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1 Equations of Motion in Polar Coordinates

1.1 General Theory and Derivations
To begin, we recall the following definitions for generalized force

8ri
Qj :ZF' 6613 (1)

i

and for the equations of motion (EOM)
d /oT oT
73 ) 57 =@ (2)
dt an ﬁqi
where T is the kinetic energy of the system. We can also make the substitution 7" — £ in
the above equation, where L is the Lagrangian,

L=T-V (3)

in which case we omit the term (); (unless we have a really irritating problem with both
potentials and forces). We will now set about deriving a general expression for 7' in polar
coordinates. In Cartesian coordinates, the kinetic energy can be written

T = %m(ﬁcQ +97) (4)

which we can convert to polar coordinates using the standard definitions

r=rcos , y=rsind (5)

Assuming r and 6 are time-dependent, we can use the chain rule to write

i =7rcosf —rfsing , 3 =rsinf+rbcosh (6)

Next, we require the square of each term in (6)

i? = 72 cos? 0 — 2ri6 cos O sin 0 + r26% sin? ¢ (7)

iy = 72 sin® 0 + 276 cos 0 sin 0 + 1262 cos? (8)

Finally, substituting (7) and (8) into (4) and simplifying, we find our expression for the
kinetic energy in polar coordinates.

1 )
T = m (i + %) (9)
Before deriving the equations of motion which correspond to (9), it is informative to calculate
the components of the generalized force using (1). For the radial component, using (5) we

find



ox dy

r=F,—+ F,=—=

@ or + Yor
= F,cos0 + F,sin0

=F-f (10)

which is simply the force in the radial direction. For the # component we find

Qo = Fx% + Fy%
= —F,rsinf + F,rcosf
= —ybF, +xF,
=|r X F|

~N (11)

which is the torque. We now proceed to write the equations of motion for each component
using Lagrange’s equation. In the radial direction, we find

= mi* — mr6? (12)

where the second term on the right is the familiar centripetal force. For the # component
we find

= mr20 + 2mri (13)

where the second term on the right is again a familiar one - the Coriolis force.

1.2 Example: Rotating Mass on a Spring



We now consider the problem of a spring of length [ attached to the origin at one end, and
attached to a block of mass m at the other. Assume the spring is able to rotate freely in the
6 direction. The kinetic energy term for this problem is identical to the one derived above,
we need only write the potential term, which for a spring is given by

1
V= 5lc(r —1)? (14)
where k is the traditional spring constant. Using (9) and (14) we write our Lagrangian
Lo 1 5 1 2
1 1 L 1
L gMmr™ + gmr 6 21{:(7“ l) (15)

Since we know the specific potential for this system, there is no need to construct a general-
ized force. Additionally, since the potential does not involve 6, the angular momentum will
be constant, and there will be no net torque on the system. The equation of motion reads

doL JC o :
- = 2mrr = 1
96 o0 mr0 + 2mrré =0 (16)
And the radial EOM is given by
doL oL . 22
_—— = — — = 1
Tar oy = mro* +k(r—1)=0 (17)

Stationary Solution

In order to obtain the stationary solution we set i* = 6= 0, which implies both 7 and 0 are
constants. We define # = wg, and the radial EOM reads

mrwy = k(r —1)
k(r—1)

mr

wy = (18)
for r > [ (since there is no stationary solution corresponding to the spring being compressed).

Small Oscillations

For small oscillations, we assumed the system experiences a small perturbation which we
can write as

r(t) =ro+r or << rg (19)
0t) =wo+00 , 00 << wy (20)

Using these, the radial EOM becomes

méi — m(ro + 0r) (W + 2wed0 + 66%) + k(rg 4+ dr — 1) =0 (21)



We are interested in small oscillations around the stationary state, and we will use the
following results from our stationary state analysis

mrows = k(ro — 1) (22)

and

mr20 = mriw, (23)

substituting (19) and (20) into (23) yields

m(re + 5T)2(w0 + 56’) = mr%wg (24)

Since we are dealing with small oscillations, we omit all terms that are higher than first order
in 6r and 6. (24) is then rewritten and solved for 66

mrgwo = mrgwo + 2mrodrwy + mrgcw

mrgéé = —2mrodrwy
56 = — 205 (25)
To

We now return to (21), which when neglecting higher order terms is written

méi = mrow? — k(rg — 1) + 2mrgdwy + morw? — kor (26)
Finally, we can use (22) and (24) to write

2
mor = —2mrowy (ﬂ&’) + m5rw(2) — kor
To

= or(mwi — k — 4mwp)

= —or(3wi + k) (27)

Where the form of this differential equation should be familiar to the reader, and the fre-
quency of small oscillations is easily seen to be

wy = 1/3w? + k/m (28)

1.3 Example: Bead on a Hoop

= ¢



Using spherical coordinates, we define the azimuthal frequency as

0= (20)
The kinetic energy of the hoop is given by
Lo ose 1 2
T = §mR 0° + im(QR sin 6) (30)

where the angle € has been defined such that the axial portion of the kinetic energy provides
its maximum contribution at @ = w/2. The potential energy is gravitational, and is written

V = —mgRcos¥d (31)

where the negative sign assures we have a positive value for the energy at § = 7. Our
Lagrangian is

1 : 1
L= EmRQHQ + §m(QR sin ) + mgR cos 0 (32)

which depends only a single generalized coordinate #. The EOM are then given by

mR%*0 = mQ?R?sin 6 cos § — mgRsin 0 (33)
which simplifies to
s 9 B g
0= sm9<Q cos 0 R) (34)

Limiting Case 1: Small angles, no rotation
In this case, 2 =0 and sinf =~ #. The EOM then reduces to

. g
0=—-=0 35
‘ (3)

Again, the form of this equation should be familiar to the reader, and the motion can be
written

0 = Acos<\/g/_R + (5) (36)

where A is an arbitrary constant, ¢ is a phase shift, and the frequency is given by w = y/g/R.

Limiting Case 2: Stationary solution for non-zero rotation

For the stationary solution (# = 0) corresponding to a non-zero rotation (2 # 0), the EOM
1s written

0= sin9<92 cosf) — %) (37)

There are two solutions which satisfy this condition. The first is given by
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g=PRcosf or cosf = R

(38)

which is valid only if g/Q*R < 1, which is a limit imposed by the range of cosf. The other
solution occurs is sin @ = 0, which occurs at either 6 = 0,0 = w. At 0 = 7 the bead is at the
top of the hoop, and the equilibrium is unstable. At 8 = 0 the nature of the equilibrium is

determine by the ratio of g/R.
Small Oscillations and the Stationary Solution
We define the perturbation

0 =0y + 00

our equation of motion is then

RO = sin(6y + 66) (22 R cos(8y + 60) — g)

To analyze this equation, we will need the following trig identities

sin (6 + 06) = sin Oy cos 06 + sin 06 cos Oy
cos (By + 00) = cos by cos 60 — sin by sin 66

and for small angles we will use

cosdf ~ 1
sin 00 ~ 00

Our EOM then becomes

RO = (sin 6y + cos 068) (Q? R(cos Oy — sin 6,060) — g)

If we only work to first order in ¢6, this reduces to

R66 = sin 00(Q*R cos Oy — g) + 00(Q* R cos? Oy — g cos By — Q* R sin® )

Using the stationary solutions (38) this further reduces to

50 = —Q?sin? 0,00

and finally solving the differential equation yields the frequency of small oscillations

freq = Qsinfy = /Q2 — (¢2/Q2R2)

Forces of Constraint



We already know that since the bead is confined to the hoop at radius R, which means that
or = 0. However, we are now interested in find the constraint force F, such that or = 0. We
begin with the standard definition

R=R+or (47)
Working only to first order in dr the kinetic energy can be written
T = % (5722 + (R? + 2R6r)(6* + 02 sin? 9)) (48)

and the potential energy becomes

V =mg(R+ 6r)cosd — F,.or (49)

where the last term represents the work done by the force of constraint. Our EOM is obtained
from

doL oL
dtoor oo (50
which yields
méi = mR(6* + Q% sin® ) — mgcosh — F, (51)

However, 0r is constrained which means 67 = 0. Finally we can use this to solve the above
equation for the constraint force, which we find to be

F, = mR(6? + Q*sin? §) — mg cos 6 (52)

The result is the difference between the centripetal force and the force of gravity. We now
turn our attention to the constraint force Fy. We define

QO =Qy+ 66 (53)

Our kinetic and potential energies are then written

T = %(3292 + R%sin® 0(Q + 0)?) (54)
V = —mgRcosf + Nog (55)

we are already aware the constraint force is proportional to the torque, which allows us to
write the potential as

V = —mgRcosf + Rsin0F;6¢ (56)
Working to first order 8¢, our EOM becomes

2mR? cos Osin 0(Q + 66)8 + mR*sin® 066 — RsinfF, = 0 (57)

Working with constraints allows us to set 6¢ = d¢ = 0, after which we can finally solve for
Iy



Fy = —2mRS cos 06 (58)

1.4 Example: Atwood’s Machine

R
) [ fex
N

L[,

We now turn our attention to one of the earliest problems encountered in introductory
physics. Using the same procedures we have developed exhaustively above, we demonstrate
how we can use the Lagrangian to very simply obtain the EOM.

T = %(m1 + mg)i? (59)

V = —migr —mag(l — 1) (60)

L= %(ml + my)i? + migr + mag(l — ) (61)
(my 4 ma)i — (m1g — mag) =0 (62)

i = %g (63)

2 Velocity Dependent Potentials

If there exists a function U(gj, ¢;) such that the generalized forces can be obtain using

ou d [oU
%=, it as) o

then the EOM can still obtained from a Lagrangian of the form
L=T-U (65)

Such potentials are called ”velocity-dependent potentials” or ”generalized potentials”.



2.1 Lorentz Force
One common example of a force which can be written at a velocity dependent potential is
the Lorentz force

F=¢E+v xB) (66)

Where the E and B fields can be expressed in terms of the scalar potential ¢ and the vector
potential A.

OA
E=-Vo- - (67)

B=V XA (68)

As it turns out, the potential which gives rise to the Lorentz force is given by

U=q(¢—A-v) (69)
and the corresponding Lagrangian is written
L

£:§mv —qop+qA-v (70)

In order to demonstrate this does indeed give rise to the Lorentz force, we need only prove
it is true for one component, which we arbitrarily choose to be the x-component. As such,
we can write the quantity A - v as A,2 which gives us

%gzﬂni+qAx (71)
and
d oL . dA,

Using the chain rule, we can rewrite the last term as

dA, 0A,  0A, 04,  0A,

= —— — — 73
& ot ar T, TV o (73)
which can be used to rewrite (72) as
i%—minL %_’_U%‘f‘v%_’_v% (74)
at o7 Nt "%z "oy T
Next, recalling that both ¢ and A are functions of position as well as time, we find
oL B 0o 0A, 0A, 0A,
a—x——qa—x—i—q(vx ax +Uy 8x + v, ax) (75)

We at last obtain our EOM



mi— g0, 4y QA OAS 00 (A OA 04 0AL o
~ Ny T o or ) Tor I\t T ar Ty T

Before proceeding, we observe that

(vxB),=vx(VXxXA),
9A, 0A, DA, A,
—”y(%— ay)”Z(a_x az) (77)
Finally, we can use this to write the x-component of the EOM in the familiar form

. ¢ 04, 0A, 0A, 0A,
mx—q{ (’3x+vy<8z 8y>+vz(8x 0z )] (78)

=q[E, + (v X B),] (79)

Showing that this holds true for one component in Cartesian coordinates is equivalent to
proving the statement.

2.2 Rayleigh Dissipation Function

Another velocity dependent force commonly come across in physics is drag force. Consider
a velocity-dependent force in the x-direction, given by

F, = —k,v, (80)

The equations of motion for such a force can be derived from Rayleigh’s dissipation function

1
F = 3 Z (kggvfx + kyvfy + kzvfz) (81)
where the resultant force is obtained via
F=-V,F (82)
Physically this can be interpreted as the work done against drag by the system

dW = —F -dr = —=F - vdt = (k02 + kyv) + k.v2) dt (83)

which implies that 2F is the rate of energy dissipation due to friction. We can also find the
component of the generalized force due to drag

Q=Y 2i_ ZV]—“ or, (84)

dq;

7

recalling an identity proved in an earlier lecture

10



81‘1- 81‘1 8V2-

== 85
aq]' 8q] aqj ( )
which we can use to write
81‘,-
QJ - _;Vv]:' aqj
I AL
— Jv 04
oOF
= —— 86
dq; (86)
The EOM is then written
doc_oc oF -

; + =

dt 6q] (?qj 6q]
Where the reader can see that in order obtain the EOM, two scalar functions, £ and F must
be specified. A common example of a force which can be derived from a velocity-dependent

potential is Stokes law for a sphere of radius a moving at a speed v through a fluid of viscosity
7. The drag force is given by

F = —6mnav (88)

3 Hamilton’s Principle
Assuming a force is derivable from a scalar potential of the form
Then the action I, given by

to
- / Cat (90)
t1

is stationary with respect to the path. This implies the action remains unchanged if the
path undergoes small variations. Consider an initial path ¢;(¢), which then undergoes a
slight perturbation an;(t). We write the new path as

¢i(t) = qi(t) + ami(t) (91)

The action with respect to the new path is then written

1= [ 200+ ando) G+ i) (92)

t1

We also assume the perturbation does not affect the endpoints of the path, that is

11



(93)

In order for the action to remain stationary, its derivative with respect to the perturbation
must be equal to zero, that is

% /tltz L{q(t) +an(t)}, {¢ + ani(t)},t)dt =0 (04)

Using the chain rule, the integrand can be expressed as

Z 9L 0 (gt am) + 2= L g, + amy)
aql a q /r,l an 8@ Q’L T]Z

again we can use the chain rule to rewrite the second term. We note that

oL \ _ 0L,  d[OLA (96)
at\ag ")~ ag " at\ag )"

which can be used to rewrite the second term in (95). We can know write the full integral

as follows
Z/f dt(a m) Z/l (8% t<gz>)mdt=0 (97)

The first term is merely the function evaluated at the endpoints. However, we have already
defined the behavior of 7 at the endpoints (93), and we know that terms must necessarily

be zero. We are left with
oL
dt =
S [ (G- ala) = o)

which requires the (familiar) term in parenthesis to be zero in order to be satisfied. Thus we
have derived the EOM from Hamilton’s principle rather than D’Alembert’s.
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