Operational Properties
Theorem: Second Translation Theorem:
If F(s) = L{f(t)} and a > 0 then

L{f(t —a)U(t —a)} = e *F(s) (1)

Proof:
L{f(t — a)U(t — a)} = / et — a)U(t — a)dt = /:Oe“f(t—a)dt 2)
u=t—a (3)
L{f(t — a)U(t — a)} / —s(u+a) £ () dy = e~ / =suf(4)du = e~ F ()
(4)

Inverse form of second translation theorem:

L™He ™ F(s)} = f(t —a)U(t - a) ()

Example 1: Evaluate L™ {-25e™>}

1
LY ——e 2} =U(t - 2) (6)
s—4
Example 2: Evaluate L™'{z25e™2 }
LY 2+9€ ;s}zcosg(t_g)[](t—g) (7)

Alternative form of second translation theorem:

L{g)U(t —a)} = e L{g(s +a)} (8)

Proof:
L{gt)U(t —a)} = / Ut — a)dt = /:o =g (t)dt 9)
u=1t—a (10)

L{g®)U(t —a)} = /OOO e g(u 4 a)du = e /OOO e *g(u+a)du
=e *L{g(s+a)}



Example 3: Evaluate L{tU(t — 2)}

g(t) =t
L{g(t +a)} = L{t +2} :812+§
L{tU(t—2)} = e (= + 2)

s? s
Example 4: Evaluate L{costU(t — )}

9(t) = cos(t)

L{g(t +a)} = L{cos(t + )} = L{—cos(t)} = s

241
—Ts S _ S —Ts

L{cos()U(t —m)} =e (_32 n 1) B

Example 5: Solve v/ +y = f(t), y(0) =5, where:
0, 0<t<m
ft) =
3cos(t), t>m
f(t) = 3cos(t)U(t — )
L{y'} + L{y} = L{costU(t — )}
s
Y(s) — Y(s)= —3—" ¢
sY(s) —y(0) + Y (s) 332 T1°
) 1 1 1 1 1 s
Y = — - —7s _ —TSs - —Ts
&= e e e
3
y(t) = 5e™t — 5[—6*@4) + sin(t — ) + cos(t — m)|U(t — )
3
y(t) = 5e™t + 5[e‘('f‘”) + sint 4 cost|U (t — )
(t) = 5e~t 0<t<m
Y S5et + %e_(t_’r) + %sint + %COSt 0>

Hw: Page 302, No. 49,51,53,55,57,59,61,63,65,67



