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The Taylor series expansion- and least squares-based lattice Boltzmann method
(TLLBM) was used in this paper to extend the current thermal model to an arbi-
trary geometry so that it can be used to solve practical thermo-hydrodynamics in the
incompressible limit. The new explicit method is based on the standard lattice Boltz-
mann method (LBM), Taylor series expansion and the least squares approach. The final
formulation is an algebraic form and essentially has no limitation on the mesh structure
and lattice model. Numerical simulations of natural convection in a square cavity on
both uniform and nonuniform grids have been carried out. Favorable results were ob-
tained and compared well with the benchmark data. It was found that, to get the same
order of accuracy, the number of mesh points used on the nonuniform grid is much less
than that used on the uniform grid.

Keywords: Lattice Boltzmann method; algebraic formulation; Taylor series expansion;
least squares; internal energy density distribution function; natural convection.

1. Introduction

In the past ten years, the LBM has been developed into an alternative approach for
solving complex fluid dynamic problems. However, because of the essential restric-
tion of the standard LBM to the lattice-uniformity, the broad application of the
LBM in engineering has been greatly hampered. For many practical problems; an ir-
regular grid or a meshless structure is always preferable due to the fact that curved
boundaries can be described more accurately, and that computational resources
can be used more efficiently with it. Even when the physical domain is regular,
a nonuniform grid is needed when solving flow problems with high Reynolds or
Rayleigh number, where the boundary layer is very thin. In order to capture the
physical properties within the boundary layer, a lot of grid points are needed on
the uniform grid. This wastes a lot of computational time when such a fine grid is
also used in the smooth flow region. An effective way to solve the above problem
is to use a mesh with a clustering of grid points in critical regions, which is a
convenient way used in conventional CFD methods.
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Currently, there are two ways to improve the standard LBM so that it can be
applied to complex problems. One is the interpolation-supplemented LBM (ISLBM)
proposed by He and his colleagues.!™ The other is based on the solution of a dif-
ferential lattice Boltzmann equation (LBE). For complex problems, the differential
LBE can be solved by the finite difference (FDLBE) method with the help of coor-
dinate transformation? or by the finite volume (FVLBE) approach.>”7 Numerical
experiences have shown that these methods have good capability in real applica-
tions. However, the ISLBM has an extra computational effort for interpolation at
every time step, and also has a strict restriction on the selection of the interpola-
tion points, which requires upwind nine points for two-dimensional problems and
upwind twenty-seven points for three-dimensional problems if a structured mesh
is used. For the FDLBE and FVLBE methods, one needs to select efficient ap-
proaches such as upwind schemes to do numerical discretization in order to get the
stable solution. As a consequence, the computational efficiency greatly depends on
the selected numerical scheme. In addition, the numerical diffusion may affect the
accuracy of the results, especially in the region where the flow gradient is large.®

In order to implement the LBM more efficiently for flows with arbitrary geome-
try, the TLLBM, which is based on the standard lattice Boltzmann method (LBM),
Taylor series expansion and the least squares approach, was proposed by Shu et al.”
The final form is an algebraic formulation, in which the coefficients depend only on
the coordinates of the mesh points and the lattice velocity, and can be computed
once in advance. This new method can be consistently used in any kind of lattice
model. Numerical experiments on isothermal flows show that this method is an
efficient and flexible approach for practical application.

For the thermal flow problems, besides the above-mentioned lattice-uniformity
restriction as in the isothermal flow and due to complexity of the thermal problem
itself, the current thermal LBM is restricted to the regular grid, which limits its
application. In order to solve this problem, the current thermal model is extended
in this work for its application on an arbitrary mesh using the above-mentioned
techniques. Numerical simulations of natural convection in a square cavity on both
uniform and nonuniform grids were carried out. The numerical results agree very
well with the benchmark data. This indicates that the TLLBM can be used to
extend the current thermal model to solve the complex thermal flow problem. The
comparison of the numerical results on uniform and nonuniform grids showed that
on nonuniform grids, the use of fewer grid points could also give very accurate
numerical results.

2. Methodology

2.1. Taylor series expansion- and least squares-based LBM
(TLLBM)

The TLLBM is based on the well-known fact that the distribution function is a
continuous function in physical space and can be well defined in any mesh system.
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The details of TLLBM can be found in Ref. 9. Some basic description of TLLBM
is shown below.
The two-dimensional, standard LBE with BGK approximation can be written as

) + fgq(xayvt); foc(mvyat)

fa(fc + eardt,y + eayétat + 6t) = fa(wyy’t

a=0,1,...,N, (1)

where 7 is the single relaxation time; f, is the distribution function along the
o direction; f5 is its corresponding equilibrium state; 0t is the time step and
€q(€ax, €ay) is the particle velocity in the a direction; N is the number of discrete
particle velocities. Obviously, the standard LBE consists of two steps: collision and
streaming. The macroscopic density p and momentum density pV are defined as

N N
p=> far PV =) faa. (2)
a=0 a=0

Suppose that a particle is initially at the grid point (x,y,t). Along the « direc-
tion, this particle will stream to the position (z + eqq0t, Y + €qydt, t + 6t). For a uni-
form lattice, 0z = eqagdt, 0y = €qydt. So, (x+eqzdt, y+eqydt) is on the grid point. In
other words, Eq. (1) can be used to update the distribution functions exactly at
the grid points. However, for a nonuniform grid, (z + eqaz0t,y + €qy0t) is usually
not at the grid point (z + dz,y + dy). In the numerical simulation, only the distri-
bution function at the mesh points for all the time levels are needed, so that the
macroscopic properties such as the density, flow velocity and temperature can be
evaluated at every mesh point. To get the distribution function at the grid point
(x + dz,y + dy) and the time level t + §t, the Taylor series expansion in the spatial
direction is applied.

As shown in Fig. 1, for simplicity, the point A represents the grid point
(za,ya,t), point A’ represents the position (x4 + €azdt,ya + eaydt,t + 6t), and
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Fig. 1. Configuration of particle movement along the a Direction.
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point P represents the position (zp,yp,t + 0t) with xp = x4 + dz, yp = ya + dy.
So, Eq. (1) gives
CUA, 1) — fa(A,t
Ful A 14 00) = fu(d, 1) LoD Sl OL 0

T

For the general case, A’ may not coincide with the mesh point P. We truncate the
Taylor series expansion to the second order derivative terms. So f,(A’,t + 0t) can
be approximated by the corresponding function and its derivatives at the mesh

point P as
Ofa(P,t + 6t Ofa(P,t + 5t
FulAL 4 6t) = fu(Prt 4 6t) + Ag, Dt 0D\ Ofa(Prt+0D)
Or dy
1 2 2 fo(Pt+6t) 1 5 02 fo (Pt + 6t)
+ E(ASEA) — a2 T g(AyA) T ar
0% fo (Pt + 6t
TPV LI L DI O[(Aza)®, (Aya)’], (4)

0x0dy

where Az g4 = T4 + €0e0t — zp, AYs = ya + eqaydt — yp. For the two-dimensional
case, this expansion involves six unknowns, that is, one distribution function at the
time level t + 6t, two first-order derivatives, and three second-order derivatives. To
solve for these unknowns, six equations are needed to close the system. This can be
done by applying the second-order Taylor series expansion at six points: P, A, B,
C, D, E. The following equation system can be obtained

6
f{:{si}T{W}ZZSZ‘,jo, i=P A B,C,DFE (5)
j=1

where
[feU (@i, i t) — fali, yiyt)]

T
(Al‘z‘)z (Ayi)z

2 7 2

fz/ = foz(xiayiyt) +

{si}T = {LA%‘,A%, ,AlZAyZ}

Ofa Ofa 0°fo fu 0*fa)’
{W} = faa a8 9 P 2 1) .
Oz’ Oy’ 0x2’ 0% Oxdy
Our target is to find its first element Wy = f,(P,t + dt). Equation (5) can be put
into the following matrix form
[SH{W} = {f'}. (6)
In practical applications, it was found that the matrix [S] might be singular or ill
conditioned. To overcome this difficulty and make the method be more general, the

least squares approach was introduced to optimize the approximation by Eq. (6).
As a result, the equation system for {W} becomes

(W} = (ST IS) ST {F"} = [AI{f'} - (7)
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From Eq. (7), we can have

M+1
fa(@o,yo, t+6t) =Wi = > arxfiy, (8)
k=1

where a1, are the elements of the first row of the matrix [A], which is determined
by the coordinates of mesh points, the particle velocity and time step size, and will
not be changed in the calculation procedure. We can calculate once and store in
advance, so little computational effort is introduced as compared with the standard
LBE. On the other hand, Eq. (8) is nothing to do with the mesh structure. It
needs only the information of coordinates of the mesh points. Thus, we can say
that Eq. (8) can be consistently used for any kind of mesh structure.

2.2. The IEDDF thermal model and its extension to arbitrary
mesh system by using TLLBM

The LBM still has some difficulties in the simulation of thermo-hydrodynamics in
contrast to its successful applications to isothermal flows. One of the thermal models
was introduced by Alexander,'® which used only the density distribution function, a
small number of discrete velocity states and a linear single-time relaxation collision
operator. The local equilibrium distribution included the higher order velocity terms
V. But this model was restricted to flows with fixed Prandtl number of 0.5. The
succeeding thermal models fall into three categories: the multispeed model,' 112 the
passive-scalar thermal model'® and the internal energy density distribution function
(IEDDF) model proposed by He.'* In the multispeed model, the additional speeds
are necessary and the equilibrium distribution must include the higher order ve-
locity terms; while the passive-scalar model utilizes the fact that the macroscopic
temperature satisfies the same evolution equation as a passive scalar. The IEDDF
model has proven itself to be a stable and simple thermal model. So this model is
used in this paper. In the year 2000, a thermal model for nonideal gases with poten-
tial energy was presented by Ihle.!® In addition to the single particle distribution
function, additional distribution functions for the potential energy and the nonideal
part of the pressure tensor are also defined which contain information about the
two-particle distribution functions.

The IEDDF model introduces an internal energy density distribution function
to simulate the temperature field. The macroscopic density and velocity fields are
still simulated using the density distribution function.

The density distribution function and energy density distribution function sat-
isfy the following equations respectively:

3tf+(e-V)f:—@+F, 9)
g—g™

Oig+ (e V)g=—

—fle=V)-[6V +(e-V)V], (10)

Te
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where F' = ((G - (e — V))/RT)f°4, and G is the external force acting on the unit
mass. By adopting a second-order integration to above two equations, we can get
fa(z + eadt, t + 0t) — fo(z,t)
ot

= —m[fa(xat) = faX (=, t)] +

7, F, ot

e 11
7, +0.56t’ (11)

Jo(x + endt,e,t + 0t) — go(x, €q,1)

ot Te

= ——|9 —ga' 7. +0.50t
[ga(:c,ea,t) 9a (Z(,‘,ea,t>] Te —|—055t

_TC+05(St fa(:c,ea,t)q(x,ea,t)ﬁt,

(12)

where

foc :fa+£(fa_f2q)_%

Fo,
21, e

_ ot ot
Jo = ga + 2_7_6(911 - ggq) + Efoc‘]oca

P 7 fou + 0.50t f4 + 0.56tT, F,
“ T, + 0.55t ’

1
o = (e — V) - ;(—Vp+V~H)+(ea—V)~VV ,

G- (eq—V) eq
Fa= RT fat

When the nine-bit model is used, which is defined as
0 a=0

(e [£527] , am[e2] .

ﬁ(cos[@+ﬂ, sin[@+ﬂ)c a=5,678

€y =

where ¢ = v3RT, the equilibrium functions for the density and energy density
distribution functions are given as

o 3eo-V 9, V)2 3V?
faq = Wup |:]_ + 2 —+ ok — 22 y (14)
where wg =4/9, w, =1/9fora=1,2, 3,4, w, =1/36 for a =5,6, 7,8
o 2pe V2
9! = T3 2 (15a)
_ pe eV (eq - V)? \'%&
9(1370127374 = 5 |:].5 —+ 15 c2 + 45 C4 — 150_2 5 (15b)
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-V e, V)2 \'&
Iobrs = 3G [3—&—6 = +4.5(°‘c4 Y 1Y, (15c¢)

Then the macroscopic density, velocity and temperature are calculated by

P = Zfa y (16&)
V= eafut Ly (16b)

pEZZga__ZfaQa- (16C>

The kinetic viscosity and the thermal conductivity are defined as
v=7,RI a=27.RT. (17)

When Eqgs. (11) and (12) are used on an arbitrary mesh, (x + eqz0t, Y + €ay0t)
is usually not at the grid point (z + dz,y + dy). To solve this problem, the TLLBM
technique can be applied to Egs. (11) and (12) following the same procedure as
shown in the previous section for the isothermal flow, which results in

M+1

f (m07y05t+5t Zal kfk: 1> (18)
M+1

G (20, Yo, t + 1) = Z a1 Ghk-1 > (19)

where

.fl/c = <1 - L) fa(xkvykaeavt)

7, + 0.56t
ot T, F,0t
- t) 4+ L
+7'l,+05(5tf (xkzykyeou >+TU+0.5(57§’
g. = (1— ot (z €a,t)
gk - . +05(5t o ks Yk, Ca,
ot chaQa5t
I L | t) — ————
o omer e (@ Yk e t) =TI

{W/} _ % % 829(1 a2904 62904 T
Jor g Oy’ 0x2’ 9%y’ Oxd0y
When the same particle velocity model is chosen for the density and energy

density distribution functions, the geometric matrix A and A’ are the same, which
can save both computational time and storage space.



1406 C. Shu, Y. Peng & Y. T. Chew

oT
u=0,v=0, —=0
dy
u=0 u=0
v=0 v=0
T=1 T=0
aT
u=0,v=0, —=0
dy

Fig. 2. Configuration of natural convection in a square cavity.

3. Numerical Simulation

In order to verify whether the TLLBM can be used to solve the thermal problem
on the arbitrary mesh, we carried out the computation for a sample problem. The
problem considered is a natural convection in a two-dimensional square cavity with
sidewalls maintained at different temperatures. The temperature difference between
the walls introduces a temperature gradient in a fluid, and the consequent density
difference induces a fluid motion, that is, convection. The top and bottom walls
are adiabatic. The problem definition and the boundary conditions are displayed
in Fig. 2.

3.1. Buoyancy force and dimensionless parameter

The Boussinesq approximation is applied to the buoyancy force term. This means
that the properties 8 and v are considered as constants, the density p is constant,
and the buoyancy term is assumed to depend linearly on the temperature,

pG = pBgo(T —Tm)j (20)

where ( is the thermal expansion coefficient, gy is the acceleration due to gravity,
T, is the average temperature, and j is the vertical direction opposite to that of
gravity.
The dynamical similarity depends on two dimensionless parameters: Prandtl
number Pr and Rayleigh number Ra,
v ATL?

Pr=— Ra=pfg
e! va

To ensure the code is working properly in the near-incompressible regime, we care-
fully choose the value of 3go AT L. Once 3goAT L is determined, the kinetic viscosity
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and the thermal conductivity are determined through the two dimensionless num-
bers, Pr and Ra respectively. By using Eq. (17), two relaxation time 7,, 7. are
determined. Nusselt number Nu is one of the most important dimensionless pa-
rameters in describing the convective heat transport. Its average in the whole flow
domain and along the vertical line of x = x( can be defined by

Nu = AT H2/ / q:(z, z)dxdz (21)
H 1
Nu = aA—Tﬁ ) qz(l'o, )d s (22)

where ¢.(z,2) = uT(z,2z) — a(0/0z)T (z,z) is the local heat flux in horizontal
direction.

3.2. Implementation of boundary condition

The implementation of boundary condition is very important in the simulation.
The unknown distribution functions pointing to the fluid field at the boundary
node must be specified. The bounce-back rule of the nonequilibrium distribution
proposed by Zou and He'® is used here. For the isothermal problems, the density
distribution function at the boundary should satisfy the following condition:

neq,iso __ fneq,iso
o - /B

; (23)

here e, and eg have opposite directions. For the thermal problems, the internal
energy density distribution function at the boundary satisfies:

G = eafat ™ = (5" = 5 IF). (24)

Since the density distribution in the thermal model does not take into account
the temperature variation, its nonequilibrium part satisfies the boundary condition
Eq. (23) and plays the role of f"¢%i%° in the boundary condition for the internal
energy density distribution function. The velocity of the wall is used when f°9
for the boundary nodes are calculated in order to enforce the no-slip boundary
condition. The temperature of the wall is also used when ¢°? for the boundary nodes
are calculated in order to satisfy the given temperature. For the Neumann type
condition, the temperature on the wall is unknown. In order to solve this problem,
we transfer it to the Dirichlet type condition by using the conventional second-order
finite difference approximation to get the temperature on the boundary. When the
heat flux (temperature gradient) is given, the temperature on boundary can be
approximated by

or| 4T o —T;3—3T;1

il = 2
Y |4 2Ay (25)

The iteration is needed to get accurate values of the temperature on the boundary
when Neumann type boundary condition is implemented.
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As an example, we consider the case of the bottom wall. The schematic plot of
velocity directions of the nine-bit model is shown in Fig. 3. The density distribu-
tion function and energy density distribution function at directions 7, 4, and 8 are
determined by the calculation using Egs. (18) and (19). The rest distributions at di-
rections 5, 2, and 6 are determined by the bounce back rule for the nonequilibrium
distribution function through Egs. (23) and (24). Using Eq. (25), the temperature
on the bottom wall is updated by

Tin = %Ti,z - %Tm (26)

At corner points, special treatment is needed. Take the bottom-left corner point

as an example, which is shown in Fig. 4. For the directions 6 and 8, the values for

these two directions have little influence on the results of the numerical simulation

using the standard LBM, because they do not contribute any information into the

interior parts. But for the TLLBM, these values will be used when calculating the

interior points at these two directions. So the values at these two directions should

be given. The second order extrapolation scheme is used in this work to determine
these values.

3.3. Nonuniform grid and convergence criterion

The nonuniform grid is used in the present simulation. A typical nonuniform grid
is shown in Fig. 5. It can be seen clearly from Fig. 5 that mesh points are stretched
near the wall to capture the thin boundary layer. In the middle part of the flow

2
fluid
3 1

Fig. 3. Schematic plot of velocity directions at the bottom wall.

6 2 5
fluid
1
3
7 4 8

Fig. 4. Schematic plot of velocity directions at bottom-left corner.
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Fig. 5. A Typical nonuniform mesh in a square cavity.

field, the mesh is relatively coarse since the velocity and temperature gradients are
not very large in this region.
The convergence criterion for all the cases is set to

maxz |\/(u22j + 2t — \/(%2] 2 < 1078,
,J

max Tt 1 <1078
> ’

2%}

where n and n + 1 represent the old and new time levels.

4. Results and Discussion

4.1. Validation of the numerical results and analysis of flow and
thermal fields

Table 1 shows the numerical results of the maximum horizontal velocity on the
vertical mid-plane of the cavity, umax, and its location Y, the maximum vertical
velocity on the horizontal mid-plane of the cavity, vmax, and its location X, the
average Nusselt number throughout the cavity Nu for a wide range of Rayleigh
numbers. Note that all the results are computed on the nonuniform grids. The
numerical results of Navier—Stokes equations given by Shu and Xue'” using the DQ
method are also included for comparison.

From Table 1, we can see that the numerical results obtained by TLLBM gen-
erally agree well with the benchmark results of Shu and Xue in a wide range of
Rayleigh numbers. The deviation of the two results at high Rayleigh number is
larger than that at low Rayleigh number. The reason may be due to the fact that
at high Rayleigh number, the temperature variation is very large, and in the IEDDF
thermal model, the mean temperature is used as the reference temperature. An-
other reason may be that at high Rayleigh number, when the flow becomes weakly



1410 C. Shu, Y. Peng & Y. T. Chew

Table 1. Comparison of numerical results between TLLBM and a Navier—Stokes solver.

Rayleigh
number 103 104 10° 106

Method TLLBM DQ  TLLBM DQ TLLBM DQ TLLBM  DQ

Grid size 51 x 51 — 101 x 101 — 151 x 151 — 201 x 201 —
Umax 3.646 3.649 16.158 16.190 34.301 34.736 63.590 64.775
Y 0.814 0.815 0.824 0.825 0.852 0.855 0.844 0.850
Umax 3.694 3.698 19.676 19.638 68.188 68.640 218.32 220.64
X 0.180 0.180 0.121 0.120 0.065 0.065 0.037 0.035
Nu 1.117 1.118 2.244 2.245 4.520 4.523 8.804 8.800
[¥ midl 1.175 1.175 5.071 5.075 9.104 9.117 16.313 16.270

turbulent, the solution given by the Boussinesq approximation deviates gradually
from the true solution. This means that the Boussinesq approximation may not
properly describe the flow behavior under realistic temperature conditions beyond
a certain Rayleigh number.!®

With increase of the Rayleigh number, the tmay, Vmax, NUu are greatly increased,
and the position of maximum vertical velocity on the horizontal mid-plane moves
closer to the wall. This can be explained by the following fact. The higher the
Rayleigh number, the larger the temperature difference. Since it is a buoyancy
driven flow, the buoyancy becomes stronger with the larger temperature difference,
and the fluid motion becomes stronger, which can be seen from the larger value of
Umax, Ymax- Most of the fluid near the wall is driven into the motion and the heat
transfer ability increases, leading to the smaller value of X and larger value of Nu.

It was found that the Nusselt number obtained by the present LBM is slightly
smaller than the Navier—Stokes result of Shu and Xue. This phenomenon has also
been observed in the simulation of the Rayleigh-Benard convection by He et al.'#
The reason may due to the fact that the macroscopic equation of the LBM is equiv-
alent to the Navier—Stokes equations only up to the second-order of the macroscopic
flow velocity. The higher order terms in the expanded Maxwell-Boltzmann equilib-
rium distribution function are truncated by the so-called low-Mach number approx-
imation. The higher order terms that have not been considered in the macroscopic
equations of LBM are no longer negligible in the high Rayleigh number case.

Figures 6 and 7 show the streamlines and isotherms of Ra = 102, 10%, 105,
10%. These plots agree well with those obtained by Shu and Xue. Hot fluids near
the left wall low upward to the right wall and the temperature of the fluids are
decreased, while cold fluids near the right wall flow downward to the left wall and
the temperature of the fluids are increased. When the Rayleigh number increases,
the mixture of the hot and the cold fluids is enhanced and the temperature gradients
near the left and right walls are increased, meaning the enhancement of the heat
transfer within the square cavity. This leads to the increase of the stream function
value ¥ and Nusselt number Nu, which can also be seen in Table 1.
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d

Fig. 6. Streamlines of Ra = 103, 104, 10° and 109.

L

Fig. 7. Isotherms of Ra = 103, 10%, 10° and 106.

4.2. Comparison of numerical results on uniform and nonuniform
grids

In order to see the efficiency of using the nonuniform grids, the numerical simula-
tions for the same Rayleigh number on uniform and nonuniform grids were carried
out. Tables 2-5 show the comparison of the numerical results on two different grids
for Rayleigh numbers of 102, 104, 10°, 106.

It can be observed from Tables 2-5 that, for the same Rayleigh number and
the same number of grid points, the calculated Nusselt number on the nonuniform
grid is more accurate than that on the uniform grid. For example, as can be seen
from Table 2, for Rayleigh number of 103, the calculated Nu and Nu /2 on the
nonuniform grid of 51 x 51 are 1.117 and 1.118, while the calculated Nu and Nu, /o
on the uniform grid of 51 x 51 are only 1.116 and 1.114. When the grid size of the
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Comparison of numerical results on uniform

51 x 51 101 x 101 51 x 51

Mesh (uniform)  (uniform) (nonuniform) DQ

| ial 1.170 1.175 1.175 1.175
Umax 3.636 3.649 3.646 3.649
Y 0.820 0.810 0.814 0.815
Vmax 3.702 3.700 3.694 3.698
X 0.180 0.180 0.180 0.180
Nu 1.116 1.117 1.117 1.118
Nu1/2 1.114 1.116 1.118 1.118
Table 3. Comparison of numerical results on uniform and

nonuniform grids for Ra = 10%.

101 x 101 151 x 151 101 x 101

Mesh (uniform)  (uniform) (nonuniform) DQ

[ mid] 5.063 5.069 5.071 5.075
Umax 16.158 16.156 16.158 16.190
Y 0.820 0.820 0.824 0.825
Vmax 19.704 19.679 19.676 19.638
X 0.120 0.120 0.121 0.120
Nu 2.232 2.237 2.244 2.245
Nu1/2 2.224 2.231 2.244 2.245
Table 4. Comparison of numerical results on uniform and

nonuniform grids for Ra = 105.

151 x 151 201 x 201 151 x 151

Mesh (uniform)  (uniform) (nonuniform) DQ

| W mial 9.102 9.103 9.104 9.117
| ¥ max| 9.648 9.644 9.631 9.618
X 0.287 0.285 0.287 0.285
Y 0.607 0.605 0.606 0.600
Umax 34.194 34.245 34.301 34.736
Y 0.853 0.855 0.852 0.855
Vmax 68.282 68.276 68.188 68.640
X 0.067 0.065 0.065 0.065
Nu 4.494 4.501 4.520 4.523
Nuy /o 4.487 4.496 4.518 4.524

uniform grid is increased to 101 x 101, the calculated Nu and Nu;, /2 then become
1.117 and 1.116. As compared with the benchmark data of Nu and Nu; / which are
1.118 and 1.118, it is clear that the use of mesh size of 51 x 51 on the nonuniform
grid gives much better results than the use of same mesh size on the uniform grid.
Even when more mesh points are used on the uniform grid, the nonuniform grid
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Table 5. Comparison of numerical results on uniform and
non-uniform grids for Ra = 109.

201 x 201 251 x 251 201 x 201

Mesh (uniform)  (uniform) (nonuniform) DQ

|V midl 16.359 16.369 16.313 16.270
|V max| 16.832 16.827 16.815 16.714
X 0.150 0.148 0.150 0.150
Y 0.555 0.552 0.560 0.550
Umax 63.251 63.527 63.590 64.775
Y 0.840 0.844 0.844 0.850
Vmax 218.33 218.47 218.32 220.64

X 0.040 0.040 0.037 0.035
Nu 8.766 8.781 8.804 8.800
Nuy /5 8.759 8.775 8.803 8.799

still gives better results. This is because when a nonuniform grid is used, it is
easy for us to use very small mesh spacings near the boundary to capture the thin
boundary layer. In contrast, when the same mesh spacing is used by the uniform
grid to capture the thin boundary layer, the number of mesh points used in the
whole flow field could be very large. This example clearly shows the advantages of
using a nonuniform grid in the simulation of flow problems.

As far as the computational efficiency is concerned, for the same grid number,
the calculation time on the nonuniform grid using TLLBM is more than that on
the uniform grid using standard LBM. But it will take much less grid numbers
for the nonuniform grid to get the same accurate results. The combining result of
these two effects is that it will take less computation time for TLLBM to get the
results at the same accuracy. Take Ra = 10% as an example. All the computation
is done on PCIII 1.6 G. It will take 87.30 s to get the convergent result on the
uniform grid with the mesh size of 51 x 51 using standard LBM, while it will take
242.85 s on the nonuniform grid for the same grid size using TLLBM. But as shown
above, compared with the benchmark data, the grid size of the uniform grid should
be increased to 101 x 101 to get the accurate result, while the use of mesh size of
51 x 51 on the nonuniform grid can give much better results. The calculation time
for the uniform grid with mesh size of 101 x 101 is 574.25 s. This example shows
that TLLBM is more efficient than the standard LBM to get the same accurate
results.

5. Conclusions

The explicit TLLBM is applied in this work to simulate the natural convection
in a square cavity for Rayleigh number ranging from 10% to 10° on both uniform
and nonuniform grids. The numerical results compare well with the benchmark
data obtained by a Navier—Stokes solver. Less grid points are needed to get the
accurate results for nonuniform grid. From the present work, it was found that the
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present explicit method is an efficient way to extend the current thermal model to
practical applications on the nonuniform grid. The extension to the arbitrary grid
for the thermal problem with curved boundary is straightforward since the method
is basically a mesh-free approach. On the other hand, it still keeps the local and
explicit features of the standard LBM and no solution of differential equation is

involved in this method.
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