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A new two-dimensional lattice kinetic scheme on the uniform mesh was recently pro-
posed by Inamuro, based on the standard lattice Boltzmann method (LBM). Compared
with the standard LBM, this scheme can easily implement the boundary condition and
save computer memory. In order to remove the shortcoming of a relatively large vis-
cosity at a high Reynolds number, a first-order derivative term is introduced in the
equilibrium density distribution function. However, the parameter associated with the
derivative term is very sensitive and was chosen in a narrow range for a high Reynolds
number case. To avoid the use of the derivative term while removing the shortcoming
of a relatively large viscosity, new lattice kinetic schemes are proposed in this work
following the original lattice kinetic scheme. In these new lattice kinetic schemes, the
derivative term is dropped out and the difficulty of the relatively large viscosity is eased
by controlling the time step 6t or sonic speed c¢s. To validate these new lattice kinetic
schemes, the numerical simulations of the two-dimensional square driven cavity flow at
Reynolds numbers from 100 to 1000 are carried out. The results using the new lattice
kinetic schemes are compared with the benchmark data.

Keywords: Lattice kinetic scheme; lattice Boltzmann method; Taylor series expansion;
least square optimization; driven cavity flow.

1. Introduction

In recent years, the lattice Boltzmann method (LBM) has been developed into an
alternative promising method for fluid mechanics. It has been widely used in many
kinds of complex flows such as the turbulent flow, multiphase flow and micro-flow.'
However, there is still some space left for improvement. One is for the collision
model. The Bhatnagar-Gross-Krook (BGK) model with a single relaxation time
is usually used for the collision term. The shortcomings of the BGK model are
pointed out in the works of d’Humieres? and Lallemand and Luo.? The other is for
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the boundary condition. The bounce-back scheme in the LBM was originally taken
from the lattice gas cellular automata (LGCA) method. Although this heuristic
scheme is very simple to implement, it is found to be only of the first order in
the numerical accuracy at boundaries.*® In order to improve the numerical accu-
racy, other boundary treatments have been proposed. It appears, however, that
the extension of these treatments to arbitrary boundary geometries is difficult.
Chen et al.® proposed a new boundary condition using a second-order extrapola-
tion scheme of distributions in the flow to obtain unknown particle distribution
functions on boundaries. When flow problems with complex geometries, especially
in three dimensions, are encountered, the determination of unknown particle di-
rections is troublesome. All these implementations are not so direct because on
boundaries, macroscopic variables, not density distributions, are given.

Inverse mapping from macroscopic variables to density distributions is not
straightforward as the mapping from density distributions to macroscopic vari-
ables. In relation to these two difficulties, a lattice kinetic scheme for incompress-
ible viscous flows was developed by Inamuro.” It is based on the idea that if the
dimensionless relaxation time in the LBM with the BGK model is set to unity,
macroscopic variables can be calculated without the density distribution and the
scheme becomes very similar to kinetic schemes. By merging the LBM with kinetic
schemes, one may further improve the LBM. This scheme can save memory be-
cause there is no need to store the density distribution. The implementation of the
boundary condition is very easy since on boundaries, only macroscopic variables,
not density distributions, are needed as for the conventional Navier—Stokes (NS)
solvers. This feature is very different when flow problems with complex geometries
are solved.

However, since this scheme is in the early stage of development, it still needs
some improvements. We found that there is a first-order derivative term in the
equilibrium density distribution function. This term is introduced so as to remove
the relatively large viscosity at a high Reynolds number. Although the first-order
derivative term can be approximated by the algebraic relation between the particle
velocity and the corresponding macroscopic variables on uniform grids, this rela-
tion would break down if used on the arbitrary mesh. Arbitrary meshes are often
favored for practical applications and the conventional finite difference approxi-
mation and coordinate transformation have to be used. On one hand, compared
with the equilibrium density distribution function used by the conventional LBM,
it is more complicated. On the other hand, if the finite difference is used to ap-
proximate derivatives on the arbitrary mesh, numerical errors will arise, especially
at high Reynolds numbers where a large number of grids are clustered near the
boundary that may lead to numerical instability.

We aim to propose new lattice kinetic schemes, whose equilibrium distribution
functions do not have any derivative term while the relatively large viscosity can
be avoided at a high Reynolds number. Through the analysis of the original lat-
tice kinetic scheme, we found that by changing 6t or ¢s according to the Reynolds
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number, the difficulty of the relatively large viscosity can be removed while there
is no need to introduce the first-order derivative term into equilibrium density dis-
tribution functions. Changing 6t can be easily attained by extending the original
lattice kinetic scheme to be used on the arbitrary mesh®; changing c; is realized by
constructing a new particle velocity model, which has a variable cs. Detailed expla-
nation about these two methods will be given in the methodology part. Based on
this study, two new lattice kinetic schemes are proposed in this paper.

In order to validate our new lattice kinetic schemes, numerical simulations of
the square driven cavity flow are carried out and compared with available data.

2. Methodology

Our new lattice kinetic schemes are based on the original lattice kinetic scheme
proposed by Inamuro.” Before introducing our new lattice kinetic schemes, we will
give a brief description about the original lattice kinetic scheme.

2.1. Original lattice kinetic scheme

The evolution equation for the density distribution f,(x,t) in two dimensions with
the particle velocity e, can be written as:
fa(x — eyt t) — fE(x — e, dt,t)

fa(X,t 4 0t) = fo(x —ey0t,t) — . ,

a=0,1,....,N, (1)

where 7 is the single relaxation time; f59 is the corresponding equilibrium density
distribution function; dt is the time step and N is the number of discrete particle
velocities. On the uniform grids, dt is chosen so that the particles travel one-lattice
spacing during this time. When the particle velocity model D2Q9 (Dn@m means
m speed model in n dimensions), which is defined as:

0, a=0,
) (o] o), ann
ﬁ(cos{(a_%)ﬂ+%],sin{@+%}>, a=5,6,7,8,

is used, a suitable equilibrium density distribution function for this model is
given by:

(3)

where wg = 4/9, w, = 1/9 for a« = 1, 2, 3, 4, w, = 1/36 for « = 5, 6, 7, 8.
The macroscopic density p and fluid velocity V are calculated in terms of density

9(eq- V)2 3V?
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distributions as:

8 8
1
p= Jar V=-3 faea. (4)
a=0 P a=0

The pressure p is related to the density by:

P
== 5
p=3 ()

and the kinematic viscosity v is given by:

V= <T _ %) 2ot (6)

When the dimensionless relaxation time 7 in Eq. (1) is set to unity, we obtain

Fa(x,t +6t) = F9Ux — eadt, ). (7)
Then using Eq. (4), we can get
8
p(x,t+0t) = > f(x — eqdt, 1), p(x, b+ 6t)V(x,t + 6t)
a=0
8
=) fS(x — eabt,t)e, - (8)
a=0

By using Egs. (3) and (8), one can calculate the density and fluid velocity without
using density distributions. The pressure is obtained with Eq. (5) and the kinematic
viscosity is given by:

v= %cgét = %515. 9)
This may yield a relatively large viscosity. 6t has to be very small at a high Reynolds
number, which implies that a large lattice size is needed when uniform grids are
used.

In order to remove this shortcoming, Inamuro” used the idea that one can flexi-
bly choose the equilibrium density distribution function f3% as long as macroscopic
equations recover NS equations.” The following equilibrium density distribution
function is taken

9(e,-V)? 3VZ2 Ous Ou
€4 — 0|14 3e, -V — ASt | — + =L ) easCar | -
fal=wap |1+ 3e + 5 5 + 8x7+8x5 €asCay

(10)
The kinematic viscosity is given by:
1 2
=(=-—=-A)dt. 11
v=(5-34) 1)

By adjusting the coefficient A, a smaller lattice size can be used at a high Reynolds
number. The systems (8) and (10) are called the original lattice kinetic scheme.
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2.2. New lattice kinetic schemes

From the above derivation, we found that if the derivative term is not introduced in
the equilibrium density distribution function, the kinematic viscosity is written as
v = (1/2)c26t and this will yield a relatively large viscosity on uniform grids. This
means that at a high Reynolds number, a large lattice size has to be used (¢ has to
be very small). Take D2Q9 and Re = 1000 as an example. The kinematic viscosity
is v = Ma/Re (reference length is taken as 1 for simplicity). If Ma is chosen to
be 0.1, 0t will be 6 Ma/Re. This means that the grid size in each direction has to
be 1667 and this large grid size is time consuming and requires a large amount of
computer memory for numerical simulation. This is why the first-order derivative
term is introduced in the equilibrium density distribution function in the original
lattice kinetic scheme. The derivative of variables in Eq. (10) can be approximated
by:

o 1 <
Eladryn Z eiy@(x + edzx) (12)
v i=1

on the uniform mesh.

Compared with the equilibrium density distribution function used by the con-
ventional LBM, the form of equilibrium density distribution function expressed by
Eq. (10) is more complicated. In addition, in real applications where flow problems
with curved boundaries are encountered, the boundary cannot be well defined if
uniform grids are used. Even if flows are confined in regular geometries, nonuni-
form grid is preferred at a high Reynolds number. On the arbitrary mesh, Eq. (12)
cannot be used to evaluate derivatives. Therefore, the conventional finite differ-
ence approximation has to be used to approximate derivatives and the coordinate
transformation may be introduced. As a consequence, a numerical error will arise,
especially at a high Reynolds number, which may lead to numerical instability.

In order to remove the difficulty of the relatively large viscosity without intro-
ducing the derivative term, new lattice kinetic schemes are proposed in this paper.
They are realized by changing 4t or ¢s according to the Reynolds number.

2.2.1. Changing ot

Changing dt can be easily realized by extending the original lattice kinetic scheme
to be used on the arbitrary mesh. Without introducing the derivative term in the
equilibrium density distribution function, the kinematic viscosity can be written as
v = (1/2)c28t. If the nonuniform grid is used, we can set the minimum dz or dy to
be 6 Ma/Re, which causes 6t to be 6 Ma/Re. In the meantime, we do not need to use
a large number of grid points in each direction. This means that we can control the
minimum grid distance according to the Reynolds number and Mach number for
a given grid size. This can be well accomplished by the grid generation procedure.
In order to realize this, the original lattice kinetic scheme has to be extended to
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be used on the arbitrary mesh. This has been done in our previous work.® A brief
introduction will be given in the following.

Techniques of the Taylor series expansion and least squares optimization are
introduced into the original lattice kinetic scheme. Suppose that the calculation
point is at the grid point P(zx,y,t). As seen from Eq. (8), for the original lattice
kinetic scheme, the macroscopic density and velocity can be calculated as the func-
tion of fS4(z — eqqs0t, Y — €aydt,t). For a uniform lattice, dz = eqagdt, 0y = €qydt,
S0 (& — eaz0t,y — eqydt) is at the grid point and the value of f4(x — e,dt,t) can
be easily determined from Eq. (3). In other words, Eq. (8) can be used to update
the density and velocity exactly at the grid point. However, for a nonuniform grid,
(€ — eaadt,y — eqyot) is usually not at the grid point (z — 0z, y — dy). The value
of fe4(x — eqdt,t) cannot be obtained from Eq. (3) directly since only macroscopic
properties, such as the density and flow velocity at every mesh point, are known.
As a result, the density and velocity at the new time level cannot be obtained using
Eq. (8). In order to get the value of f$%(x — e, dt,t), the Taylor series expansion in
the spatial direction is applied.

As shown in Fig. 1, for simplicity, the point P represents the calculation point
(zp,yp,t), points A—H represent the position (p —eqz0t, Yyp —eaydt, t), and points
P, — Pg represent the position (zp,,yp,,t) with xp, = xp — 0z, yp, = yp — 0Y;.
Equation (8) gives

p(x,t+ 0t) = Zfe Xoit), p(x,t 4+ 6)V(x,t + 0t) = Zfe X, t)eq  (13)

P6 P7 Pg

Fig. 1. Configuration at calculation point P.



New Lattice Kinetic Schemes for Incompressible Viscous Flows 1203

where xg = P, x1 = E, xo = F, x3 =G, x4 = H, x5 = A, x¢ = B, x; = C and
X8 = D.

For the general case, A—H may not coincide with mesh points P; — Py. We will
take the point F' as an example. F' may not coincide with the mesh point Ps. Since
f84(Ps,t) is known, we can build the connection between fSU(F,t) and fS4(Ps,t)
by using the Taylor series expansion to the second order derivative term, that is
OISUFY) | OSSR

or oy

Q2 fea(Ft) 1 8% fe(F, 1)
2 a ) - 2 o )
Oz + 2 (Ayr,) Oy?

0% feA(F,t)
0x0y
where Azp, = zp;, — (zp — €ax0t), Ayp, = yp, — (Yp — €aydt). For the two-
dimensional case, this expansion involves six unknowns, that is, one equilibrium
distribution function at point F', two first-order derivatives and three second-order
derivatives at this point. To solve these unknowns and avoid using the finite differ-
ence to approximate the derivative, six equations are needed to close the system.
This can be done by applying the second-order Taylor series expansion at six points:

P, P3, Py, P5, Ps, P;. The following equation system can be obtained

fa(Ps,t) = [ (Ft) + Awp, + Ay,

+ (AxPG)

1
2

+ AxpaAyPG + O[(Axps)ga (Ayps)g] ) (14)

6
fé:{Sk}T{W}:ZSthj, k:P7P37P4aP5aP67P7a (15)

Jj=1

where
fllc = fgq(xlmykat)v

(Azg)* (Ayr)?

{Sk}T = {].,Axk,Ayk, 5 s B) ,Al’kAyk} s (16)

fwy = { oo 000U OPfe8 e Ppet
7 0x 0 oy’ 0x2 7 0%y Ox0y '
Our target is to find the first element Wy = fS4(F,t). Equation (15) can be put
into the following matrix form

[SHW} ={f"}, (17)

where [S] is a matrix formed by the vector {sy}. In practical applications, it was
found that the matrix [S] might be singular or ill-conditioned using only six points
(P, P3, Py, Ps, Ps and Pr). To overcome this difficulty and make the method more
general, more points are used and the least squares approach!® was introduced to
optimize the over-constrained approximation by Eq. (17). As a result, the equation
system for {W} becomes

{W} = (STTISH S} = [AI{f} - (18)
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From Eq. (18), we can have

fea(Ft) Z a1k fl, (19)

where a1, are elements of the first row of the matrix [A], which are determined
by coordinates of mesh points, the particle velocity and time step size, and will
not be changed in the calculation procedure; M is the number of points used and
should be greater than 5. In the present study, a structured grid is used and M
is taken as 8. This means that for a reference mesh point P, we need to select its
eight neighboring points to compute the coefficient in Eq. (19). The above procedure
shows the calculation of f¢4(F,t) and the same procedure can be applied to calculate
the equilibrium density distribution function at other points such as A, B, C' and
so on. Then the density and velocity can be obtained by:

M—-1

M—
px,t+0t) = > > arrfi.p(x t+6t)V xt+5t=22 a1 i frea. (20)
—H k=0

A—H k=0

We can calculate the coefficient in Eq. (20) once and store them in advance, so
little computational effort is introduced as compared with the original lattice kinetic
scheme. On the other hand, Eq. (20) does not depend on the mesh structure. It only
needs the information of coordinates of mesh points. Thus, we can say that Eq. (20)
can be consistently used to any kind of mesh structure. But we have to indicate
that, as compared to the original lattice kinetic scheme, the present method requires
more memory to store the coefficient a; . This is the price paid for its application
to the arbitrary mesh. Equations (3) and (20) form the new lattice kinetic scheme.

2.2.2. Changing cs

Without introducing the derivative term in the equilibrium density distribution
function, the kinematic viscosity is written as v = (1/2)c2§t. From this relationship,
we can see that the difficulty of the relatively large viscosity can also be coped with
changing ¢ besides the above-mentioned change of dt. This can be realized by
constructing new particle velocity models which have variable ¢;. One of this kind
of particle velocity models, which is called three-layer 13-bit model in this paper,
is proposed by us.
For each layer, the lattice velocities are written as:

(™ = c(m) (cos Ggm), sin 9£m)) , (21)

?

o =™+ (i1, 6=

wherei=1,..., N,
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Then the lattice tensors at each layer are expressed as:

Z dm =, (23)
(m) o (m) 1 \rm) m)?
Zc = [ bag = SN dag, (24)
Logy = Zc(m) eiy ey’ =0, (25)
N(m)

4
™ Aoy (26)

Lapyx = Zc(m) Cip E:ﬁb) EX) = g(m)Aaﬁvx =

for any N(™ > 5 if ¢{™ +£ 0.
Three-layer 13-bit model is used here, which is m = 0, 1, 2; cgo) =0, NO =1,
cgl) =M, ND =6 and 052) = ¢®, N®? = 6. For convenience, they are written

as:
0, i=0,
¢i = { ¢ (cos 6V sin M) i=1,...,6, (27)
0(2)(00802(2 sm@z(2 ), 1=7,...,12,
where
o =0V +(i-1)p", oM = 6 T and 02 = 0@ 4+ (i—-7)0>, 2 = %” :
Their equilibrium density distribution functions are:
Ao + Dou?, i=0,
i = ¢ A1 + Biciaua + CiciaCigugus + Diu? | i=1,...,6, (28)
As + Baciqua + CocinCiguaus + Dau? | i=7,...,12.

In order to recover correct NS equations by Chapman—Enskog expansion, the fol-
lowing constraints have to be satisfied:

ZZAmZP’ (293)
Y Cnf™M 4> "Dy =0, (29b)

> Bnf™ =p, (29¢)
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S A1 - .

> (D™ + Crg™) =0,

Z Bmg(m) = Cgpv

where
FO =0, fO=3)cW2, & =32,

3 3
9@ =0, gW=2lO, g =t

In order to close the equation system, it is reasonable to choose
A1 B1 Cl D1
_— == = — =T
A2 BQ 02 DQ

Solving Egs. (29) and (30), we can get

2 eIt 4 [l
T AR + 4@

2¢2p(r +1) SArp
Ay =p— s Ay = s
O D @ ET 30D 4 [c@]2)
A = cip
27 3(r) @2 1 [ e@]2)
rp p
B = B =
LT3 D2+ ([ c@]2) 27 30O + [[c@]2)
2rp 2p
Ci = 5 Co = )
G SN ERID) 27 3(r]|c @A+ [[c@]3)
b 200V + [|e]?) p(r+1)
T O @] T @] @2
1 1
D1:_§B13 D2:_§B2a

_ le®* — 4cd]|e?
A3l — [l

(29d)

(29e)

(31a)

(31D)

(31c)

(31d)

(31e)

(31f)
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In order to make sure that r is positive, the following relationship should be
satisfied:

I < 2¢5 < [P (32)

Here we suppose that [|¢™)| < ||¢(®]|. Then this model can be used to adjust c,
according to the Reynolds number. If a Reynolds number is given, ¢, is determined
from the relationship v = (1/2)c26t for a given §t that is determined from the mini-
mum grid spacing of the generated mesh. Then the particle velocities are determined
from Eq. (32). In this study, the particle velocities are selected as ||c(V)| = 2.0c,,
@) = 2.0¢s + 1, and 7 is determined according to Eq. (31a). If the particle veloc-
ities are determined, the systems (20), (27) and (28) form the new lattice kinetic
scheme. We choose 0(()1) =0, 0(()2) = 0 in the following numerical simulations using
this new lattice kinetic scheme.

3. Boundary Conditions

On the boundary, usually macroscopic variables and their first order derivative are
specified. These conditions can be implemented for the lattice kinetic scheme in
the same way as those for the conventional computational fluid dynamics (CFD)
methods. This is one of the most attractive advantages of the lattice kinetic scheme
over the standard LBM.

4. Numerical Simulations

In order to validate our new lattice kinetic schemes, numerical simulations are
carried out. The problem considered is the two-dimensional viscous flow in a square
cavity. An incompressible fluid is bounded by a square enclosure and the flow is
driven by a uniform translation of the top. The fluid motion generated in this cavity
is an example of closed streamline problems that are of theoretical importance
because they are part of a broader field of steady, separated flows. The literature
on this flow configuration is abundant, which shows rich vortex phenomena at
many scales depending on the Reynolds number, Re. Numerical methods for solving
Navier—Stokes equations are often tested and evaluated on cavity flows because of
the complexity of the flow. They are used here to validate our new lattice kinetic
schemes.

The present simulations use nonuniform Cartesian coordinates with the origin
located at the lower left corner. The top boundary moves from left to right with
velocity U. A typical nonuniform grid is shown in Fig. 2. It can be seen clearly from
Fig. 2 that mesh points are stretched near the wall to capture the thin boundary
layer. For the first method by changing 6¢, the minimum grid distance is required
to satisfy 6 Ma/Re. For the second method by changing ¢, there is no such re-
quirement. In the middle part of the flow field, the mesh is relatively coarse since
velocity gradients are not very large in this region.
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Fig. 2. Typical nonuniform grid.

Numerical simulations were carried out for Re = 100, 400 and 1000. The nu-
merical results are given and discussed below.

4.1. Flow at Re = 100

For this low Reynolds number, Ma is chosen to be 0.05. If the uniform grid is used,
the grid size has to be 333 in each direction when the first-order derivative is not
introduced into the equilibrium density distribution function. The grid size can be
reduced by increasing the Mach number. However, this will increase the compress-
ibility error.!* When the nonuniform grid is used, for the first method, we only need
to control the minimum Jdx or dy to be 0.003, which makes ¢ be 0.003. This can
be easily realized by the grid generation. For the second method, when the nonuni-
form grid is generated, dt is determined from the minimum grid spacing. Then c;
is determined from v = (1/2)c26t. The new particle velocity model is constructed
according to Egs. (27), (28) and (32).

The simulation results for the center of vortexes at Re = 100 using these two
new lattice kinetic schemes are shown in Table 1. The mesh size used is 101 x 101.
The benchmark results of Ghia et al.'? are included for comparison. From this
table, it can be seen that our results using the new lattice kinetic schemes are in
good agreement with those by Ghia et al.'> The results using the original lattice
kinetic scheme by Inamuro”
Our results agree a little better with the benchmark data. Figures 3 and 4 show
the velocity components along vertical and horizontal center lines. They agree well

on the same mesh size are also included in this table.

with benchmark results.
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Table 1. Comparison for locations of vertex centers at Re = 100.

Changing ¢t Changing cs Results of Ghia et al.'?>  Original scheme
(z,y) (2,y) (2,y) (z,y)
Primary (0.618, 0.738) (0.619, 0.740) (0.6172, 0.7344) (0.619, 0.740)
Left corner (0.031, 0.038) (0.033, 0.042) (0.0313, 0.0391) (0.027, 0.040)
Right corner (0.940, 0.059) (0.943, 0.064) (0.9453, 0.0625) (0.940, 0.055)
1 _
0.8
= .
S 0.6 1 changing dt
204 - « result of Ghia
>
0.2 1 —--—-changing Cs
0 T T 1
-0.5 0 0.5 1

X

Fig. 3. Comparison of u-velocity profiles along the vertical centerline at Re = 100.

0.2 -
0.1 1

0 ‘ ‘ /

= 010 0.2 0.4 0.

00 - changing dt

' o result of Ghia
-0.3 - —--—-changing Cs

v-velocity

Fig. 4. Comparison of v-velocity profiles along the horizontal centerline at Re = 100.

As far as the computation time is concerned, the calculations are done on Pen-
tium IV 2.4 GHz. The calculation time (seconds) needed for the first lattice kinetic
scheme is 2216.14, while the second lattice kinetic scheme needs 3466.61. It takes
longer for the second lattice kinetic scheme, since it uses the 13-bit lattice model
instead of the 9-bit model.
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4.2. Flow at Re = 400

For this medium Reynolds number, Ma is chosen to be 0.1. If the uniform grid is
used, the grid size has to be 667 in each direction. This large grid size will waste
a lot of computational time. If the nonuniform grid is used, for the method by
changing dt, we only need to control the minimum éz or dy to be 0.0015, which
causes 0t to be 0.0015. This can also be easily realized by the grid generation.
The simulation results for the center of vortexes at Re = 400 are shown in
Table 2. The mesh size used is 151 x 151. From this table, we can see that the

Table 2. Comparison for locations of vortex centers at Re = 400.

Changing §t Changing cs Results of Ghia et al.'>  Original scheme
(z,9) (z,y) (2,y) (2,y)
Primary (0.562, 0.611) (0.564, 0.614) (0.5547, 0.6055) (0.557, 0.608)
Left corner (0.050, 0.047) (0.052, 0.048) (0.0508, 0.0469) (0.048, 0.049)
Right corner (0.887, 0.123) (0.887, 0.124) (0.8906, 0.1250) (0.884, 0.123)

0.8
=
'S 0.6 -
- hanging dt
° —c
T 04  result of Ghia
02 . —--—-changing Cs
0 M T 1
0.5 0 0.5 1

X

Fig. 5. Comparison of u-velocity profiles along the vertical centerline at Re = 400.

0.4 +
0.3 +
0.2
0.1 4
0 \ 9
7 .04 ¢ 0.5 1
029 changing dt
'g'i e result of Ghia
.05 J —--—-changing Cs
v-velocity

Fig. 6. Comparison of v-velocity profiles along the horizontal centerline at Re = 400.
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primary vortex center moves down towards the geometric center of the cavity as
the Reynolds number increases. The results are in good agreement with those by
Ghia et al.'2 Compared with the result using the original lattice kinetic scheme,
our results agree a little better with the benchmark data. Figures 5 and 6 show
the velocity components along vertical and horizontal center lines. They agree well
with benchmark data. From these two figures, we can see that in the central core
of the cavity, velocity profiles change from curved to linear as the Reynolds number
increases from 100 to 400. These agree well with the vorticity contour, which will
be shown in the following.

4.3. Flow Re = 1000

For this high Reynolds number, Ma is chosen to be 0.15. If the uniform grid is used,
the grid size has to be 1111 in each direction. This large grid size is time consum-
ing and requires large amounts of computer memory for the numerical simulation.
However, when the nonuniform grid is used, for the first method, we only need to
make sure that the minimum dz or dy to be 0.0009, which makes ¢ be 0.0009. This
is not difficult to be realized by using the highly stretched grid near the wall.

The calculation results for the center of vortexes at Re = 1000 are shown in
Table 3. The mesh size is 251 x 251. As seen from this table, the primary vortex
center moves further down towards the geometric center of the cavity. The results
are in good agreement with those by Ghia et al.'? and they are a little better than

Table 3. Comparison for locations of vortex centers at Re = 1000.

Changing 6t Changing cs Results of Ghia et al.12  Original scheme

(z,y) (z,y) (z,y) (z,y)
Primary (0.528, 0.563)  (0.534, 0.567) (0.5313, 0.5625) (0.532, 0.569)
Left corner  (0.082, 0.076)  (0.083, 0.076) (0.0859, 0.0781) (0.081, 0.076)
Right corner  (0.864, 0.113)  (0.867, 0.113) (0.8594, 0.1094) (0.868, 0.114)
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Fig. 7. Comparison of u-velocity profile along the vertical centerline at Re = 1000.
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Fig. 8. Comparison of v-velocity profiles along the horizontal centerline at Re = 1000.

Fig. 10. Vorticity contour for driven cavity flow at Re = 100, 400 and 1000.

those using the original lattice kinetic scheme. Figures 7 and 8 show the velocity
components along vertical and horizontal center lines. Again, they agree well with
benchmark data. It can be seen from these two figures that, in the central core of
the cavity, velocity profiles become more linear as the Reynolds number increases
from 400 to 1000.

Figures 9 and 10 show the streamline and vorticity contour for Reynolds num-
bers of 100, 400 and 1000. It is noted that both lattice kinetic schemes proposed
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in this work provide the same streamline and vorticity contour. It is observed from
the vorticity contour that, as the Reynolds number increases to 400, there exists
a central, inviscid core of nearly constant vorticity with viscous effects confined to
the thin shear layer near the walls. As it increases to 1000, the central, inviscid core
of nearly constant vorticity becomes larger than that at Re = 400. This effect is
well reflected on the velocity component profile.

5. Conclusions

New lattice kinetic schemes which are based on the original lattice kinetic scheme
by Inamuro are proposed in this work. We found that in the original lattice kinetic
scheme, there is a first-order derivative term in the equilibrium density distribution
function which makes it more complicated as compared to that used by the conven-
tional LBM. The finite difference approximation of these derivatives will cause the
numerical error, especially at a high Reynolds number, this may lead to numerical
instability. When this original lattice kinetic scheme was extended to be used on
the arbitrary mesh by introducing the Taylor series expansion and least squares ap-
proximation techniques, we found that there is no need to introduce the first-order
derivative term. The difficulty of the relatively large viscosity on uniform grids can
be eased by controlling §t. Therefore, the new lattice kinetic scheme by changing §t
is proposed. From the relationship of v = (1/2)c?6t, we found that besides changing
dt, we can ease the problem of the relatively large viscosity by changing c,. This is
realized by proposing the new particle velocity model which has variable cs. This
is the second new lattice kinetic scheme. Numerical results of the two-dimensional
square driven cavity flow for Reynolds numbers of 100 to 1000 validate the new
lattice kinetic schemes.
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