
Laplace Transform:
Definition: Laplace transform:
Let f be a function defined for t ≥ 0. The integral

L{f(t)} = F (s) =
∫ ∞
0

e−stf(t)dt (1)

is Laplace transform of f if this integral converges.

Example 1: Evaluate L{1}.

L{1} =
∫ ∞
0

e−stdt = limb→∞

∫ b

0
e−stdt

= limb→∞
−e−st

s
|b0 = limb→∞

−e−sb + 1

s
=

1

s
s > 0

(2)

Example 2: Evaluate L{t}.

L{t} =
∫ ∞
0

e−sttdt =
−te−st

s
|∞0 +

1

s

∫ ∞
0

e−stdt =
1

s
L{1} =

1

s2
s > 0 (3)

Example 3: Evaluate L{e−3t}.

L{e−3t} =
∫ ∞
0

e−ste−3tdt =
∫ ∞
0

e−(s+3)tdt =
−e−(s+3)t

(s + 3)
|∞0 =

1

s + 3
s > −3

(4)

Example 4: Evaluate L{sin(2t)}.

L{sin(2t)} =
∫ ∞
0

e−stsin(2t)dt =
−e−stsin(2t)

s
|∞0 +

2

s

∫ ∞
0

e−stcos(2t)dt

=
2

s

∫ ∞
0

e−stcos(2t)dt s > 0

=
2

s
[
−e−stcos(2t)

s
|∞0 − 2

s

∫ ∞
0

e−stsin(2t)dt]

=
2

s2
− 4

s2
L{sin2t}

(5)

L{sin(2t)} =
2

s2 + 4
(6)

1



Piecewise continuous::
For a function f , in any interval a ≤ t ≤ b, there are at most a finite number
of points, at which f has finite discontinuity, and is continuous on each open
interval.

Example 5: Evaluate:

f(t) =

0 0 ≤ t < 3

2 t ≥ 3
(7)

L{f(t)} =
∫ ∞
0

e−stf(t)dt =
∫ 3

0
e−st(0)dt +

∫ ∞
3

e−st(2)dt

= 0 +
2e−st

−s
|∞3

=
2e−3s

s
, s > 0

(8)

Transforms of some basic functions:

• L{1} = 1
s

• L{tn} = n!
sn+1 , n = 1, 2, 3 . . .

• L{eat} = 1
s−a

• L{sinkt} = k
s2+k2

• L{coskt} = s
s2+k2

• L{sinhkt} = k
s2−k2

• L{coshkt} = s
s2−k2

Property: L is a linear tranform:
Linear combination:∫ ∞

0
e−st[αf(t) + βg(t)]dt = αL{f(t)}+ βL{g(t)} = αF (s) + βG(s) (9)

Hw: Page 283, No. 1,3,5, 19,21,23,25,27,29,31
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