —ml kG (H91

and otherwise (11.85) to (11.90) are used as before. However, if M = I, the relation in
(11.87) yields & = —+, and we recognize that P, in (11.85)is a multiple of the rotation
matrix defined in (11.79) (see Example 11.11). In addition, it should be mentioned that the
solution procedure can be adapted to solve the problem K¢ = AMd& when M is a diagonal
matrix with some zero diagonal elements.

The complete solution process is analogous to the Jacobi iteration in the solution of the
problem K¢ = Ad. which was presented in the preceding section. The differences arc thil
now a mass coupling factor [(my;'/mi'm{’]""* must also be calculated, unless M is diago-
nal, and the transformation is applied to K; and M. Convergence is measured by compir-
ing successive eigenvalue approximations and by testing if all off-diagonal elements arc
small enough: i.e., with [ being the last iteration, convergence has been achieved if

Chap. 13

e
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and y:
(11.86)
(11.87)

e a trivial
1.86) and

(11.88)

(11.89)

(n‘ e

he case of

ilso under

necessary

2 subspace
employed.
i8S matrnx,

(11.91)

ﬁ.h[inn m
e rotabon
ed that the
a diagonal

ition of the
es are that
1 is dhago

v COMpar-
‘ments are
ed i

i‘l q:.
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92}
. 1\",’“ N k«l*ll
where A= AT = (11.93
m,! m.!

and ’
- (k:llfli).‘ Tifz ) (nl;l/‘ﬂ)l 152 B L . i
[W =107y W = 107 all Lt < j (11,94

ft 1 ‘..‘ E,G q.t i 1t

where 107" is the convergence tolerance.

Table 11.1 summarizes the s
and positive definite. The relation
tine JACOBI, which is presente

olution procedure for the case of M being full (or banded)
s given in Table 11.1 are employed directly in the subrou-
d at the end of this section, Table 11.1 also gives an

both matrices are full and that all off-diagonal elements are zeroed; i.e., the threshold
tolerance is never passed. Considering the number of sweeps required for solution, the same
experience as with the solution of standard eigenproblems holds: ie., with m = 2 and

s = 12 in the iteration (see Section 1 1.3.1) about six sweeps are required for solution of the
eigensystem to high accuracy.

TABLE 11.1 Summary of generalized Jacopbi solurion

Number of
Operation Calculation operations Required storage
. . - 2 A2
Calculation of " (my") 6
coupling factors Kk mym
Transformation k= g mitky
to zero elements (4, ;) P = gy mit g
kT = kmp — ky'mb
- — Using symmetry of
¢ = é_ + (sign K1) (__) + PR 4 1 matrices n{n + 2)
: 5 b 3 w Ny .
BE G
Y = - , =
x X
Kiv=PIKP, M., = p'M,p,
Caleulation of (P, ... P, )P,

n n?
cigenvectors

Fotal Tor one sweep 3t + 6t

: 2n? + 25

The following examples demonstrate <o

me of the characteristics of the generalized
acobi solution algorithm.

J

EXAMPLE 11.11: Prove that the generalized Jacobi method reduces to the standard technique
when M = [

For the proof we need only consider the calculation of the transformation matrices that
would be used to zero typical off-diagonal elements, We want to show that the transforma-
tion matrices obtained in the standard and generalized Jacobi methods are multiples of each
other: namely, in that case we could. by proper scaling. obtain the standard method from the
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generalized scheme. Since each step of iteration consists of applying w roration in the (j Fith
plane. we can without loss of generality consider the solution of the problen &

ke ke -
[ e =

Using (11.88) to 111.90). we thus obtain

ki ko Mk k) + 4k

and y = %
i

On the other hand, in the standard Jacobi solution we use

{cos # —sin 8}
P, =
sin 6 cos 0

1 —tan #
P, = cos 6 j
| cos [tan p | 1 thi

Thus. P, in (b) would be a multiple of P, in (a) if tan § = y. In the standard Jucubt method we
obtain tan 260 using (11.80). In this case. we have

which may be written as

21\'1‘)
tan 20 = ———— S
k]l it kll
We also have, by simple trigonometry,
2tan 0 ;
tan 28 = ————o—- i
I — tan” 8

Using (c) and (d), we can solve for tan 8 to be used in {b) and obtain

—kiy ks = Viky — k) T 4k
2ki»

tan 6 =

Hence. v = tan fand the generalized Jacobi iteration 1s equivalent to the standard methed when
M = L

EXAMPLE 11.12: Use the generalized Jacobi method to calculate the eigensysiets sl he
problem K = AMd.
(1) In the first case let

SRR R

We nbte that K is singular. and hence we expect a zero eigenvalue.
(2) Then let

in which case we have an infinite cigenvilue.




(b}

we

©)

(d)

€n

the
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For solution, we use the relations in (11.85) o {11.90}. Considering the problem in case
(1), we obtain

ki =3 kyl =3 kv =0
x =3 vy = —1; a =1
~ { 1 1}
‘ -1 1
4 0 2 0
T pow= : {l =
Hence, P/KP, [O O] PIMP, [0 6J

To obtain A and ® we use (11.75) and (11.76) and arrange the columns in the matrices
in the appropriate order. Hence,

0 / 7
\[ j} o | V0 \12

Ve V2
Now consider the problem in case (2). Here we have
kY = -2 kY = 0; kb= —4
x = ~4; a=0; y = =1
Pel ]
~1
Hence, PIKP, = [; (2)], P/MP, = [6 g]
1
and A = F xJ ¢, = \/f
Y

The above discussion of the generalized Jacobi solution method has already indicated
in some way the advantages of the solution technique. First, the transformation of the
generalized eigenproblem to the standard form is avoided. This is particularly advantageous
(1) when the matrices are ill-conditioned, and (2) when the off-diagonal elements in K and
M are already small or, equivalently when there are only a few nonzero off-diagonal
elements. In the first case the direct solution of Kb = AMd avoids the solution of a
standard eigenproblem of a matrix with very large and very small elements (see Sec-
tion 10.2.5). In the second case the eigenproblem is already nearly solved, because the
zeroing of small or only a few off-diagonal elements in K and M will not result in a large
change in the diagonal elements of the matrices, the ratios of which are the eigenvalues. In
addition, fast convergence can be expected when the off-diagonal elements are small (see
Section 11.3.1). We will see that this case arises in the subspace iteration method described

in Section 11.6, which is one reason why the generalized Jacobi method is used effectively
in that technique.
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1 Introduction

It is well-known that strictly diagonally dominant matrices are usually well
conditioned, and that the solution of linear systems with such matrices is
stable (for example, see [4, p. 120]). Many iterative methods, such as the
Jacobi method, the Gauss-Seidel and the SOR method, are convergent for
diagonally dominant systems. Unfortunately, in practice we often have of
course non-diagonally dominant matrices. Hence, iterative methods can per-

form badly when applied to general matrices.

We call a matrix A € R™" strictly diagonally dominant, if

ictly diagonally dominant. A-different proof of this -

_fact is given in [8]. The author also showed that there exists a nonsingular

matrix P such that PA is strictly diagonally dominant; A tridiagonal matrix
L Pis cozzstfuct;agi such that PA is strictly diagonally dominant for 3-cyclic
matrices as an example in [8]. |

It is very clear that after finding the preconditioners P and ) such that
PAQ is strictly diagonally dominant, we can apply iterative methods for

solving

PAQy = Pb,
and
r=Qy
instead of solving




Therefore, the key problem is to find /7 and () cheaply. The simplest way
for obtaining such strictly diagonally dominant matrix is the SVD, where
P = U and Q = VT. But the price of the SVD is prohibitively high for
solving linear systems. Unfortunately, at the moment there is no other cheap
way to construct such preconditioners P and () for general matrices A.

In the present work we consider some cheaper approach for the desired
preconditioners P and (). We propose a method which transforms the matrix
A to either a strictly diagonally dominant matrix, or a matrix in which some
of the rows are strictly diagonally dominant which can be used to build a
preconditioner for some iterative method (see [1]).

The outline of the paper is as follows. The method is established in
Section 2. In the last section, some numerical examples and some comments

are given.

2 The method of diagonal dominance

The SVD redu(*es matrix A to a dlagonal matrix by mthomnal transfmmd-

pEn—

tlons Th@ LU and the QR f‘Lctom/at1ons (also other mcomplete or mochﬁed

facton/,atlons) Ieduce the matrlx A to some triangular matrix. Wf, must

eliminate man} nonzero cntn(,b with these approaches which will cause ﬁll-ln

problems Forhmatolv Yuan’s result in [8] shows that it is not necessary

s

to reduce the matrix A to a triangular or dlaﬁonal matrix for solving linear

svstuns Az = b by iterative methods. We can keep more nonzero elements

for the denso case, and as much as needed for the sparse case. We

just re-

du(e the matrix A to some strictly diagonally dominant (but not triangular

or dmgonal) matrm by orthogonal transformations. Wlth thc new %ttorla}

(h‘wonalh dommant matrix we can solve the linear Wstem b‘y some iterative



methods,such as the Gauss-Seidel method and the SOR method.

The idea of the method is as follows. One of the approaches to obta

the SVD of a given matrix is to apply Jacobi iterations (see [47 1

Such iterations reduce the magnitude of the off-diagonal entries until all the
off-diagonal entries are small enough.

The SVD is the limit case when the matrix obtained is diagonally domi-

nant to the maximal possible extent. The 1dca is to stop process when some, 5 L

or aH of the rows of the matrix are (ha(f(mallv dominant_but not when we

have all elements very small. The method can be given as follows: f@»‘f

Choose m (the number of Jacobi iterations to be applied), a,nd O > ()E
(the level of diagonal domman(;e) e

|

%
Eo L2 sma”

Cork—1,.

Ay Qiyjy T4 P
= U S Vi! (the SVD of matrix Qy);

Biris . Ljrga

\pply the-transformation Ul -to-rows 4y and-gy-of matrix-A: A

(UMNT A, where the matrix U® diﬂbrs from the unitv matrix in the /
following positions: Ul = = (Up)11, wal (Dk)m,b ) (Lfk)glyU;L;l =/

%121 Jit1

(Ug)azs =
Appls

t

!
;
&

the-transformation Vi to columns 4y and jy of matrix Az A =

AV“‘) where the matrix V® differs from the unity matrix in the follow
ing positions: v = (Vi)11, V(k) (Vi)ia, V. ) = (Vi)a1, vk (Vi)az;

1111 1t Jii

J1J1

Compute b = (U™)Tb;




=
5]

Compute [ (the number of rows in which |ags| — 22, |ai] > 5”/):

Generate a preconditioner M: M{

AL i=1+1,... n g

Solve Ay = b by some iterative method with a prec011d1t10ner !

Compute z = V1 Vimy,

We choose the left upper corner of A as a preconditioner because the '

diagonal entries of the first rows converge to the largest singular values of

i

A H(‘nce the diagonal dominance is very strong in the first rows. The rest |

of-the dld onal-entries-of M i.eeM(ivi)et==dd + 1, :yn, are chosen to be f
sequal to A(l, 1) because this entry approximates the [-th singular value of A. \ %
In this way M is a well conditioned approximation of A. g //’“ K 5 .
In practice the number § needs not be large because in most cases it //’f ~ X7
measures the diagonal dominance in row . The previous rows can have la.rgei/j g"%% g -
diagonal dominance. From our numerical experience we recommend the Vz}il{fe 2 4 l}&f?
p .
§ € [1072,107% (in double precision arithmetic with machine roundgﬂ(‘l unit ;
~ 10719). /

s
< .
The preconditioner can be also chosen in other ways. For exgﬁple instead

of A(1 : 1,1 : 1) we can take the tIldL%%@Ildl p%;t of A( 3}/ 1 l), and
M(i, i) = A(l, Z) z-l+ L...,n, ag%@ﬁ A 71 ;

/o0
4
L5 d
S ;é@%ﬁ%«i&j
s I / )t ] .
) I, ) [ 87 43//¢% AL /] "y
Al each ey / » %és s ﬁ,}%f

 Jesss 4 ;f 5%5@%”? C%%gg N

%)
e YL AN




3 Numerical experiments

In this section, we consider three examples. The experiments are done by

Matlab~For simplicity, we introduce some notations in this section as follows:

e relative error in oo-norm, l.e.,

2-~norm,

Cndm: the condition number of the preconditioned matrix M ~'A with
respect to 2—norm.

For comparison purpose, we choose b such that Az = b has the exact solution
z=(1,...,1)7 for all test problems.

We first apply the new method to Hilbert matrices H,, of different size.
These matrices are well-known to be severely ill conditioned. For example,
Gaussian elimination with partial pivoting breaks down when n > 12. We
apply the bi-conjugate gradient method to solve the preconditioned system,
and choose a tridiagonal preconditioner as it is described in Section 2. Even
the matrices are not good test matrices, we can use the results to verify the
improvement of the condition number of the new method.

The results for § = le — 6 and different choices of the matrix size n are

“lVﬁn in-Fable 1 withomy = 722 “ Je.see-that. the.number.of ‘“—“"“““Ih i&v not

large when the matrix becomes. | “The error is qmt(, sat Ma(tox\ takmff

into account the behavior of the G(mssmn elimination. It is not necessary to

take m = n? for this example by our numerical tests.



=]

20 30 40 50
4.20e-4 | 5.03e-5 | 8.29¢-6 | 1.86e-5
8 6 7
Jp— Table 1: The error and the number of iterations for the Bi-CG method with

. H , when 0 = le —

& le-1 le-2 le-3 le-4 le-5 le-6
FE | 1.86e-5 | 1.86e-5 | 1.86e-5 | 1.86e-5 | 1.86e-5 | 1.86e-H
IT 23 18 15 11 9 5

Table 2: The error and the number of iterations for n = 50 and different
choices of ¢ with

o In Table 2 the case when n = 50 is shown for different choices of § for
m = n?. We see that the number of iterations :§§111ce§ ﬁssenmalh when ¢ is
small. This is because the preconditioner includes entries from more rows of
the matrix AW for smaller §. In this way we get a better preconditioner, and
the number of iterations is less. «Very small values for 0-are not recommended...

it iR

be@ause i‘,hen the precondm@nex becomes very 111 oondmoned

We. then apply the method to matrix A, = (a”) defined by

52? @&é@a&i Yer Ay

a if 7 £ 7
aij = { a+1 ifi=jandiis odd, g Didcouad fgé;%g
a—1 iti=jandiiseven. }

The numerical results with m < 3n for a = 1e7 are given in Table 3. We also
test different 6 for n = 60 and a = 1e8. the results for all 0 € (le —1,1e —6)
are IT = 1, m = 180, FE = 5.0715¢ — 6, Cnd = 2.453¢25 and Cndm =
4.9062¢9, where the stop criterion is ||r]|/||b]] < le — 12.

The mothod is al&.o apphed for nonsjymmenw ill- Conrhtloned matrices




n 10 20 30 40 50
Cnd | 9.43el5 | 3.20el6 | 5.88el16 | 4.85e16 | 1.19e17
Cndm | 9.62e7 | 1.89e8 | 3.03e8 | 3.93e8 | 4.76e8
FE 2.52¢-8 | 8.35e-8 | 1.65e-7 | 2.74e-7 | 3.16e-7
IT 1 i 1 1 1
m 25 55 85 110 130

Table 3: The error and the number of iterations for the Bi-CG method with
A, when § = le —

| Y, = (ay) defined by

1/(i+75-1) it <y,

aij = .
iti>j

(i—=)F+j=1), k=5

For example, the condition number of A is 7.2173e14 when k = 7 and n = 20.
The stop criterion of the Bi-CG method is ||r4]|/]1b]] < e. The Bi-CG method
without preconditioning obtains the solution with relative error 1.9778¢ — 6
under the tolerance € = le — 11 in 96 iterations. The Bi-CG method does
not converge to the solution if € < le — 11. In order to compare with other
preconditioners, we consider only the LU preconditioner and incomplete LU
preconditioner for the Bi-CG method here. We also compare the Bi-CG
method with our preconditioner to the Gaussian Elimination (GE) in Table
4. We use Matlab code to find the LU preconditioner and ILU preconditioner
here with drop le — 6. The LU Bi-CG (Bi-CG with a complete LU precon-
ditioner) and ILU Bi-CG (Bi-CG with an incomplete preconditioner) do not
converge to the solution after 200 iterations because the preconditioners are
very ill-conditioned. The numerical results of our method are given in Ta-

ble 4. Note that our method is competitive with the Gaussian elimination



for our tested ill-conditioned systems.

We finally tested Riemann system Az = b where the matrix A is 100 x 100
Riemann matrix. In this case, the condition number of A is 480.5192. The
Gaussian elimination obtains the solution with relative error 4.441e — 16.
The Bi-CG method without preconditioner obtains the approximate solution
with tolerance le — 12 at 177 steps. Preconditioned Bi-CG method with LU
preconditioner given by Matlab does not obtain the solution after 200 steps
because the preconditioner is very ill-conditioned. The Bi-CG method with
our preconditioner obtains the solution with tolerance le — 12 at 53 steps
where § = le — 6 and m = 10. By our experiments, the value of m might
not be big for well-conditioned systems.

In fact, our numerical tests illustrated that the value of m can be reduced
to en but not necessary ¢n? where 1 < ¢ < n is an integer. This means
the multiplication of finding the preconditioner is not very big. In general,
m < 5n is enough for well-conditioned matrices, and m is between 15n and
25n for ill-conditioned matrices.

All these results illustrated that our method is suitable to find good pre-
conditioner for very ill-conditioned matrices. We do not present numerical
tests for sparse matrices because the implementation of our method is much
more complicated than the dense case. This is a topic for our further research.
Acknowledgement: The first author likes to give his sincere thanks to
Professor Gene H. Golub and Professor Van der Vorst for their very help-
ful discussions and constructive suggestions on this topic during the Winter
School in Hong Kong in 1995. The authors also thank Professor Golub and
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n ik Cnd Cndm FE IT| m GE
1216 | 2.3827e10 | 2.6023e4 | 1.062¢-8 | 5 | 120 | 2.757e-8
12 1 6 | 2.3827el0 | 7.5857e4 | 1.374e-8 | 7 | 100

12161 2.3827e10 | 2.8434e4 | 1.53%9¢-8 1 9 | 90

2017 ) 7.2173e14 | 3.3646e10 | 1.647e-6 | 86 | 120 | 1.740e-6
20107 1 7.2173el4 | 1.6210e9 | 1.225e-6 | 40 | 180

200 71 7.2173el4 | 2.9267e8 | 2.927¢-5 | 29 | 220

20 | 7| 7.2173el4 | 1.6592e8 | 1.480e-6 | 28 | 300

201 7| 7.2173el4 | 2.5634e7 | 1.479¢-6 | 20 | 350

20 | 7| 7.2173el14 | 1.0920e7 | 1.479-6 | 16 | 400

Table 4: The error and the number of iterations for the Bi-CG method with
Y,, when 6 = le — 6
ison with the Gaussian elimination. Their comments and suggetions helped

us to improve the quality of the paper.
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5. Conjugate Gradient (CG)
6. Minimal Residual (MINRES) and Symmetric LQ (SYMMLQ)
7. Conjugate Gradients on the Normal Equations (CGNE and CGNR)

@enera]ized Minimal Residual (GMR@

9. Biconjugate Gradient (BiCG)

10. Quasi-Minimal Residual (QMR)
11. Conjugate Gradient Squared (CGS)

@onjugate Gradient Stabilized (Bi-CGST[iB)J

13. Chebyshev Iteration

For each method we present a general description, including a discussion of the history of the
method and numerous references to the literature. We also give the mathematical conditions for
selecting a given method.

We do not intend to write a “cookbook”, and have deliberately avoided the words “numerical
recipes”, because these phrases imply that our algorithms can be used blindly without knowledge
of the system of equations. The state of the art in iterative methods does not permit this: some
knowledge about the linear system is needed to guarantee convergence of these algorithms, and
generally the more that is known the more the algorithm can be tuned. Thus, we have chosen
to present an algorithmic outline, with guidelines for choosing a method and implementing it on
particular kinds of high-performance machines. We also discuss the use of preconditioners and
relevant data storage issues.
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z(©) is an initial guess
forj=1,2,...

Solve r fromG\/I,r =b— Az® ) . . RHS
ey ey
5 = rilzes # et N TR L B
fori =12, A oke SE
Solve w from Nzw = Ay 77 dc’t Fm i
for k =1, ..., - ;cf
hii = (wwv(k)) e a}rif %’iw‘f e
w=w— hgvF) o~
end
hipy,i = ljwll2
V0D = w/hig
apply Jl, aaogy J,'..l on (hl,,;, oo hi+1,i)

construct J;, acting on sth and (i + 1)st component
of h_;, such that (i + 1)st component of .J;h_; is 0
§ = JiS
if s(i + 1) is small enough then (UPDATE(Z, ¢) and quit)
end
UPDATE(x, m)
end

In this scheme UPDATE(Z, 1)
replaces the following computations:

Compute y as the solution of Hy = 3, in which

the upper i x i triangular part of H has h; ; as

its elements (in least squares sense if H is singular),
3 represents the first i components of s

i = 2O 4y v® +v® 4 L+ W

s = [Ib — Al

if 7 is an accurate enough approximation then quit
else 20 = 2

Figure 2.6: The Preconditioned GMRES(m) Method

preferred, giving up some stability for better parallelization properties (see Demmel, Heath and
Van der Vorst [66]). Here we adopt the Modified Gram-Schmidt approach.

The major drawback to GMRES is that the amount of work and storage required per iteration
rises linearly with the iteration count. Unless one is fortunate enough to obtain extremely fast con-
vergence, the cost will rapidly become prohibitive. The usual way to overcome this limitation is by
restarting the iteration. After a chosen number (m) of iterations, the accumulated data are cleared
and the mtermediat used. as the igitial data for the ne iterations. This procedure is
repeated until convergence is achieved. The difficulty is in choosing an appropriate value for m. If
_r_r}is “too small”, GMRES(m) may be slow to converge, or fail to converge entirely. A value of
that is Targer than necessary involves excessive work (and uses more storage). Unfortunately, there
are no definite rules governing the choice of m—choosing when to restart is a matter of experience.

For a discussion of GMRES for vector and shared memory computers see Dongarra er al. [70}];




